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Abstract. This work presents some recent developments concerning empirical central
limit theorems for dependent sequences. We try to give general conditions under which
an adaptive truncation in the chaining procedure works. We show that these conditions
are satisfied for a large class of mixing processes satisfying suitable moment inequalities.

1 Introduction

Due to the wide range of its applications in statistics, from parametric to nonparametric
estimation, the theory of empirical processes has been widely investigated since the early
work of Donsker [9]. For independent observations, Donsker proved in 1952 the weak
convergence of the empirical distribution function to a Brownian bridge, which provides
as a straightforward consequence the asymptotic behavior of the Kolmogorov-Smirnov
statistic.

Dudley [12], [13], extended this result to empirical processes indexed by a class of
functions F and gave a precise definition of weak convegence in the non separable
space `∞(F) of bounded functionals from F to R. When F = {1C , C ∈ C} reduces
to indicators of sets, he also provided two different kinds of conditions on F for the
empirical process to converge to a `∞(F)-valued Gaussian random variable. The first
one involves combinatorial arguments (C is a V-C class) and is strongly related to the
notion of universal entropy. The second one is an integrability condition on the entropy
with inclusion of the class C.

In 1982, Pollard [21] proved an empirical central limit theorem under an integrability
condition on the universal entropy of F . This condition is optimal in a sense: when
replacing universal entropy by the classical metric entropy, it is the minimimal con-
dition (in term of the metric entropy) ensuring the limiting Gaussian process to have
continuous sample paths.

Independently, in 1984 Bass [4] obtained the convergence of set-indexed partial sum
processes under a minimal condition in terms of entropy with inclusion. His proof is
based on a delicate adaptive truncation in the chaining procedure. The main technique
is a systematic use of Bernstein’s inequality (or, equivalently, of Rosenthal’s inequality)

1



2 CHAINING FROM ROSENTHAL’S INEQUALITY

which provides the needed truncation level. The same tools and techniques were used in
1987 by Ossiander [18] in the context of empirical processes to obtain optimal conditions
on F in terms of entropy with bracketing (the analogue of entropy with inclusion for
classes of functions).

The theory of empirical processes was soon extented to different types of dependent
variables. An early result of Billingsley [6] extended Donsker’s theorem to (uniformly)
φ-mixing sequences. For more general classes of functions, see for instance Phillip [19],
Doukhan, Léon and Portal [10], Massart [16] or Andrews and Pollard [2].

In terms of entropy with bracketing, the most complete work seems to be that of
Doukhan, Massart and Rio [11] in a β-mixing framework. They showed in particular
that the right norm to consider in order to measure the size of the brackets is related to
the dependence stucture of the variables (see also Rio [25] Chapter 8, for more details
on this subject). After a careful reading of this paper, we infer that suitable maximal
inequalities are the only essential tools to carry out the chaining procedure.

The paper is organized as follows: Section 2 is devoted to the mathematical back-
ground. In Section 3 we state our main result: Theorem 3.3 provides conditions in terms
of maximal inequalities for the empirical process indexed by finite sets of functions
which are sufficient to derive the asymptotic equicontinuity of the empirical process.
In Section 4 we show how to derive such inequalities from Rosenthal-type inequalities.
We obtain the tightness of the process under Ossiander’s condition in the i.i.d. case
and Doukhan, Massart and Rio’s in the β-mixing case. The condition we propose for
nonuniform φ-mixing sequences are new, to our knowledge. In Theorem 5.1 of Section
5, we recall some recent conditions yielding the finite-dimensional convergence of the
empirical process, which together with Section 4 imply empirical central limit theorems
under various dependence conditions (cf. Theorem 5). The proof of Theorem 3.3 (an
adaptation of [11]) is postponed until Section 6. Some technical lemmas concerning the
β-mixing case are presented in the Appendix.

2 Empirical process, weak convergence and tightness
in `∞(F).

Let X = (Xi)i∈Z be a strictly stationary sequence of random elements with values in
a Polish space X with common marginal distribution P . Denote by Pn the empirical
probability measure and by Zn the centered and normalized empirical measure:

Pn =
1
n

n∑

i=1

δXi , Zn =
√

n(Pn − P ) .

Let F be a class of measurable functions from X to R. The space `∞(F) is the set of
all functions z from F to R such that ‖z‖F = supf∈F |z(f)| is finite. A random variable
X with values in `∞(F) is tight if for any positive ε there exists a compact set Kε of
(`∞(F), ‖.‖F ) such that P(X ∈ Kε) ≥ 1− ε.

Assume that for every x in X , supf∈F |f(x) − P (f)| is finite. Under this minimal
condition, the empirical process {Zn(f), f ∈ F} can be viewed as a variable with val-
ues in `∞(F), altough it may not be measurable with respect to the Borel σ-algebra
generated by ‖.‖F . Nevertheless, we say that Zn converges weakly to a `∞(F)-valued
random variable Z (i.e. Borel measurable) if, for every continuous bounded function h
from (`∞(F), ‖.‖F ) to R, the outer expectation E∗(h(Zn)) converges to E(h(Z)) (see
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for instance [27] p. 4 for the definition of outer expectations and measures, and more
details about weak convergence for non-measurable maps).

The variable Zn with values in `∞(F) is asymptotically ρ-equicontinuous if there
exists a semimetric ρ on F such that, for every ε > 0,

lim
δ→0

lim sup
n→∞

P∗
(

sup
ρ(f,g)≤δ, f, g∈F

|Zn(f)− Zn(g)| > ε
)
= 0 ,

where P∗ stands for the outer probability. In the sequel, for short, we shall omit to put
the stars. The `∞(F)-valued variable Zn converges weakly to a tight limit in `∞(F) if
and only if it is asymptotically ρ-equicontinuous for a semimetric ρ such that (F , ρ) is
totally bounded, and every one of its finite-dimensional marginals (Zn(f1), . . . Zn(fk))
converges weakly (see for instance [22], Theorem 10.2).

A random variable G with value in `∞(F) is a Gaussian process if every one of its
finite-dimensional marginals (G(f1), . . . , G(fk)) is normally distributed. Denote by Γ
its covariance function Γ(f, g) = Cov(G(f), G(g)) and write Γ(f) = Γ(f, f) for the
associated quadratic form. Let K be the set of functions of `∞(F) which are continuous
with respect to Γ(.). A zero-mean Gaussian process G is tight if and only if `∞(F)
is relatively compact with respect to Γ(.) and G has almost sure continuous sample
paths: P(G ∈ K) = 1. If G is a tight Gaussian process then it is also Gaussian as
an `∞(F)-valued random variable: for every element d of the dual of `∞(F), the real
valued random variable d(G) is normally distributed.

3 From maximal inequalities to tightness

Before stating the main theorem of this paper, we need some more definitions.

Definition 3.1. For any p ≥ 1, let Lp(P ) be the class of real-valued functions on (X , P )
such that ‖f‖p

p = P (|f |p) is finite. We say that a normed space (L, ‖.‖) is an L-space if

1. There exist two positive numbers a1 and a2 such that ‖f‖1 ≤ a1‖f‖ for any f
in L and ‖f‖ ≤ a2‖f‖∞ for any f in L∞(P ). In particular, this implies that
‖f − P (f)‖ ≤ (1 + a1a2)‖f‖.

2. ‖.‖ is nondecreasing: if f and g are two elements of L such that |f | ≤ |g|, then
‖f‖ ≤ ‖g‖.

Note that Lp(P ) is an L-space as soon as p ≥ 1.

Definition 3.2. Entropy with bracketing: let F be a subset of an L-space (L, ‖.‖).
Given (f, g) in L × L with f ≤ g, the bracket [f, g] is the set of all functions h with
f ≤ h ≤ g. An ε-bracket is a bracket [f, g] with ‖f−g‖ ≤ ε. The entropy with bracketing
H(F , ε, ‖.‖) is the logarithm of the smallest number of ε-brackets needed to cover F .

Theorem 3.3 below gives sufficient conditions for the process Zn to be asymptotically
equicontinuous. They are in fact general conditions under which Ossiander’s method
(cf. [18]) works. The main point is to find a truncating function for which the maximum
of Zn(g) over a finite set of m-bounded functions is well controlled.

A typical application of Theorem 3.3 is the following: let G be any finite set of centered
functions of L∞(P ), and m, δ two positive numbers such that ‖g‖∞ ≤ m and ‖g‖2 ≤ δ
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for any g in G. Set H = max(1, log(|G|)) and assume that there exists b in [1,∞] and a
constant C depending only on X such that

E
(

max
g∈G

|Zn(g)|
)
≤ C

(
δ
√

H +
m

b+1
b−1 δ

2
1−b H√
n

)
. (3.1)

Then the `∞(F)-valued variable Zn is asymptotically equicontinuous as soon as
∫ 1

0

√
H(F , u, ‖.‖2b/(b−1)) du < ∞ .

We shall see in Section 4 that Inequality (3.1) holds for i.i.d. sequences with b = ∞,
and for some non-uniform φ-mixing sequences when b equals 1 or 2 (similar bounds may
be obtained for b in ]1, 2[ via interpolation arguments). In the latter case, the value of
b is entirely determined by the decay of the φ-mixing coefficients.

The fact that the right norm to consider in order to measure the size of the brackets
is related to the dependence structure of the variables has been clearly pointed out by
Doukhan, Massart and Rio [11] for absolutely regular sequences (see Section 4.3). In
this framework, one obtains a bound similar to (3.1) involving the exact rate of mixing
of the sequence (cf. equation (4.12)). This inequality leads to the norm ‖.‖2,β indexed
by the whole sequence β = (βi)i≥0 of β-mixing coefficients of X (see equation (4.8) for
the definition of ‖.‖2,β). From the inequality ‖g‖2 ≤ ‖g‖2,β , we infer that the L-space
L2,β(P ) = {g : ‖g‖2,β < ∞} is continuously embedded in L2(P ). Conversely, we shall
see that for b in [1,∞], the space L2b/(b−1)(P ) is continuously embedded in L2,β(P ) as
soon as the β-mixing coefficients of X satisfy

∑
kb−1β(k) < ∞. This coincides with the

i.i.d. case when b = ∞, and yields the same rate as for non-uniform φ-mixing sequences
when b equals 1 or 2.

In each case, the asymptotic equicontinuity of Zn may be obtained via the following
general Theorem:

Theorem 3.3. Let X be a stationary sequence with marginal distribution P . Let (L, ‖.‖)
be an L-space and F a class of functions of L with envelope function F (i.e. |f | ≤ F
for any f in F).

Assume that there exists two functions, m1 from N∗ × R∗+ × N∗ to R+ ∪ {+∞},
nondecreasing in the second variable and nonincreasing in the third, and m2 from N∗×N∗
to R+ nonincreasing in the second variable, such that both Conditions 1 and 2 hold:

1. For any (n, δ, k, l) in N∗ × R∗+ × N∗ × N∗ and any finite subset G of centered
functions of L with cardinality |G| ≤ k, whose elements satisfy ‖g‖ ≤ δ and

‖g‖∞ ≤ m1(n, δ, l)
m2(n, k)

, we have

E
(
max
g∈G

|Zn(g)|
)
≤ C1δ

(√
max(1, log(k)) +

max(1, log(k))√
max(1, log(l))

)

for some some constant C1 depending only on X.

2. For any (n, δ, k) in N∗ × R∗+ × N∗ and any g of L such that ‖g‖ ≤ δ, we have,

setting m(n, δ, k) =
m1(n, δ, k)
m2(n, k)

,

√
n‖g14g>m(n,δ,k)‖1 ≤ C2δ

√
max(1, log(k)) ,

for some constant C2 depending only on X.



J. DEDECKER AND S. LOUHICHI 5

Assume furthermore that there exists a function M from N∗ ×R∗+ ×N∗ to R+ ∪ {+∞}
such that both Conditions 3 and 4 hold:

3. For any finite subset G of centered functions of L with cardinality |G| ≤ k, whose
elements satisfy ‖g‖ ≤ δ and ‖g‖∞ ≤ M(n, δ, k), we have

E
(
max
g∈G

|Zn(g)|
)
≤ C3δ

√
max(1, log(k)) + R(n, δ, k) ,

for some some constant C3 depending only on X, and R(n, δ, k) tending to zero
as n tends to infinity.

4. The envelope function F of the class F satisfies

for any (δ, k), lim
n→∞

√
n‖F14F>M(n,δ,k)‖1 = 0.

Then the `∞(F)-valued variable Zn is asymptotically ‖.‖-equicontinuous as soon as
∫ 1

0

√
H(F , u, ‖.‖) du < ∞ . (3.2)

Remark 3.4. It is well known that (3.2) implies the existence of an envelope function F
belonging to L. In many cases the choice M ≡ m ensures that Condition 4 is satisfied
for any F in L (in that case Condition 3 is realized with C3 = 2C1 and R ≡ 0). However,
it may happen (see Section 4.3) that the good truncating function M depends on the
envelope F .
Remark 3.5. If the function m1 ≡ ∞ satisfies the assumptions of Theorem 3.3 (note that
it always satisfies Condition 2), then one can take M ≡ ∞ as well, so that Conditions
3 and 4 are automatically realized (see the preceding remark). In such a case, the
result can be improved by replacing entropy with bracketing by metric entropy (i.e. the
logarithm of the smallest number of balls of radius u with respect to ‖.‖ necessary to
cover F).
Remark 3.6. We have written the theorem with √. because this function appears when
considering classical Rosenthal-type inequalities. In fact the result remains true when
replacing √. by any increasing subadditive function ϕ(.) in Conditions 1, 2 and 3. The
entropy condition (3.2) then becomes

∫ 1

0

ϕ(H(F , u, ‖.‖)) du < ∞ .

Remark 3.7. Let m1, m2, M and R be four functions satisfying Conditions 1, 2 and 3
of Theorem 3.3. It follows from Proposition 6.2 that there exists a positive constant K
depending only on X such that, for any class F whose elements satisfy ‖f‖ ≤ δ,

E
(

sup
f∈F

|Zn(f)|
)
≤ K

∫ δ

0

√
1 ∨H(F , u, ‖.‖)du + 2

√
n‖F12F>M(n,δ)‖1 + 2R(n, δ) ,

where F is the envelope function of F and we set R(n, δ) = R(n, (1 + a1a2)δ,N(δ)),
M(n, δ) = M(n, (1 + a1a2)δ,N(δ)) and N(δ) = exp(H(F , δ, ‖.‖). In particular, if (3.1)
holds then ‖.‖ = ‖.‖2b/(b−1), a1 = a2 = 1, Rn ≡ 0 and

M(n, δ) = 2δ

(
n

1 ∨H(F , δ, ‖.‖2b/(b−1))

) b−1
2b+2

.

In the i.i.d. case (i.e. b = ∞), this is the same bound as in Theorem 2.14.2 of [27].
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4 From Rosenthal’s inequality to maximal inequali-
ties

4.1 The i.i.d. case

In this section, we assume that the sequence (Xi)i∈Z is i.i.d. If f is a centered function
of Lp(P ) for p ≥ 2, Rosenthal’s inequality yields (see for instance Pinelis [20])

‖Zn(f)‖p ≤ K
(√

p‖f‖2 +
p√
n

∥∥∥ max
1≤i≤n

|f(Xi)|
∥∥∥

p

)
, (4.1)

for some absolute constant K. Now let G be any finite set of centered functions of
L∞(P ), and m, δ two positive numbers such that ‖g‖∞ ≤ m and ‖g‖2 ≤ δ for any g in
G. From (4.1) we get that

max
g∈G

‖Zn(g)‖p ≤ K
(√

pδ +
pm√

n

)
. (4.2)

Since, for p ≥ 2,

E
(
max
g∈G

|Zn(g)|
)
≤

∥∥∥max
g∈G

|Zn(g)|
∥∥∥

p
≤

(∑

g∈G
E|Zn(g)|p

)1/p

≤ |G|1/p max
g∈G

‖Zn(g)‖p ,

we obtain, applying (4.2) with p = 2H = 2max(1, log |G|)

E
(

max
g∈G

|Zn(g)|
)
≤ C

(
δ
√

H +
mH√

n

)
(4.3)

for some absolute constant C.
Set H(k) = max(1, log(k)). From (4.5) it is clear that the functions defined by

m2 ≡ 1, m(n, δ, k) = m1(n, δ, k) = δ

√
n

H(k)

satisfy Conditions 1 and 2 of Theorem 3.3 for the space L = L2(P ) equipped with the
norm ‖.‖2 (note that Condition 2 is satisfied with C2 = 4). Clearly, the choice M ≡ m
ensures that both Conditions 3 and 4 are satisfied, so that the `∞(F)-valued variable
Zn is asymptotically ‖.‖2-equicontinuous as soon as

∫ 1

0

√
H(F , u, ‖.‖2)du < ∞ .

This result was first obtained by Ossiander [18]. Andersen, Giné, Ossiander and Zinn
[1] weakened the bracketing assumption and used majorizing measure instead of metric
entropy.

4.2 An extension to martingales

Let (Xi)i∈Z be a stationary sequence and Mi = σ(Xk, k ≤ i). For any f in L1(P ),
define the variable

Wn(f) =
1√
n

n∑

i=1

(
f(Xi)− E(f(Xi)|Mi−1)

)
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and the two numbers d1(f) and d2(f)

d1(f) =
∥∥E (|f(X1)|

∣∣M0

)∥∥
∞ and d2(f) =

∥∥E (
(f(X1))2

∣∣M0

)∥∥1/2

∞ .

From [20] again, we have the bounds

‖Wn(f)‖p ≤ K
(√

pd2(f) +
p√
n

∥∥∥ max
1≤i≤n

|f(Xi)− E(f(Xi)|Mi−1)|
∥∥∥

p

)
. (4.4)

Arguing as in Section 4.1 we infer that, for any finite set G of functions of L∞(P ), and
m, δ two positive numbers such that ‖g‖∞ ≤ m and d2(g) ≤ δ for any g in G,

E
(

max
g∈G

|Wn(g)|
)
≤ C

(
δ
√

H +
mH√

n

)
, (4.5)

where H = max(1, log |G|).
Looking at the proof of Theorem 3.3, we see that it may be adapted to the process

Wn by replacing the L1 norm in Conditions 2 and 4 by the norm d1. Now, since
d1(f14f>m) ≤ 4m−1(d2(f))2, the function m of the preceding section works. We infer
that the `∞(F)-valued variable Wn is asymptotically d2-equicontinuous as soon as

∫ 1

0

√
H(F , u, d2)du < ∞ . (4.6)

If furthermore any function f of F satisfies E(f(X1)|M0) = P (f), then the `∞(F)-
valued variable Wn coincides with Zn, and the latter is asymptotically equicontinuous
under the entropy condition (4.6).

Let us give two applications of this result

1. Assume that Xi = (Yi, Yi−1) where (Yi)i∈Z is a stationary Markov chain with
values in an arbitrary space (E, E) and with transition kernel K. Let F be a
class of L2(P ) such that E(f(X1)|M0) = P (f) for any f in F . In that case, the
`∞(F)-valued variable Zn is asymptotically d2-equicontinuous as soon as (4.6)
holds, where the norm d2 is given by

(d2(f))2 = sup
x∈E

∫
|f(x, y)|2K(x, dy) .

2. Assume that Xi = (εi, Yi) where ε = (εi)i∈Z is stationary with marginal distribu-
tion Pε, Y = (Yi)i∈Z is i.i.d. with marginal distribution PY , and ε is independent
of Y . Set ‖g‖p

ε,p = Pε(|g|p) and ‖h‖p
Y,p = PY (|h|p). Let Fε be a class of M -

bounded functions of L∞(Pε), FY be a class of centered functions of L2(PY ) with
envelope FY and

F = Fε ×FY = {g × h, g ∈ Fε, h ∈ FY } .

Clearly, E(f(X1)|M0) = 0 for any f in F . Now, if gl ≤ g ≤ gu and hl ≤ h ≤ hu,
then we have (g × h)l ≤ g × h ≤ (g × h)u, where

(gl+ × hl+) + (gu− × hu−) + (gl− × hu+) + (gu+ × hl−) = (g × h)l

(gl− × hl−) + (gu+ × hu+) + (gl+ × hu−) + (gu− × hl+) = (g × h)u
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f+ = f ∨ 0 and f− = f ∧ 0. If furthermore |hu| ∨ |hl| ≤ FY and |gu| ∨ |gl| ≤ M ,
we easily obtain that

d2 ((g × h)u − (g × h)l) ≤ 4(‖FY ‖Y,2‖gl − gu‖ε,∞ + M‖hl − hu‖Y,2) .

From this inequality, we infer that

H(F , 4u(M + ‖FY ‖2,Y ), d2) ≤ H(Fε, u, ‖.‖ε,∞) +H(FY , u, ‖.‖Y,2) .

We conclude that the `∞(F)-valued variable Zn is asymptotically d2-equicontinuous
as soon as

∫ 1

0

√
H(Fε, u, ‖.‖ε,∞)du < ∞ and

∫ 1

0

√
H(FY , u, ‖.‖Y,2)du < ∞ .

Setting Mε,0 = σ(εi, i ≤ 0), the conclusion remains true if we use the norm
(dε,2(g))2 = ‖E(|g(ε1)|2|Mε,0)‖∞ instead of ‖.‖ε,∞ in the first entropy condition.

The result of this section is a particular case of a remarkable work of Nishiyama [17]
(see Theorem 4.2 and Corollary 4.3 therein). In this paper no stationarity assumption
is made, the natural random distances

d2,n(f) =
( 1

n

n∑

i=1

E(|f(Xi)|2|Mi−1)
)1/2

are used instead of d2, and the condition on F is expressed in terms of partitioning
entropy (in the spirit of Theorem 2.11.9 of [27]). The general context of `∞(F)-valued
martingale difference arrays is also considered.

4.3 Absolutely regular sequences

We first recall the definition of the β-mixing coefficient between two σ-algebras (cf.
Rozanov and Volkonskii [26]). Let (Ω,A,P) be a probability space. Given two σ-
algebras U and V of A, the β-mixing coefficient is defined by

2β(U ,V) = sup
∑

(i,j)∈I×J

|P(Ui ∩ Vj)− P(Ui)P(Vj)| ,

where the supremum is taken over all the finite partitions (Ai)i∈I and (Bj)j∈J respec-
tively U and V-measurable.

Now, let X = (Xi)i∈Z be a stationary sequence with marginal distribution P and M0

be the σ-algebra defined by M0 = σ(Xi, i ≤ 0). Define the coefficients β∞,k of X by

β∞,k(n) = sup{β (M0, σ(Xi1 , . . . , Xik
)) , 0 < n ≤ i1 ≤ · · · ≤ ik} (4.7)

In this section we shall only consider β∞,∞ coefficients. For the sake of simplicity we
omit the indexes, and put

β(0) = 0 and for n > 0, β(n) = β∞,∞(n) .

The sequences X is said to be absolutely regular as soon as β(n) tends to zero as n
tends to infinity. Let β−1 be the inverse cadlag of the decreasing function t → β([t]),
and Qg the inverse cadlag of the tail function t → P (|g| > t).
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From now, assume that the series
∑

β(k) is finite. This implies that β−1 is an
integrable function with respect to Lebesgue measure on [0, 1]. Following Doukhan,
Massart and Rio [11], define the set L2,β(P ) as the set of functions g for which

‖g‖22,β =
∫ 1

0

β−1(u)Q2
g(u) du < ∞ . (4.8)

It is proved in Lemma 1 of [11] that (L2,β(P ), ‖.‖2,β) is a normed subspace of L2(P ).
Since β−1 is greater than 1, we get that ‖g‖2 ≤ ‖g‖2,β . On the other hand for any func-
tion g in L∞(P ), Qg is bouded by ‖g‖∞, and (4.8) implies that ‖g‖22,β ≤ ‖g‖2∞

∑
β(k).

Collecting the above facts and noting that |f | ≤ |g| implies Qf ≤ Qg, we infer that
(L2,β(P ), ‖.‖2,β) is an L-space.

We now try to find a function m which satisfies the assumptions of Theorem 3.3. To
this end, we approximate the original sequence by a sequence of independent random
variables (see again [11]). The main tool to perform this approximation is Berbee’s
coupling lemma (cf. [5]), which we recall hereafter:

Lemma 4.1. Let X and Y be two random variables taking their values in the Borel
spaces S1 and S2 respectively, and let U be a random variable with uniform distribution
on [0, 1], independent of (X,Y ). There exists a random variable Y ∗ = f(X, Y, U), where
f is a measurable function from S1 × S2 × [0, 1] into S2, such that:

1. Y ∗ is independent of X and has the same distribution as Y .

2. P(Y 6= Y ∗) = β(σ(X), σ(Y )).

Let q be any positive integer. Starting from Lemma 4.1 we construct by induction a
sequence of random variables (X0

i )i>0 such that:

a) For any i ≥ 0, the random variable U0
i = (X0

iq+1, . . . , X
0
iq+q) has the same distri-

bution as Ui = (Xiq+1, . . . , Xiq+q).

b) The sequence (U0
2i)i≥0 is i.i.d and so is (U0

2i+1)i≥0.

c) For any i ≥ 0, P(Ui 6= U0
i ) ≤ β(q).

Let G be any finite set of centered functions of L∞(P ) and m, δ two positive numbers
such that ‖g‖∞ ≤ m and ‖g‖2,β ≤ δ for any g in G. Setting Z0

n = n−1/2
∑n

i=1(δX0
i
−P ),

we have

E
(

max
g∈G

|Zn(g)|
)
≤ E

(
max
g∈G

|Z0
n(g)|

)
+ E

(
max
g∈G

|Zn(g)− Z0
n(g)|

)
. (4.9)

Clearly

|Zn(g)− Z0
n(g)| ≤ 2

‖g‖∞√
n

n∑

i=1

1Xi 6=X0
i
,

and, since P(Xi 6= X0
i ) ≤ β(q), we obtain

E
(

max
g∈G

|Zn(g)− Z0
n(g)|

)
≤ 2mβ(q)

√
n (4.10)
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It remains to control the first term on right hand in (4.9). Define the random variables
Y 0

k (g) by

Y 0
k (g) =

(k+1)q∧n∑

i=kq+1

g(X0
i ) .

For Y 0
k (g), we have the upper bounds

‖Y 0
k (g)‖∞ ≤ q‖g‖∞ ≤ qm and ‖Y 0

k (g)‖2 ≤ 4‖g‖2,β ≤ 4δ ,

the second inequality following from Rio’s covariance inequality [23]. Since the random
variables (Y 0

2k)k≥0 are independent (as well as (Y 0
2k+1)k≥0), we obtain, applying twice

(4.5),

E
(

max
g∈G

|Z0
n(g)|

)
≤ D

(
δ
√

H +
mqH√

n

)
,

for some absolute constant D. Combining this inequality with (4.10) yields

E
(

max
g∈G

|Zn(g)|
)
≤ D

(
δ
√

H +
mqH√

n
+
√

nmβ(q)
)

. (4.11)

We now choose the integer q: define q(x) = min{p ∈ N∗ : β(p) ≤ px}. Taking
q = q(H/n) in (4.11), we obtain

E
(

max
g∈G

|Zn(g)|
)
≤ 2D

(
δ
√

H +
mHq(H/n)√

n

)
. (4.12)

Set H(k) = max(1, log(k)). From (4.12) it is clear that the functions defined by

m1(n, δ, k) = 8δ

√
n

H(k)
, m2(n, k) = q(H(k)/n), m(n, δ, k) =

8δ

q(H(k)/n)

√
n

H(k)

satisfy Condition 1 of Theorem 3.3 for the space (L, ‖.‖) = (L2,β(P ), ‖.‖2,β). In fact it
also satisfies Condition 2 (cf. Lemma 4 in [11] and Lemma 7.2 in the Appendix). There
seems to be no reason why the function m should be a good truncating function for
any envelope F in L2,β(P ). We shall see in the Appendix (Lemma 7.3) how to find the
second function M from inequality (4.11).

Combining the above facts with the results of the Appendix, we infer that the as-
sumptions of Theorem 3.3 are satisfied for the L-space (L, ‖.‖) = (L2,β(P ), ‖.‖2,β).
This implies that the `∞(F)-valued variable Zn is asymptotically ‖.‖2,β-equicontinuous
as soon as ∫ 1

0

√
H(F , u, ‖.‖2,β)du < ∞ . (4.13)

This result is due to [11] and extends on Ossiander’s [18] for i.i.d sequences (in which
case ‖.‖2,β = ‖.‖2). Let us see how it applies to standard mixing rates, (cf. [11] for a
much deeper discussion):

1. If
∑

kb−1β(k) is finite for some b ≥ 1, then (4.13) holds as soon as

∫ 1

0

√
H(F , u, ‖.‖2b/(b−1))du < ∞ .
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2. Assume that β(k) = O(bk) for some b in ]0, 1[, and denote by ϕ the convex function
ϕ(x) = x2 log(1 + |x|). The space L(ϕ,P ) of real valued functions f such that

‖f‖ϕ = inf
{

c > 0, E
(
ϕ
( |f(X0)|

c

))
≤ 1

}
< ∞

is continuously embedded in L2,β(P ). In particular, (4.13) holds as soon as

∫ 1

0

√
H(F , u, ‖.‖ϕ)du < ∞ .

We conclude this section with some bibliographic notes: Rio [25], Chapter 8, considers
the minimal case

∑
β(k) < ∞. If F is a class of bounded functions, he gives entropy

conditions on F which imply asymptotic tightness of Zn. The proof uses Goldstein’s
coupling Theorem (see [14]), an analogue of coupling for Harris chains. Comparing
to (4.13), the conditions that he obtains are less good for classes of smooth functions
but strictly better if F consists of indicators of sets. As an application, he proves a
central limit theorem for the empirical distribution function under the minimal condition∑

β(k) < ∞, which cannot be obtained via (4.13).
The same author (Rio [24]) uses again Goldstein’s theorem together with symmetriza-

tion arguments to obtain conditions in terms of uniform entropy of the class F . In
particular, Theorem 3 of this paper is an extension to the absolutely regular case of
Pollard’s empirical central limit theorem (cf. [21]). Results of this type are of a special
interest for VC-classes of sets or VC-Major classes (see for instance [27], Chapter 2.6).
For these particular classes in a β-mixing context, see also Arcones and Yu [3].

4.4 Nonuniform φ-mixing sequences

We first recall the definition of the φ-mixing coefficient between two σ-algebras (cf.
Ibragimov (1962)). Let (Ω,A,P) be a probability space. Given two σ-algebras U and V
of A, the φ-mixing coefficient is defined by

φ(U ,V) = sup{‖P(V |U)− P(V )‖∞ , V ∈ V} .

Now, let X = (Xi)i∈Z be a stationary sequence with marginal distribution P and M0

be the σ-algebra defined by M0 = σ(Xi, i ≤ 0). As in (4.7), define the coefficients φ∞,k

of X by

φ∞,k(n) = sup{φ (M0, σ(Xi1 , . . . , Xik
)) , 0 < n ≤ i1 ≤ · · · ≤ ik} (4.14)

Recall that φ∞,k-mixing is more restrictive than β∞,k-mixing in the sense that β∞,k(n) ≤
φ∞,k(n). When k < ∞, we call these coefficients non-uniform, because they only control
the dependence between the past σ-algebra M0 and any k-tuple (Xi1 , . . . , Xik

) of the
future, while the classical uniform φ∞,∞ or β∞,∞ coefficients control the dependence
between the past and the whole future σ(Xi, i ≥ n). Nonuniform coefficients are of
a special interest for stationary random fields, for which classical uniform coefficients
are much too restrictive. All the results we shall give in this section may be extended
to random fields indexed by Zd with the appropriate extension of (4.14). Note also
that dealing with φ∞,k allows to consider nonergodic sequences (or fields), while φ∞,∞-
mixing sequences as well as absolutely regular sequences are necessarily ergodic (cf.
Section 5).

Now from Proposition 1 and Corollary 4(a) in Dedecker [8] (see also Lemma 3 therein)
we have, for any centered function f of L∞(P ) and p ≥ 3:
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1. Suppose that
∑

kφ∞,2(k) < ∞. Then, for any centered function f of L∞(P ) and
any two numbers m, δ such that ‖f‖∞ ≤ m and ‖f‖2 ≤ δ,

‖Zn(f)‖p ≤ K1(φ)
(

δ
√

p +
pm3

δ2
√

n

)
.

Let G be any finite set of centered functions of L∞(P ), and m, δ two positive
numbers such that ‖g‖∞ ≤ m and ‖g‖4 ≤ δ for any g in G. Arguing as in Section
(4.1) and setting H = max(1, log(|G|)), we obtain

E
(

max
g∈G

|Zn(g)|
)
≤ C1(φ)

(
δ
√

H +
m3H

δ2
√

n

)
(4.15)

Set H(k) = max(1, log(k)). From (4.15) it is clear that the functions defined by

m2 ≡ 1, (m(n, δ, k))3 = (m1(n, δ, k))3 = δ3

√
n

H(k)

satisfy Conditions 1 and 2 of Theorem 3.3 for the space L = L4(P ) equipped
with the norm ‖.‖4 (note that Condition 2 is satisfied with C2 = 43). Clearly,
the choice M ≡ m ensures that both Conditions 3 and 4 are satisfied, so that the
`∞(F)-valued variable Zn is asymptotically ‖.‖4-equicontinuous as soon as

∫ 1

0

√
H(F , u, ‖.‖4)du < ∞ .

2. Assume that φ∞,2(k) = O(k−b) for some b in ]1, 2[. Then, for any centered function
f of L∞(P ) and any two numbers m, δ such that ‖f‖∞ ≤ m and ‖f‖2 ≤ δ,

‖Zn(f)‖p ≤ K2(φ)

(
δ
√

p +
pm3δ−2 ∨ pm

b+1
b−1 δ

2
1−b√

n

)
.

Let G be any finite set of centered functions of L∞(P ), and m, δ two positive
numbers such that ‖g‖∞ ≤ m and ‖g‖2b/(b−1) ≤ δ for any g in G. Arguing as
above, we obtain

E
(

max
g∈G

|Zn(g)|
)
≤ C2(φ)

(
δ
√

H +
Hm3δ−2 ∨Hm

b+1
b−1 δ

2
1−b√

n

)
(4.16)

Define Gδ(m) = m3δ−2 ∨m
b+1
b−1 δ

2
1−b and take

m2 ≡ 1, m(n, δ, k) = m1(n, δ, k) = G−1
δ

(
δ

√
n

H(k)

)
,

so that Condition 1 of Theorem 3.3 is satisfied. Next, write

√
n‖g14g>m(n,δ,k)‖1 ≤

√
H(k)
δ

‖gGδ(4g)‖1
≤

√
H(k)

(
(4/δ)3P (|g|4) + (4/δ)

b+1
b−1 P

(|g| 2b
b−1

))
.



J. DEDECKER AND S. LOUHICHI 13

Since ‖g‖4 ≤ ‖g‖2b/(b−1), the last inequality implies that Condition 2 is satisfied
with C2 = 43 + 4(b+1)/(b−1) for the space L = L2b/(b−1)(P ) equipped with the
norm ‖.‖2b/(b−1). Taking M ≡ m, the same arguments apply to Conditions 3 and
4. We conclude that the `∞(F)-valued variable Zn is asymptotically ‖.‖2b/(b−1)-
equicontinuous as soon as

∫ 1

0

√
H(F , u, ‖.‖2b/(b−1))du < ∞ .

3. Assume that
∑

φ∞,1(k) is finite. Then, for any function f in L∞(P ),

‖Zn(f)‖p ≤ K3(φ)
√

p‖f‖∞ .

Arguing as above, we infer that the function m = ∞ satisfies the assumptions
of Theorem 3.3 for the space L = L∞(P ) equipped with the norm ‖.‖∞. Con-
sequently, the `∞(F)-valued variable Zn is asymptoticaly ‖.‖∞-equicontinuous as
soon as ∫ 1

0

√
H(F , u, ‖.‖∞)du < ∞ .

These results are new, to our knowledge. The comparison between uniform β-mixing
(see Section 4.3) and non-uniform φ-mixing allows us to make the following conjecture:
if, for a positive integer n, the series

∑
kn−1φ∞,n(k) is finite and the class F satisfies

∫ 1

0

√
H(F , u, ‖.‖2n/(n−1))du < ∞ ,

then the `∞(F)-valued variable Zn is asymptotically ‖.‖2n/(n−1)-equicontinuous.

5 Empirical central limit theorems

We first recall a central limit theorem for non uniform mixing sequences (cf. Dedecker
[7], Corollary 3):

Theorem 5.1. Let X = (Xi)i∈Z be a strictly stationary sequence of random variables
with value in a Polish space X with common marginal distribution P . Let T : X Z 7→ X Z
be the shift operator: (T (x))i = xi+1. Denote by I the σ-algebra of T -invariant Borel
sets of X Z. Let f be an element of L2(P ). If the mixing coefficients of X satisfy either

∑

k>0

∫ β∞,1(k)

0

Q2
f (u)du < ∞ or

∑

k>0

φ∞,1(k) < ∞ ,

then Zn(f) converges weakly to ε
√

ΓI(f), where ε is a standard Gaussian random vari-
able independent of X−1(I) and

ΓI(f) =
∑

k∈Z
Cov(f(X0), f(Xk)|X−1(I)) . (5.1)

Applying the non-ergodic version of Ibragimov-Billingsley’s central limit theorem for
martingales with stationary differences, we infer that the conclusion of Theorem 5.1
remains true if E(f(X1)|M0) = P (f) (in that case, the sum in (5.1) reduces to the
conditional variance term). Note also that, if β∞,2(n) tends to zero as n tends to
infinity, then σ(X0, Xk) is independent of X−1(I) and consequently ΓI(f) is constant.
The above facts together with the results of Section 4 yield:
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Theorem 5.2. Let X = (Xi)i∈Z be a stationary sequence with marginal distribution P
and F be a class of functions of L2(P ). Consider the following assumptions:

1. E(f(X1)|M0) = P (f) for any f in F , and
∫ 1

0

√
H(F , u, d2)du < ∞.

2.
∑

k>0

β(k) < ∞ and
∫ 1

0

√
H(F , u, ‖.‖2,β)du < ∞.

3.
∑

k>0

kφ∞,2(k) < ∞ and
∫ 1

0

√
H(F , u, ‖.‖4)du < ∞.

4. φ∞,2(k) = O(k−b) for some b in ]1, 2[, and
∫ 1

0

√
H(F , u, ‖.‖2b/(b−1))du < ∞.

5.
∑

k>0

φ∞,1(k) < ∞ and
∫ 1

0

√
H(F , u, ‖.‖∞)du < ∞.

If either 2., 3. or 4. holds, then the `∞(F)-valued variable Zn converges weakly to a
zero-mean tight Gaussian process with covariance function

Γ(f, g) =
∑

k∈Z
Cov(f(X0), g(Xk)) .

If either 1. or 5. holds then the `∞(F)-valued variable Zn converges weakly to a tight
random variable whose conditional distribution with respect to X−1(I) is that of a zero-
mean tight Gaussian process with covariance function

ΓI(f, g) =
∑

k∈Z
Cov(f(X0), g(Xk)|X−1(I)) .

6 Chaining

The chaining procedure we borrow here is an extension of Ossiander’s method due to
Doukhan, Massart and Rio [11].

Our purpose is to prove the stochastic equicontinuity of the empirical process over
a class of functions F equipped with the norm ‖.‖ and fulfilling the entropy condition
(3.2). More precisely, we shall prove that

lim
σ→0

lim sup
n→+∞

E

(
sup

‖f−g‖≤σ

|Zn(f)− Zn(g)|
)

= 0. (6.1)

Set Fσ := {f − g, f, g ∈ F and ‖f − g‖ ≤ σ}, and consider the familly of bounded
functions Fσ(M) := {(f − g)14F≤M , f, g ∈ F and ‖f − g‖ ≤ σ}. Clearly, for each
positive M ,

E

(
sup

f∈Fσ

|Zn(f)|
)
≤ E

(
sup

f∈Fσ(M)

|Zn(f)|
)

+ 4
√

n‖F14F>M‖1. (6.2)

Let N(σ) = exp(H(Fσ, σ, ‖.‖)) and take

M = Mn = M(n, (1 + a1a2)σ,N(σ)) . (6.3)
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From (6.2) and Condition 4 of Theorem 3.3 we infer that

lim sup
n→∞

E

(
sup

f∈Fσ

|Zn(f)|
)
≤ lim sup

n→∞
E

(
sup

f∈Fσ(Mn)

|Zn(f)|
)

,

so that (6.1) holds as soon as

lim
σ→0

lim sup
n→∞

E

(
sup

f∈Fσ(Mn)

|Zn(f)|
)

= 0 . (6.4)

Note that if f belongs to Fσ(Mn) then ‖f‖ ≤ σ and 2‖f‖∞ ≤ Mn. Note also that
H(Fσ(Mn), x) ≤ H(Fσ, x) ≤ 2H(F , x/2). From these two elementary remarks, we infer
that (6.4) will follow from Proposition 6.2 below.

Before stating this proposition, we introduce as in [11] an appropriate upper bound
H for the entropy H :

Lemma 6.1. For any class of functions F , there exists a nonincreasing upper bound
H of H(F , ., ‖.‖) such that x → x4H(x) is nondecreasing and, for any δ in [0, 1],

ψ(δ) =
∫ δ

0

√
1 ∨H(u)du ≤ 4

∫ δ

0

√
1 ∨H(F , u, ‖.‖)du

See [11] for a proof.

Proposition 6.2. Let m1, m2, M and R be four functions satisfying Conditions 1, 2
and 3 of Theorem 3.3. Let F be any class of functions of L satisfying (3.2). Define
N(σ) = exp(H(F , σ, ‖.‖) and Mn = M(n, (1 + a1a2)σ,N(σ)). Assume that any function
f of F satisfy the inequalities 2‖f‖∞ ≤ Mn and ‖f‖ ≤ σ. Then there exists a constant
K not depending on (n, σ), such that

E

(
sup
f∈F

|Zn(f)|
)
≤ Kψ(σ) + 2R(n, (1 + a1a2)σ,N(σ)) .

Proof. We start with some preliminary notations.

Definitions 6.3. Let δ0 = σ and δk = 2−kδ0. For each k, we choose a covering of F
by brackets Bj,k := [gj,k, hj,k] for 1 ≤ j ≤ Jk, with ‖hj,k − gj,k‖ ≤ δk and Jk ≤ N(δk).
Since 2|f | ≤ Mn for all f ∈ F , we may assume that |hj,k − gj,k| ≤ Mn. In each bracket
Bj,k, fix a point fj,k belonging to F . Let πkf := fψkf,k where ψk is a mapping from F
to [1, Jk] defined by ψkf := min{j ∈ [1, Jk] : f ∈ Bj,k}. Set ∆kf := hψkf,k − gψkf,k.
Clearly

|f − πkf | ≤ ∆kf and ‖∆kf‖ ≤ δk (6.5)

Finally define H(δ) =
∑

δk≥δ H(δk), N(δ) := [exp(H(δ))], and N(δk) := [exp(H(δk))].

Definitions 6.4. Set 2α = 3(1 + a1a2). Define the nonincreasing sequences (bj) and
(qj) and the sequence (mj) by

bk = m1(n, αδk,N(δk+1)), qk = 4m2(n,N(δk+1)), mk =
bk

qk
. (6.6)

For any f ∈ F , define ν := ν(f) := N ∧min{j ≥ 0, ∆jf > mj}, where N is defined by

N := min
{

k ≥ 0 : δk ≤ ψ(σ)√
n

}
∨ 1.
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Without loss of generality, suppose that H(F , σ, ‖.‖) ≥ 1 (note that the same is nec-
essarily true for H(σ) and H(σ)). We now list all the inequalities which are useful to
prove Proposition 6.2.

Facts 6.5.
If |g| ≤ h then |Zn(g)| ≤ Zn(h) + 2

√
n‖h‖1 (6.7)

For all k ∈ N, H(δk+1) ≤ 17H(δk) (6.8)

There exist positive constants K1, . . . , K5 such that, for any integer 1 ≤ k ≤ N − 1, we
have

E

(
sup
f∈F

∣∣∣∣∣Zn

(
∆k−1f1

∆kf>
bk−1

qk

k−1∏

i=0

1∆if≤mi

)∣∣∣∣∣

)
≤ K1δk

√
H(δk) (6.9)

E

(
sup
f∈F

∣∣∣∣∣Zn

(
∆kf1

mk<∆kf≤ bk−1
qk

k−1∏

i=0

1∆if≤mi

)∣∣∣∣∣

)
≤ K2δk

√
H(δk) (6.10)

E

(
sup
f∈F

∣∣∣∣∣Zn

(
(πk(f)− πk−1(f))1

∆kf≤ bk−1
qk

k−1∏

i=0

1∆if≤mi

)∣∣∣∣∣

)
≤ K3δk

√
H(δk) (6.11)

E

(
sup
f∈F

∣∣∣∣∣Zn

(
∆N−1f

N−1∏

i=0

1∆if≤mi

)∣∣∣∣∣

)
≤ K4δN

√
H(δN ) (6.12)

For 0 ≤ k ≤ N − 1,
√

n ‖∆kf1∆kf>mk
‖1 ≤ K5δk

√
H(δk) (6.13)

Proof of Facts 6.5. Inequality (6.7) is straightforward, and (6.8) follows directly from
Lemma 6.1.

We first prove (6.9). Clearly the supremum in (6.9) reduces to a maximum over a
finite set of functions with cardinality less than N(δk). Moreover if g is any function
belonging to this set, we have ‖g − P (g)‖ ≤ (1 + a1a2)δk−1 ≤ αδk−1 and

‖g − P (g)‖∞ ≤ mk−1 ≤ m1(n, αδk−1,N(δk))
m2(n,N(δk))

,

and (6.9) follows from Condition 1 of Theorem 3.3.
We now prove (6.10). As for the proof of (6.9), the supremum in (6.10) reduces to a

maximum over a finite set of functions with cardinality less than N(δk) ≤ N(δk+1). If
g is any function belonging to this set, we have ‖g−P (g)‖ ≤ (1 + a1a2)δk ≤ αδk−1 and

‖g − P (g)‖∞ ≤ bk−1

qk
≤ m1(n, αδk−1,N(δk))

m2(n,N(δk+1))

Condition 1 of Theorem 3.3 yields then

E

(
sup
f∈F

∣∣∣∣∣Zn

(
∆kf1

mk<∆kf≤ bk−1
qk

k−1∏

i=0

1∆if≤mi

)∣∣∣∣∣

)
≤ αC1δk−1

(√
H(δk+1) +

H(δk+1)√
H(δk)

)

The last inequality, together with (6.8) yields (6.10).
To prove (6.11), note that the supremum in (6.11) reduces to a maximum over a

finite set of functions with cardinality less than N(δk) ≤ N(δk+1). If g is any function
belonging to this set, we have ‖g − P (g)‖ ≤ (1 + a1a2)(δk + δk−1) = αδk−1 and

‖g − P (g)‖∞ ≤ 4bk−1

qk
=

m1(n, αδk−1,N(δk))
m2(n,N(δk+1))

,
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and we conclude as for (6.10).
To prove (6.12), note that the supremum in (6.12) reduces to a maximum over a

finite set of functions with cardinality less than N(δN−1) ≤ N(δN ). If g is any function
belonging to this set, we have ‖g − P (g)‖ ≤ (1 + a1a2)δN−1 ≤ αδN−1 and

‖g − P (g)‖∞ ≤ mN−1 ≤ m1(n, αδN−1,N(δN ))
m2(n,N(δN ))

,

and we conclude as in (6.9).
To prove (6.13) note that ‖∆kf‖ ≤ δk ≤ αδk. Since

mk =
m1(n, αδk,N(δk+1))

4m2(n,N(δk+1))
,

(6.13) follows from (6.8) and Condition 2 of Theorem 3.3. This completes the proof of
Facts 6.5.

Chaining.
Arguing as in Doukhan, Massart and Rio [11] we have the decomposition

E

(
sup
f∈F

|Zn(f)|
)
≤ E1 + E2 + E3 + E4 + E5 + E6, (6.14)

where

E1 = E

(
sup
f∈F

|Zn(π0f)|
)

E2 = E

(
sup
f∈F

|Zn(f − π0f)1ν(f)=0|
)

E3 =
N−1∑

k=1

E

(
sup
f∈F

|Zn(f − πk−1f)1ν(f)=k1∆kf>
bk−1

qk

|
)

E4 =
N−1∑

k=1

E

(
sup
f∈F

|Zn(f − πkf)1ν(f)=k1∆kf≤ bk−1
qk

|
)

E5 = E

(
sup
f∈F

|Zn(f − πN−1f)1ν(f)=N |
)

E6 =
N−1∑

k=1

E

(
sup
f∈F

∣∣∣∣Zn

(
(πk(f)− πk−1(f))1

∆kf≤ bk−1
qk

1ν(f)≥k|
)∣∣∣∣

)

Control of E1. When f runs over the set F , π0f runs over a finite class of functions
with cardinality less than N(σ). Moreover, we have the bounds ‖π0f−P (π0f)‖∞ ≤ Mn

and ‖π0f − P (π0f)‖ ≤ (1 + a1a2)σ. Hence according to Condition 3 of Theorem 3.3,
we have

E1 ≤ C3(1 + a1a2)σ
√

H(σ) + R(n, (1 + a1a2)σ,N(σ)) . (6.15)

Control of E2. We deduce from {ν(f) = 0} = {∆0 > m0}, (6.5) and (6.7) that

E2 ≤ E
(

sup
f∈F

|Zn (∆0f1∆0f>m0)|
)

+ 2
√

n sup
f∈F

‖∆0f1∆0f>m0‖1 . (6.16)
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Using inequality (6.13), the second term in the right hand side is bounded by
√

n sup
f∈F

‖∆0f1∆0f>m0‖1 ≤ K5δ0

√
H(δ0). (6.17)

Note that

‖∆0f1∆0f>m0 − E (∆0f1∆0f>m0)‖ ≤ (1 + a1a2)σ using (6.5), and

‖∆0f1∆0f>m0 − E (∆0f1∆0f>m0)‖∞ ≤ Mn .

To control the first term of Inequality (6.16), note that the supremum reduces to a
maximum over a finite set of functions with cardinality less than N(σ). Hence according
to Condition 3 of Theorem 3.3, we get

E

(
sup
f∈F

|Zn (∆0f1∆0f>m0)|
)
≤ C3(1+a1a2)σ

√
H(σ)+R(n, (1+a1a2)σ,N(σ)) (6.18)

Collecting Inequalities (6.16), (6.17), (6.18) we deduce

E2 ≤ Cδ0

√
H(δ0) + R(n, (1 + a1a2)σ,N(σ)) (6.19)

Control of E3. We deduce from (6.5), (6.7) that

E3 ≤
N−1∑

k=1

E

(
sup
f∈F

|Zn(∆k−1(f)1ν(f)=k1∆kf>
bk−1

qk

|
)

+
N−1∑

k=1

2
√

n sup
f∈F

∥∥∥∥∆k−1(f)1ν(f)=k1∆kf>
bk−1

qk

∥∥∥∥
1

(6.20)

In order to control the first term on right hand in (6.20), note that

{ν(f) = k} = {mk < ∆kf, ∆if ≤ mi, i = 0 . . . , k − 1},
Hence Inequality (6.9) yields

N−1∑

k=1

E

(
sup
f∈F

|Zn(∆k−1(f)1ν(f)=k1∆kf>
bk−1

qk

|
)
≤ K1

N−1∑

k=1

δk

√
H(δk). (6.21)

On the other hand, since

1ν(f)=k1∆kf>
bk−1

qk

≤ 1
∆kf>

bk−1
qk

1
∆k−1f≤ bk−1

qk−1

≤ 1∆kf>∆k−1f1∆kf>
bk
qk

,

we deduce, using Inequality (6.13)

√
n sup

f∈F

∥∥∥∥∆k−1(f)1ν(f)=k1∆kf>
bk−1

qk

∥∥∥∥
1

≤ √
n sup

f∈F

∥∥∥∥∆k(f)1
∆kf>

bk
qk

∥∥∥∥
1

≤ K5δk

√
H(δk) .

This last bound together with (6.21) and (6.20) yields

E3 ≤ (K1 + 2K5)
N−1∑

k=1

δk

√
H(δk) . (6.22)
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Control of E4. We deduce from (6.5) and (6.7) that

E4 ≤
N−1∑

k=1

E

(
sup
f∈F

|Zn(∆k(f)1ν(f)=k1∆kf≤ bk−1
qk

|
)

+
N−1∑

k=1

2
√

n sup
f∈F

∥∥∥∥∆k(f)1ν(f)=k1∆kf≤ bk−1
qk

∥∥∥∥
1

. (6.23)

In order to control the first term on right hand in (6.23), note that

{ν(f) = k} = {mk < ∆kf, ∆if ≤ mi, i = 0 . . . , k − 1} .

Hence Inequality (6.10) yields

N−1∑

k=1

E

(
sup
f∈F

|Zn(∆k(f)1ν(f)=k1∆kf≤ bk−1
qk

|
)
≤ K2

N−1∑

k=1

δk

√
H(δk) . (6.24)

On the other hand since,

1ν(f)=k1∆kf≤ bk−1
qk

≤ 1
∆kf>

bk
qk

we deduce, using inequality (6.13),

√
n sup

f∈F

∥∥∥∥∆k(f)1ν(f)=k1∆kf≤ bk−1
qk

∥∥∥∥
1

≤ √
n sup

f∈F

∥∥∥∥∆k(f)1
∆kf>

bk
qk

∥∥∥∥
1

≤ K5δk

√
H(δk) .

This last bound together with (6.24) and (6.23) yield

E4 ≤ (K2 + 2K5)
N−1∑

k=1

δk

√
H(δk) . (6.25)

Control of E5. We deduce from (6.5), (6.7) that

E5 ≤ E
(

sup
f∈F

|Zn(∆N−1(f)1ν(f)=N |
)

+ 2
√

n sup
f∈F

‖∆N−1(f)‖1 . (6.26)

Since
∏N−1

i=0 1∆if≤mi = 1ν(f)=N , we infer from Inequality (6.12) that

E

(
sup
f∈F

|Zn(∆N−1(f)1ν(f)=N |
)
≤ K4δN

√
H(δN ) . (6.27)

Now
√

n sup
f∈F

‖∆N−1(f)‖1 ≤ a1

√
n sup

f∈F
‖∆N−1(f)‖ ≤ a1

√
nδN−1 ≤ 2a1ψ(σ),

the last inequality following from the definition of N (cf. Definitions 6.4). This last
bound together with (6.27) and (6.26) yields

E5 ≤ K4δN

√
H(δN ) + 4a1ψ(σ) . (6.28)
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Control of E6. We deduce from

1
∆kf≤ bk−1

qk

1ν(f)≥k = 1
∆kf≤ bk−1

qk

k−1∏

i=0

1∆if≤mi

and from inequality (6.11) that

E6 ≤ K3

N−1∑

k=1

δk

√
H(δk) (6.29)

End of the proof of Proposition 6.2.

Collecting Inequalities (6.14), (6.15), (6.19), (6.22), (6.25), (6.28) and (6.29), we obtain

E

(
sup
f∈F

|Zn(f)|
)
≤ K

{
ψ(σ) +

N∑

k=1

δk

√
H(δk)

}
+ 2R(n, (1 + a1a2)σ,N(σ)) , (6.30)

for a positive constant K. From the definition of H, we get

N∑

k=1

δk

√
H(δk) ≤

∑

k≥0

δk

(∑

j≤k

√
H(δj)

)

≤ 2
∑

j≥0

δj

√
H(δj) ≤ 4

∫ σ

0

√
H(u)du = 4ψ(σ),

which together with Inequality (6.30) completes the proof of Proposition 6.2

7 Appendix

As in [11] define the functions

B(t) =
∫ t

0

β−1(u)du and δh(ε) = sup
t≤ε

Qh(t)
√

B(t) .

The following Lemmas and their proofs are due to Doukhan, Massart and Rio [11].

Lemma 7.1. Let h be any nonnegative function in L1(P ). Then, for any ε in ]0, 1],
the following inequality holds

‖h1h>Qh(ε)‖1 ≤
2εδh(ε)√

B(ε)
. (7.1)

In particular if δh(1) ≤ δ and a
√

εβ−1(ε) ≥ δ, then

‖h1h>a‖1 ≤ 2δ

√
ε

β−1(ε)
. (7.2)
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Proof. Recall that for any function f in L1(P ), ‖f‖1 =
∫ 1

0
Qf (u)du. The quantile

function of h1h>a being equal to Qh(u)1u≤Q−1
h (a), we obtain

‖h1h>Qh(ε)‖1 =
∫ Q−1

h (Qh(ε))

0

Qh(t)dt ≤
∫ ε

0

Qh(t)dt .

Bearing in mind the definition of δh(ε) and using the concavity of B, we infer that

‖h1h>Qh(ε)‖1 ≤ δh(ε)
∫ ε

0

dt√
B(t)

≤ δh(ε)
√

ε

B(ε)

∫ ε

0

dt√
t
,

proving (7.1). Sinces β−1 is nonincreasing, εβ−1(ε) ≤ B(ε) and both the condition on
a and the definition of δh(ε) imply that a ≤ Qh(ε). This yields (7.2) and the proof of
Lemma 7.1 is complete.

Next, we use Lemma 7.1 to prove the assertions of Section 4.3.

Lemma 7.2. The function m defined in Section 4.3 by

m(n, δ, k) =
8δ

q(H(k)/n)

√
n

H(k)

satisfies Condition 2 of Theorem 3.3.

Proof. Apply Lemma 7.1 with

4a = m(n, δ, k) and ε =
H(k)

n
max(1, q(H(k)/n)− 1) .

By definition of q(.), we obtain ε ≤ β(q(H(k)/n)) and therefore

β−1(ε) ≥ q(H(k)/n) ≥ max(1, q(H(k)/n)− 1) ,

which implies that m(n, δ, k)
√

εβ−1(ε) ≥ 4δ. Now, take g in L2,β(P ) such that ‖g‖2,β ≤
δ. Since δg(1) ≤ ‖g‖2,β ≤ δ, inequality (7.2) holds yielding

‖g14g>m(n,δ,k)‖1 ≤ 2δ

√
ε

β−1(ε)
≤ 2δ

√
H(k)

n
,

and Condition 2 of Theorem 3.3 holds with C2 = 2.

Lemma 7.3. Let F be any nonnegative function in L2,β(P ). Let ε(n, k) be the unique
solution of the equation nx2 = B(x)H(k). Then the function M(n, k) = 4QF (ε(n, k))
satisfies Conditions 3 and 4 of Theorem 3.3.

Proof. Let G be a finite of centered functions of L2,β(P ) with cardinality |G| ≤ k, whose
elements satisfy ‖g‖ ≤ δ and ‖g‖∞ ≤ 4QF (ε). According to (4.11), we have

E
(

max
g∈G

|Zn(g)|
)
≤ D

(
δ
√

H(k) +
4QF (ε)qH(k)√

n
+ 4

√
nQF (ε)β(q)

)
.

Choose q = β−1(ε). Since εβ−1(ε) ≤ B(ε), we have qH(k) ≤ nε, which leads to

E
(

max
g∈G

|Zn(g)|
)
≤ 4D

(
δ
√

H(k) + 2
√

nεQF (ε)
)

.
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To prove that Condition 3 holds, it remains to see that
√

nεQF (ε) tends to zero as n
tends to infinity. Bearing in mind that QF (ε)

√
B(ε) ≤ δF (ε), we infer that

√
nεQF (ε) ≤

√
nεδF (ε)√

B(ε)
≤ δF (ε)

√
H(k) .

Since δF (ε) tends to zero as n tends to infinity, we infer that Condition 3 is satisfied.
It remains to check Condition 4. By inequality (7.1) of Lemma 7.1, we have

√
n‖F1F>QF (ε)‖1 ≤

2
√

nεδF (ε)√
B(ε)

≤ 2δF (ε)
√

H(k) ,

and we conclude as above. The proof of Lemma 7.3 is complete.
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31 (1995), 393-427.

[12] R. M. Dudley: Weak convergence of measures on nonseparable metric spaces and
empirical measures on Euclidean spaces. Illinois Journal of Mathematics 10 (1966),
109-126.

23



24 CHAINING FROM ROSENTHAL’S INEQUALITY

[13] R. M. Dudley: Central limit theorems for empirical measures. Annals of Probability
6 (1978), 899-929.

[14] S. Goldstein: Maximal coupling. Zeitschrift für Wahrscheinlichkeitstheorie und ver-
wandte Gebiete 46 (1979), 193-204.

[15] I. A. Ibragimov: Some limit theorems for stationary processes. Theory of Probability
and Its Applications 7 (1962), 349-382.

[16] P. Massart: Invariance principle for empirical processes : the weakly dependent
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[17] Y. Nishiyama: Weak convergence of some classes of martingales with jumps. Annals
of Probability 28 (2000), 685-712.

[18] M. Ossiander: A central limit theorem under metric entropy with L2-bracketing.
Annals of Probability 15 (1987), 897-919.

[19] W. Phillip: Invariance principles for sums of mixing random elements and the
multivariate empirical process. Colloquia Mathematica Societatis János Bolyai 36
(1982), 843-873.

[20] I. F. Pinelis: Optimum bounds for the distribution of martingales in Banach spaces.
Annals of Probability 22 (1994), 1679-1706.

[21] D. Pollard: A central limit theorem for empirical processes. Journal of the Aus-
tralian Mathematical Society A 33 (1982), 235-248.

[22] D. Pollard: Empirical Processes: Theory and Applications. NSF-CBMS Regional
Conference Series in Probabity and Statistics 2. Institute of Mathematical Statistics
and American Statistical Association, 1990.

[23] E. Rio: Covariance inequalities for strongly mixing processes. Annales de l’Institut
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