Conditional convergence to infinitely divisible
distributions with finite variance
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Abstract

We obtain new conditions for partial sums of an array with stationary rows to converge
to a mixture of infinitely divisible distributions with finite variance. More precisely, we
show that these conditions are necessary and sufficient to obtain conditional convergence.
If the underlying o-algebras are nested, conditional convergence implies stable convergence
in the sense of Rényi. From this general result we derive new criteria expressed in terms of
conditional expectations, which can be checked for many processes such as m-conditionally
centered arrays or mixing arrays. When it is relevant, we establish the weak convergence
of partial sum processes to a mixture of Lévy processes in the space of cadlag functions
equipped with Skorohod’s topology. The cases of Wiener processes, Poisson processes and
Bernoulli distributed variables are studied in detail.
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1 Introduction

For any distribution function F’ of a finite measure and any real v, denote by ,u; 7 the probability
measure with characteristic function

¢, r(2) = exp (izv + /(ei” —-1- zzx)%dF(x)) : (1.1)

and define for any positive real ¢ the probability u! » = pu. ,p. The distribution /i, ;. has mean
ty and variance tF'(co) and satisfies the equation pf, - * pif = p275. One says that p! . is an
infinitely divisible distribution with finite variance.

Suppose that for each n, (Xjn)i<i<n are ii.d. random variables such that E(X§,) tends to

0 as n tends to infinity. From Theorem 2 of Chapter 4 in Gnedenko and Kolmogorov (1954), we
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know that S, (t) = X1, + - 4+ X}ng,» converges in distribution to ufy’ p if and only if nE(X )
converges to 7, and lim, .o nE(X3, Ix, ,<.) = F(z) for any continuity point z of F.

Brown and Eagleson (1971) extended this result to (non necessarily stationary) arrays whose
rows are martingale differences sequences. If M, ,, = 0(Xy, 1 < k <) and E(Xj, | My_1,) =
0, the main condition for the convergence to uf]’ p is: for any continuity point = of F'

[nt]
E(X} ,Ix,,<s/Mi-1,) converges in probability to ¢F(z). (1.2)
k=1

As noticed by Eagleson (1975), there is no reason why the function F' appearing in (1.2) should
be nonrandom. In fact it is easy to build simple examples for which F' is random (see the
example of Section 2.5), so that the limiting distribution is a mixture of infinitely divisible
distributions. If X, = n~Y 2X;, the limit is a mixture of centered Gaussian distributions
(ie. v =0 and F' = Aljg oy, A possibly random). In that case, Aldous and Eagleson (1978)
proved that S, (t) converges stably in the sense of Rényi (1963) to a random variable with
characteristic function E(¢r(2)). If M;, € M, i1, Jeganathan (1982, part I) proved the
stable convergence to infinitely divisible distributions under Brown and Eagleson’s conditions.
Stable convergence is more precise than convergence in distribution and may be useful in several
contexts, especially in connection with randomly normalized or randomly indexed sums (see
Aldous and Eagleson (1978) and Chapters 2, 3 and 9 of Castaing et al. (2004)).

For arrays (X, )iez with stationary rows and M, = 0(Xg,, k < i), Dedecker and Mer-
levede (2002) proposed necessary and sufficient conditions for S, (t) to satisfy the conditional
central limit theorem, which implies stable convergence to a mixture of Gaussian distributions
provided that M;,, € M, ;1. The conditions may be written as:

lim sup [|E(S,(t)[Mon)||, = 0 and lim lim sup

n—oo n—oo

Mo,n) —0. (1.3)

1

" Is, 1)<e — A0

’E(Si(t)

where the second limit holds for some nonnegative random variable A and any x # 0.

The natural question is now: what happens when lim,, . ||E(S,(t) — v¢{|Mo,)|x = 0 for
some random variable v, and we replace Al by any (random) distribution function F
in (1.3)7 Such conditions would be necessary and sufficient, since we can easily prove that
limy o limsup,, . [[t7" [*_ y?u, p(dy) — F(z)|[y = 0 for any continuity point of x — E(F(x)).
Two other questions are: can we obtain from (1.3) (with any F) sufficient conditions in terms of
individual variables X, for S, (t) to converge to a mixture of infinitely divisible distributions?
Can we say something about the convergence of the process {S,(t),t € [0,1]} in the space of
cadlag functions equipped with Skorokhod’s distance?

In Section 2, we shall give positive answers to these questions. We first show in Theorem 1
that the result of Dedecker and Merlevede (2002) remains valid when replacing 0 and Ay o
in (1.3) by any square integrable random variable v and any random distribution function F’
such that E(F(c0)) is finite, and we present the application of this result to stable convergence.
Next, we give in Section 2.1 sufficient conditions for (1.3) to hold for a large class of dependent



arrays. The dependence conditions are expressed in terms of conditional expectations and may
be checked for many processes, such as m-conditionally centered arrays or nonuniform mixing
arrays. In some important cases, we show that our conditions are optimal (see Corollary
3). Furthermore, in the particular case of m-dependent Bernoulli-distributed arrays, we infer
from Hudson et al. (1989) and Kobus (1995) that the conditions we impose are necessary
and sufficient. In Section 2.2 we give sufficient conditions for the process {5,(t),t € [0,1]}
to converge stably to a mixture of Lévy processes in the space of cadlag functions equipped
with Skorokhod’s distance. The additional condition we impose is related to the topoligical
stucture of that space, and may be shown to be necessary in some particular cases (see Remark
6). The cases of Wiener and Poisson processes are studied in detail in Sections 2.3 and 2.4
respectively. In Section 2.5 we give the application of our results to the important case of
Bernoulli-distributed random variables. In that case the limiting distribution is a mixture of
integer-valued compound Poisson distributions.

To prove Theorem 1 of Section 2, we adapt Lindeberg’s method with increasing blocks in

place of individual variables. The idea is to split .S, (1) into p blocks distributed as S,,(1/p) and
/

)

to replace them by blocks of i.i.d variables with law /Li ». To go back to individual variables,
we use a second adaptation of Lindeberg’s method (see the proof of Lemma 3) and a maximal
inequality established in Dedecker and Rio (2000). The latter is used once again to prove the

tightness of {5, (t),t € [0,1]} in the space of cadlag functions (see the proof of Lemma 5).

2 Convergence to infinitely divisible distributions

Let (€2, A, P) be a probability space, and T : €2 — € be a bijective bimeasurable transformation
preserving P. An element A is said to be invariant if T(A) = A. Let Z be the o-algebra of all
invariant sets. The probability P is ergodic if each element of Z has measure 0 or 1.

We say that a function F' from R x Q to R, is a M-measurable distribution function if
for every w the function F(.,w) is a distribution function of a finite measure, and for any x in
R U {00} the random variable F(x) is M-measurable with E(F(c0)) < o0.

Let H be the space of continuous real functions ¢ such that z — [(1+22) p(x)| is bounded.
Given a M-measurable random variable v and a M-measurable distribution function F', we
introduce for each w the probability measure ,utv(w)’ F(.w defined via (1.1). Since E(F(c0)) is
finite, the random measure pf,  maps H into IL'(M).

Theorem 1 For each positive integer n, let My, be a o-algebra of A satisfying Mo, C
T~ Mo,). Define the nondecreasing filtration (M )iz, by M = T " (Mo,) and M =
o (UZO:1 ﬂzozn M, ). Let Xo, be a My, -measurable and square integrable random variable.
Define (X, )iez by Xin = Xon0T", and let S,(t) = X1+ -+ + Xt n, for t in [0,1]. Suppose
that E(ngn) tends to zero as n tends infinity. The following statements are equivalent:

S1 There ezists an Mg ins-measurable square integrable random variable v and an Mg jns-
measurable distribution function F, such that for any ¢ in H, any t in [0,1] and any



positive integer k,

S1(p)  Jim ||E(0(Su(t)) — 1, r(e) [Mun ) ||, = 0.

n—o0

S2 (a) There exists an Mg ne-measurable square integrable random variable v such that

Sn(t)
t

=0.

lim lim sup HE (

=0 nooo

)

’ 1

(b) There exists a M ine-measurable distribution function I such that, for any continuity
point x (including +00) of the function x — E(F(x)),
Sn(t)
t

limlimsupHE( =0. (2.1)

=0 nooo

][Sn(t)gw - F(-CE)‘MO,n)

!
Moreover, v = v oT almost surely, and F' = F oT almost surely.

Remark 1. Let Z,(t) be such that lim; .qlimsup, .t '||Z.(t)||3 = 0. It is easy to see
that S2(b) holds if and only if, for any continuity point z (including +o00) of the function
x — E(F(z)), (2.1) holds with S, (t) — Z,(t) instead of S,,(¢). We shall use this simple remark
in Section 2.1, with Z,,(t) = [nt]E(X,) or Z,(t) = [nt]E(Xo,|Z).

Let us look to the case where F' = A, . If a = 0, /JJE,,F is the normal distribution
N(ty,tA). It X =0, i p is the unit mass at ¢y. For any (a,\) in R* x RY, ! - is the law
of a(X(a,t\) — tA/a?) + tv, X(a,\) having Poisson distribution P(A/a?). As an immediate
consequence of Theorem 1, we obtain the following corollary:

Corollary 1 Let X;,, M, ,, Su(t) be as in Theorem 1. The statements P1, P2 are equivalent:

P1 There exist a Mg jne-measurable random variable a, a Mg ins-measurable square integrable
random variable vy and a nonnegative M jns-measurable random variable \ such that, S1

holds for the couple (v, F = Mg ).
P2 Condition S2(a) holds and

S2(b1) There ezist a Mg ins-measurable random variable a such that

S2(t

ynolnmsupxa(%)u NS (t) — a|)) ~0.

S2(b2) There exist a nonnegative Mg ine-measurable random variable X such that (2.1) holds
for x = 00 and F(c0) = A.

It is clear that S2 imply much more than convergence in distribution. Arguing as in Corol-
lary 1 in Dedecker and Merlevede (2002), one can prove that, for any bounded o(U;>1 M, inf)-
measurable variable Z and any ¢ in H, the sequence E(Zp(S,(t)) converges to E(Zut.(¢)). In

particular, the following corollary holds:



Corollary 2 Let X;,, M;, and S,(t) be as in Theorem 1. Suppose that the sequence of o-
algebras (Mo n)n>1 ts nondecreasing. If Condition S2 is satisfied, then, for any ¢ in H, the
sequence p(S,(t)) converges weakly in L' to plk(ip).

Remark 2. Corollary 2 implies that, if the sequence (My,,),>1 is nondecreasing, then S, (t)
converges stably to a random variable Y; whose conditional distribution with respect to Z is pb..
We refer to Aldous and Eagleson (1978) and to Chapters 2, 3 and 9 of the book by Castaing
et al (2004) for a complete exposition of the concept of stability (introduced by Rényi (1963))
and its connection to weak IL!-convergence. Note that stable convergence is a useful tool to
establish weak convergence of joint distributions as well as randomly indexed sums (see again
Aldous and Eagleson (1978) and the references therein, or the book by Hall and Heyde (1980)).
Note also that the condition on (Mg, ),>1 is exactly the “nesting condition” (3.21) in Theorem
3.2 of Hall and Heyde (1980), which is known to be related to the stable convergence (see
the discussion on page 59 of the latter). If furthermore F' is constant, then the convergence
is mixing. If P is ergodic, this result is a consequence of Theorem 4 in Eagleson (1976a) (see
Application 4.2 therein). For a review of mixing results see Csorgé and Fischler (1973).

2.1 Sufficient conditions

In this section, we give sufficient conditions in terms of the individual variables X ,, for Property
S1 to hold. In the sequel, B is either the o-field Z of all invariant sets or the trivial o-field
{0,Q}. We then define the array with stationary rows X = X, — E(X;,[B). The kind of
dependence we consider is described in the two following definitions.

Definition 1. Let (X;,) and M,,, be as in Theorem 1, and define for any positive integer N

Ry(N,X) = hm limsup sup HX(I)’” Z E(X}. [ Mon)
k=N

0 n—oo N<m<[nt]

o (2.2)

and Ny(X) = inf{N >0 : R (N) =0} (N;(X) may be infinite). We say that (X;,) satisfies
the weak-dependence condition WD if S2(a) holds and R;(NV, X) tends to zero as N tends
to infinity. If N;(X) is finite, we say that the array (Xj,) is asymptotically (N1(X) — 1)-
conditionally centered (as usual, it is m-condionally centered if E(X],,; ,|Mo,) = 0).

In addition to the weak dependence condition WD, we need to control some residual terms.
Definition 2. Let (X;,) be as in Theorem 1. For any (k,n) in (NxZ), define S, by: S}, =
if k<0and S, =Xj,+- -+ X;, otherwise. For any positive integer N define

[t]
1
Ry(N, X) = lim sup lim sup E(Z (X2, + 20X (k10— Shn)]) (LA \S,’HV])) o (2.3)
t—0 n—00 k=1
and No(X) =inf{N >0 : Ry(N) =0} (N2(X) may be infinite). We say that the array (X, )
is EQ if nE(X{,) is bounded and R,(N, X) tends to zero as N tends to infinity.



We now give sufficient conditions in terms of finite blocks X;_  +---+X;  for S1 to hold.
We say that a function F' from R x €2 is a M-measurable BV function if it can be written as
the difference of two M-measurable distribution functions. We say that a sequence of random
BV functions Fly converges weakly to a random BV function F' if for any continuous bounded
function f, imy_o || [ fdEN — [ fdF|; = 0.

Proposition 1 Take X;,, M;, and S,(t) as in Theorem 1. Assume that (X;,) is WD and
EQ and set No(X) = N, (X)V Ny(X). For any N and any f, let Vy (k) = S50 N1 Xin and
Af(N,n k) = f(Vn(k)+ X1 ,) = fF(Vn(k)). Let fo(y) = y*1,<, and consider the assumptzon.

A(N) There exists a Mg ns-measurable BV function Fy, such that, for any continuity point x
(including +00) of x — E(Fn(x)),
1
lim lim sup E( ZAfm (N,n, k) — Fy(z ‘M0n> —0.

n—oo

1

Assume that there exists a nondecreasing sequence of integers (N;)ien+ converging to Ny(X)
such that A(N;) holds for any i in N*. Then Fy, converges weakly to a Mg me-measurable
distribution function F', and S1 holds for F. In particular, if No(X) is finite, S1 holds for Fy,.

If No(X) =1 (recall that No(X) = Ni(X) V No(X)), we have the more precise result:

Corollary 3 Let X;,, M, and S,(t) be as in Theorem 1. Assume that (X,;,) is WD and
EQ with No(X) = 1. Then S1 holds for a couple (v, F') if and only if: for any continuity point
x (including +o00) of the function x — E(F(z)),

L
hr% hglsogp E( Z X2 iy <o — F(x)’./\/l()n> =0. (2.4)
1
In particular, the following result holds: let B = {0,Q}, assume that (X;,) has i.i.d. rows,
that nB(Xo) tends to vy, and that nE(X(,) is bounded. Then S1 holds with respect to Mo, =
0(Xin, i <0) if and only if there exists a distribution function F' such that, for any continuity

point x (including +oc) of the function F, the sequence nE(X@, Ix; <) converges to F(x).

Remark 3. Corollary 3 applies to arrays of martingales differences (with B = {0, Q}, Xj, =
X, and vy = 0) for which Ny(X) = 1. If §',(t) = supy<,<, |5, (s)|, define

[nt]
1
R3(N, X) = limsup lim sup —E( (1AS( (ZE 1/2,1]./\/1171\[71))) ;
t—0 n—00
and N3(X) = inf{N >0 : R3(N) =0} (N3(X) may be infinite). We shall see in Proposition
3 that No(X) =1 as soon as N3(X) = 1. From Proposition 8 of Section 2.2, it is easy to see
that both (2.4) holds and N3(X) = 1 as soon as, for any continuity point of x — E(F(x)),
]

limlimsupH ZIE Xi o Ix, <ol Mic1n) — F(ﬁ)H =0. (2.5)

=0 pn—oo 1



For arrays of martingale differences, (2.5) is close to Condition (3’) of Theorem 2 in Eagleson
(1975). Note that, in Condition (3’), the array needs not be stationary, and the convergence to
F holds for ¢ = 1 and almost surely (in fact, it needs only hold in probability, see Jeganathan
(1982) part I). Here, assuming the stationarity and the slightly different Condition (2.5), we
also obtain the convergence to a Lévy Process in the space of cadlag functions equipped with
the Skorohod’s topology (see Section 2.2). In the stationary case, this result is close to that
given in Remark 1 of Jeganathan (1983). To conclude this remark, note that Jeganathan (1982
part II, 1983) also give sufficient conditions involving the conditional probabilities of X;,, given
M,;_;, for the convergence to any infinitely divisible distributions and any Lévy processes.

Finally, we give sufficient conditions for stationary arrays of nonuniformly ¢ and p-mixing
variables to be WD and EQ and for S1 to hold. Let us recall the definition of the ¢-mixing
coefficients: for two o-algebras U and V of A, set ¢p(U,V) = sup{||P(V|U) — P(V)||, V € V}.
If L%(U) is the space of all square integrable and U-measurable random variables, the p-mixing
coefficient is defined by p(U, V) = sup{|Cov(X,Y)|/+/Var(X)Var(Y), X € L*(U),Y € L*(V)}.

We define the ¢-mixing coefficients of the array (X;,)in» by

¢OO,N(I€7 n) = Sup{(b(MO,’rw O-(Xil,na s 7XiN,n))7 0 S k S Z.1 S e S ZN} ) (26)

and po v is defined in the same way. We call these coefficients nonuniform, because they control
the dependence between M ,, and any N-tuple (X, »,...Xiy ), while the uniform ¢, ~, and
Poo,co-mixing coefficients control the dependence between the past and the whole future.

Corollary 4 Let X;,, M,, and S,(t) be as in Theorem 1. Assume that nE(Xy,,) converges
toy and let B = {0,Q}, so that Xj, = X;, —E(X;,). For any two conjugate exponents p < q
and any positive integer N, consider the conditions

Ce(p, N)  (a): supn||Xg, | Xonllq <oo and (b): lim limsup Z gbié‘:oN(k,n) =0.
k=m

n>0 Mm—00 np—oo

C,(N) (a) : supnE(Xy,) < oo and (b): lim limsup Z pon(k,m)=0.
n>0 m—00 n—oo e
Co lim lim sup n]E(X(’fn]hX[f)nBK) = 0.

K—oo nooo

1. If Cy and Cy(p,1) (resp. C,(1)) hold then (X;,) is WD and EQ.

2. Consider the condition B(N): There exists a BV function Fy such that, for any continuity
point x (including +00) of the function Fy,

lim nB(SY, sy, <o) = nE(Sy1, 15, <o) = Fy(2).

If Cy(p,N) (resp. C,(N)) holds for any finite integer N < No(X), then S1 holds as soon
as B(N;) holds for a sequence (N;)ien+ converging to No(X).

Remark 4. If E(X,,) tends to v, nE(X{,) is bounded and (X;,) is m-dependent, then it is
WD and EQ with Ny(X) < m + 1. Hence S1 holds for (v, F') as soon as B(Ny) holds for F.

7



2.2 Convergence to Lévy processes

Let D([0,1]) be the space of caldlag functions equipped with the Skorohod distance d. Let C(D)
be the space of continuous bounded functions from (D([0,1]),d) to R. Let m; be the projection
from D([0,1]) to R defined by: m(x) = z(t). For any real number v and any distribution
function F such that F'(c0) is finite, define the Lévy distribution ju., ¢ as the unique measure on
D([0, 1]) such that: for any ¢ in [0, 1], m; has law 4!, - and for any k-tuplety = 0 < #; < ---#, < 1,
the variables (m, — 7, _, )1<i<k are independent. Take X;,, M,, and S,(t) as in Theorem 1.
We say that {S,(t),t € [0, 1]} converges conditionally to a mixture of Lévy processes if:

LP There exists an M jn-measurable random variable v and an My in-measurable distrib-
ution function F', such that for any ¢ in C(D) and any positive integer k,

lim HE(Q&(SH) — ur(p) ‘Mkn>

n—o0

]:0.
1

Remark 5. Assume that the sequence (My,,)n>1 is nondecreasing. As for Corollary 2 (with
the same proof), Property LP implies that, for any ¢ in C(D), ¢(S,) converges weakly in L! to
wr(e). As a consequence, we obtain that lim, ., P((S, € A)NB) = P(ur(A)N B), for any set
A with boundary 0A satisfying E(upr(0A)) = 0. According to Rényi’s definition (extended to
separable metric spaces), this means exactly that {S,,(t),t € [0, 1]} converges stably in D([0, 1]).
More precisely, following Aldous and Eagleson (1978), we see that {S,(t),t € [0,1]} converges
stably to a random variable Y whose conditional distribution given Z is pp.

Convergence in the Skorohod topology is somewhat restrictive. To obtain the relative com-
pactness of the law of {S,(t),t € [0,1]} we impose a more restrictive condition than EQ.

Definition 3 Let (X;,) be as in Theorem 1. Recall that B is either Z or {(), 2}, and that Xi,=
Xin—E(X;n|B)and S}, = X{ +---+X} . Define 5’ , = max{|S}|,...,[S} .|} Wesay that
(X, ) is 1-EQ if nE(X{,) is bounded and lim,_o limsup, .t "E(X 1" X2,(1AT4-1,4)) = 0.
Note that if (X;,) is 1-EQ, then it is EQ with Ny(X) = 1.

The following Proposition provides sufficient conditions for Property LP to hold.

Proposition 2 Let X, ,,, M,,, and S, (t) be as in Theorem 1. Assume that (X;,) is WD and
1-EQ. If S1 holds for some couple (v, F'), then LP holds for the same couple (v, F').

The following Proposition gives a suficient condition for property 1-EQ. Recall that R3(N) and
N3(X) have been defined in Remark 3.

Proposition 3 Let X, ,, M., S,(t) be as in Theorem 1. Assume that (X;,) is WD and
that nE(X,) is bounded. Let Li(N) : for any 1 <i < N,lim, o nE(X7 (1 A [X(,[) = 0. If
R3(N) tends to 0 as N tends to infinity and Li(N3) holds, then (X;,) is I-EQ.

Remark 6. A simple bound for R3(N) is given in item 2 of Proposition 8. If nE(X{) is
bounded, Condition L; is equivalent to the Lindeberg-type condition: for any positive € and

8



any 1 <17 < N, nE(X{?n]h Xé,n|>6) converges to zero. If Cy holds, Condition L, is equivalent
to: Lj(N) For any positive € and any 1 <i < N, lim,, .o nP(|X;,| > €[Xg,| > €) = 0. For
stationary ¢-mixing processes, Samur (1987) proved that L}(occ) is necessary for the weak
convergence of {S,(t),t € [0,1]} to a Lévy measure on D([0,1]) (see also Corollary 5.9 in
Kobus (1995) for a more precise result in the case of stable limits).

Remark 7. The classical Lindeberg’s condition is Lg : lim,_ nE(Xé?n(l N|Xgnl) = 0. If
Lo holds, then L; holds for any positive integer i and moreover R3(0) = 0 (see the proof of
Proposition 8 in Dedecker and Merlevede (2002)). We shall see in the next section that, if
R3(0) = 0, then the limiting process is necessarily a mixture of Gaussian processes.

It follows from Proposition 2 that for WD and 1-EQ arrays, conditional convergence to
Lévy processes with law s, o follows from conditional convergence to pf, . for any ¢ in [0, 1].
In particular, the conclusion of Proposition 1 remains valid if we replace S1 by LP. Note that,
since for such arrays No(X) = 1, we have that Nyo(X) = N;(X). The class of WD-arrays for
which N;(X) = 1 is much larger than martingale differences arrays. A first example is given
by Kernel density estimators (see Dedecker and Merlevede (2002), Section 8). The following
Proposition provides useful conditions ensuring that N;(X) = 1.

Proposition 4 Let X;,, and M;,, be as in Theorem 1. Assume that (X;,) is WD and that
nB(X¢2,) is bounded. Consider the condition Cy : lim._limsup,, . nE(X@ Tx; | <€) =0.
If Cy holds and Ly(N) holds for some N in N such that Ry(N, X) =0, then Ny(X) = 1.

Remark 8. If nE(X{, Ix; <) converges to F(x), Condition C} means that F' is continuous
at zero. For such a F', one says that the Lévy distribution ,ut%  is purely non-Gaussian.

2.3 Convergence to Wiener processes

Let (v,a,\) be three M, -measurable random variables as in Corollary 1. We say that
P1(v,a,\) holds if P1 is realized for the parameter (v, a, A).

Definition 4. Let X;, be as in Theorem 1. We say that the array (X, ,) is 0-EQ if nE(X('fn)
is bounded and R5(0) = 0. Note that if (X, ,,) is 0-EQ, then it is 1-EQ.

The next Proposition shows that if (X;,) is WD and 0-EQ, then the limiting distribution
is necessarily a mixture of Gaussian distributions (i.e. P1(v,0,\) holds). From Proposition 2,
this implies the functional property LP for v and the distribution function F' = AT}y .

Proposition 5 Take X;,, M,, and S,(t) as in Theorem 1. Assume that (X;,) is WD and
0-EQ. Then S2(b1) holds with a = 0 and P1(~y,0, ) holds if and only if S2(b2) holds. Moreover

1. Setting Uy (k) = (Vvu(k) + )(/,;ﬂ)2 - (VN,n(k))2, Condition S2(b2) is equivalent to
nt)

[
1
liminf limsup lim sup”]E(; Z Unn(k)— )\‘./\/lom)
k=

N—=Ni(X) -0 n—oo

)1 ~0. (2.7)



2. Assume that there exists a nondecreasing sequence (N;)ien+ converging to N1(X), and a
sequence Ay, of Mg ne-measurable random variables such that, for any i in N*,

[nt]

Ni—1
- 1 2 \
11_I)nhmsupHE(¥ Z(X,’C’n—i—? 2 X];nX,;_j’n) — Ay,

Mo,)

‘1 —0. (2.8

Then Ay, converges in L' to some nonnegative variable \, and S2(b2) holds for this \.

Note that if X;,, = n~1/2X; for some centered square integrable random variable X;, and
M, = M;, then condition WD with B = {0, Q} is equivalent to:

the sequence X ZE(Xk|M0) converges in L', (2.9)
k=1
and Condition (2.9) also implies S2(b2). Applying the L'-ergodic theorem to the sequence
(X?,), we see that (X;,) is 0-EQ. From Proposition 5, we obtain the following conditional
invariance principle, which was first proved in Dedecker and Merlevede (2002):

Corollary 5 Let the random wvariables X, and the o-algebras M,,, of Theorem 1 be such
that X, , = n12X, for some centered square-integrable random variable X;, and M,,, = M;.

If (2.9) holds then the Donsker process {S,(t),t € [0,1]} satisfies LP for v = 0 and some
distribution function F' = Njg oo[. More precisely, for any ¢ in C(D) and any positive integer k

tim [|E (5. - /gp(x\/X)W(dx) M) =0

n—oo

where W is the standard Wiener distribution and A = E(XZ|Z) +2 ", o E(XoX|Z).

2.4 Convergence to Poisson processes

In Proposition 6 below, we give sufficient conditions on a WD and 1-EQ array for P1(v, a, \)
to hold. Via Proposition 2, this implies the functional property LP for v and F' = AT, .
Recall that the quantities Ry (N, X) and N;(X) have been defined in Definition 1.

Proposition 6 Let X;,,, M,, and S,(t) be as in Theorem 1. Assume that (X;,) is WD with
Ni(X) =1 and 1-EQ. Then P1(v,a,\) holds if and only if Conditions Cy and C3 hold

= 0.

‘ 1

n—oo n—oo

[ni]
1
Cy:  lim nE(XG, (1A la—X{ ) =0 andCs : %inglimsupHE(; g X{?n—)\‘./\/l(m)
i=1

If P(a = 0) = 0, Condition Cy implies Condition C; of Proposition 4. Combining Proposi-
tions 4 and 6, we obtain the following Corollary:

Corollary 6 Let X;,, M,, and S,(t) be as in Theorem 1. Assume that (X;,) is WD and
that nE(X(2,) is bounded. If Li(N) is satisfied for some N in N such that Ry(N,X) = 0 and
Cy holds for some a such that P(a = 0) =0, then Ny(X) = 1. If furthermore R3(N) = 0, then
P1(v,a,\) holds if and only if C3 holds.
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Remark 9. We shall see in Section 3.3 that both R3(N) = 0 for N in N and Cj holds as soon
as C4y(N) : limp_ylimsup, ,limsup,_, .. [[t™* ZL”:”I E(X7Mi—pn) = AllL = 0.

The first application of Corollary 6 is to m-conditionally centered arrays.

Corollary 7 Let X;,, Min, Sn(t) be as in Theorem 1. Assume that (X, ) is m-conditionally
centered and that|nE(Xo,|B) — 7|1 tends to zero. Then P1(v,a,\) holds for some a such that
P(a = 0) = 0 as soon as Cy holds, and Li(N), C4(N) are satisfied for N = m + 1. Assume
furthermore that (X;,)in is m-dependent and take Mo, = o(X;n,i < 0) and B = {0,Q}.
Condition Cy reduces to: the sequence nE(Xg,) converges to A,

Remark 10. Eagleson (1976b) gave a criterion for (non necessarily stationary) martingale
differences arrays (i.e. m = 0). In the stationary case, his result is the same as ours (with
B = {0,Q} and v = 0), except that he only requires convergence in probability for ¢ = 1 in
C4(1). Here, on the one hand, we need to impose LL'-convergence in Cy to obtain the conditional
version of the Poisson convergence. On the other hand, the fact that it holds for any ¢ implies
the convergence of the process {S,(t),t € [0, 1]} to a Poisson process. Note also that if (X ,,)in
is a m-dependent array of Bernoulli random variables, then the conditions of Corollary 7 are
optimal (see Theorem 2 of Hudson et al.(1989)). Therefore Corollary 7 seems to be a reasonable
extension of both martingale and m-dependent cases.

Corollary 6 contains more information than Corollary 7. As a consequence of Corollaries 4
and 6, we obtain sufficient conditions for stationary arrays of nonuniformly mixing variables.

Corollary 8 Let X;,,, M;,, and S,(t) be as in Theorem 1 and let B = {(,Q}. Assume that
nE(Xo,) converges to vy and that Condition Cy(p, 1) (resp. C,(1)) holds. If furthermore L;(oco)
is satisfied and Cy holds for some a such that P(a = 0) = 0, then Ni(X) =1 and P1(v,a, \)

holds as soon as nE(X(’)zn) converges to X as n tends to infinity.

2.5 The case of Bernoulli distributed variables

Let (X;,) be an array of Bernoulli distributed variables with parameter p, such that np,, is
bounded. We are interested in the process S, (t) = X1, + -+ X (nt],n- An interesting example
is Xon = Ix,>u, for some numerical sequence wu,, (see Hsing et al. (1988) for the importance
of the exceedance process S,(t) in extreme value theory). If for each n the sequence (X;,)
is i.i.d, it is well known that S,,(1) converges in distribution if and only if np, converges to
a nonnegative number A and that the limiting distribution is Poisson with parameter A. For
m-dependent sequences, necessary and sufficients conditions for the convergence of S, (1) are
given in Hudson et al. (1989). Using our notations, these conditions are equivalent to B(m+1)
of Corollary 4 : there is a distribution function £, ; such that

lim WE(S2, 41, (1) (y22) — WE(SS,(DTs,. ()20) = P (@) (2.10)

n—oo

Since X, is either 0 or 1, it is clear that F,,; is piecewise constant with jumps at points
1,...,m + 1. In fact the limiting distribution is integer-valued coumpound Poisson. More
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precisely it is the law of the sum Vj + - - - 4+ Vy where N is Poisson distributed with parameter
A= F1 (i) = Frya(i — 1)) /i? and is independent of the sequence (Vj)r>1 which is i.i.d.
with marginal distribution P(V; = i) = (F,,11(i) — Fe1(i — 1))/(Ai?). See Theorem 1.1 in
Kobus (1995) for more details on this important question.

Now, let X, ,, and M, ,, be as in Theorem 1. From Theorem 1, Property S1 holds if and only
if S2 holds. Hence the distribution function F' in S2(b) is piecewise constant with jumps at
integer points, and the limiting distribution of S,,(¢) is a mixture of integer-valued coumpound
Poisson distributions. If (X;,) is WD and EQ, then S1 holds as soon as A(N;) of Proposition
1 holds with N; converging to Ny. For instance, suppose that Cy(1, N) (resp. C,(N)) holds for
any N < Ny. In that case S1 holds as soon as nlE(Xj,) converges to v and Condition B(XV;)
of Corollary 4 holds for a sequence N; converging to Ny. Both v and the distribution function
F are nonrandom and the limiting distribution of S,,(¢) is integer-valued coumpound Poisson.
This extends the result of Hudson et al. (1989), since (2.10) is exactly B(m+1). Note also that
if S2 holds, we can establish the convergence of (S, (t1),...,Su(tx)) for any k-tuple (¢y,...,tx)
(cf. Dedecker and Merlevede (2002), Section 4). Therefore, there is convergence for the point
process Sp(A) = >, 4 Xin indexed by subsets of [0, 1] (see Kallenberg (1975) Theorem 4.2).

To be complete, let us give a simple example of an array of Bernoulli random variables for
which v and F' are random. Let (Z;,,) be an i.i.d. array of Bernoulli-distributed variables with
parameter a/n and € be a Bernoulli-distributed variable with parameter 1/2 independent of
(Zin). Set M., =0(e, Zypn, k <i). Then X;,, =eZ,;, is Bernoulli-distributed with parameter
a/2n and (X1, M) = ca/n. X], = X;, —ea/n is a martingale difference array, so that
(Xin) is WD with N;(X) = 1 and v = ae. Furthermore, it is clearly EQ with No(X) = 1.
Consequently, No(X) = 1 and Corollary 3 applies: S1 holds if and only if (2.4) holds. Now,
(2.4) is satisfied with ' = ael o[, and S,(t) converges in distribution to a variable whose
conditional distribution with respect to € is Poisson with parameter tae. From Proposition 6
{S,(t),t € [0,1]} converges in distribution to a mixture of Poisson processes in D([0, 1]).

3 Proofs

In the two following sections, we prove Theorem 1. The fact that v and F' are invariant by T’
can be proved as in Section 3.2 in Dedecker and Merlevede (2002).

3.1 S1 implies S2

Since p, p has mean =, it is clear that S1 implies S2(a). We now prove that S1 implies S2(b).

Lemma 1 Let C° be the set of continuous bounded functions and F = {x — x?g(x),g € C°}.
Let v(dx) = x=*dF(z). For any f in F, we have limy_o [[t7", o(f) = v(f)Ih = 0.
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The proof of this Lemma will be done at the end of this section. Let f,(y) = y*1,<., and define
Joer (Y) = fore() + € 12 (x — y)Licy<are and fre (y) = fo—ce.. We have the inequality

<ttt -v0

n %HE< Frer (Sn(t)) = fre_ (Sn(ﬂ)\MOvn) ‘1

Note first that, setting G(x) = E(F()), limco |[v(foe,) — V(fore)|i = G(z) — G(z—), and
since x is a continuity point of GG, the latter is zero. Next, we infer from S1 that

limsupHE(%fer(Sn(t)) — U(fre,) Mo,n> ‘1 < H%Mty,F(fa:,eJ = V(fee,)

n—oo
and Lemma 1 implies that the latter tends to zero as t goes to zero. It remains to control the

= (52050 0) - F )Mo

(3.1)

9
1

last term on right hand in (3.1). Applying first S1 and then Lemma 1, we have

limsuplimsup%H]E(fw7e+(5n(t)) — fw,ef(Sn(t)))/\/lom) ’1 < Hy(fx,e+) - V(fx,ﬁf)Hla

t—0 n—00

and we know that the latter tends to zero with e. Hence, for all continuity point of G,
lim; o limsup,, . [[E(t" f2(Sn(t)) — F(x)|Mon)|l1 = 0, which is exactly S2(b).

Proof of Lemma 1. Arguing as in Corollary 8.9 in Sato (1999) and using Theorem 8.7 in Sato
(1999), we obtain that for any bounded function f of F and any fixed w,

lim ! () = v(f). (3:2)

Since t 7" [ 2?p! p(dx) = ty*+ [ 2*v(dzx), we infer that (3.2) extends to the class F. Now, every
[ of F satisfies |f(x)] < Mx?, so that [t ', r(f) — v(f)| < 2MF(00) + t72. Since F(00) and
7?2 are integrable, Lemma 1 follows from (3.2) and the dominated convergence theorem.

3.2 S2 implies S1

Let B?(R) be the class of three-times continuously differentiable real functions such that
7|l < 1 and ||1"||oec < 1. Assume for a while that S1(h) holds for any h of B}(R). In
such a case, we know from Dedecker and Merlevede (2002) that S1 extends to any continuous
bounded function. Since x — 2%/2 belongs to B?(R), we infer that S2(¢) is uniformly integrable
for any ¢ in [0, 1], which implies that S1 extends to H. Hence, it suffices to prove that S2 implies
S1(h) for any & of B}(R). If h belongs to Bf(R), then |h(z +a) —h(z)| < a|h/'(0)| + alx| +a?/2.
Hence [|h(S,(t)) —h(Sn(t)oT*) |11 < un(IR/(0)]+ 190 () |2+ un/2) with w, = ||Sn(t) =S, (t)oT*]|2.
From S2(b), the stationarity of (X;,) and the fact that E(Xg,) tends to zero, we infer that
for any ¢ in [0, 1] the sequence ||S,(¢)||2 is bounded. The asymptotic negligibility of X, also
implies that u,, goes to zero as n increases. Combining the two preceding arguments, we obtain

T [[5(S,(1)) = (S, (1) o T*) 1 =D, (33)

(3.3) implies that S1(h) holds if and only if lim, .. [|[E(R(S,(t) o T*) — pt(h)|Myn)|l1 = 0.
Now, since both F' and P are T-invariant, the fact that S2 implies S1 follows from:
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Proposition 7 Let X;, and M,,, be defined as in Theorem 1. If S2 holds, then, for any h in
B}(R) and any t in [0,1], lim, .o [E(R(Sp(t)) — i, p(h) [Mon)|l1 = 0.

Proof of Proposition 7. We prove the result for S, (1), the proof of the general case being
unchanged. Let M, = O(Ukm M.). Without loss of generality, suppose that there exists
an array (&,)iez of i.i.d random variables conditionally to M, with conditional marginal
distribution pf/ o

Notations 1. Let i, p and n be three integers such that 1 < i < p < n. Set ¢ = [n/p| and

define
Ui,n = Xiq—q-l—l,n + -+ Xiq,n7 ‘/7L,n = Ul,n + UQ,n + -+ Ui,n

Ai,n = €ig—q+1,n + -+ Eigns Fi,n = Ai,n + A7?-&-1,71 + -+ Ap,n .
Notations 2. Let g be any function from R to R. For k and [ in [1, p] and any positive integer
n > p, set grin(r) = ¢(Vin + 2+ Iy,), with the conventions gy pr1..(2) = g(Vi,, + ) and
Gon(x) = g(I'y,, + ). Afterwards, we shall apply this notation to the successive derivatives of
the function h. For brevity we shall omit the index n and write gy, for gx;(0).

Let s, = €10 + -+ + €pn. Since (&;n)iez is 1.1.d conditionally to My, with conditional
/

)

. e 1
marginal distribution s, » we have,

E((Sa(1)) = (k) | Mo ) = E(A(Sa(1)) = AV M) + E(h(Vy) = A{T1.0)l Moy)
+E(R(Ty,) — h(sn)|Mon) . (3.4)

Here, note that [S,,(1) — V,n| < (| Xn—pron| + - + | Xnn|). Arguing as in (3.3), we infer that

tim [[A(S,(1)) ~ h(Vy )l =0 and  lim [[A(Ty) — h(s)]l = 0. (35)

n—oo

In view of (3.5), it remains to control the second term in the right hand side of (3.4). To this

end, we use Lindeberg’s decomposition.

p

p
h(‘/;)m) - h(rl,n) = Z (hi,i—i—l - hi—l,i+1) + Z (hi—l,i+1 - hi—l,i) . (36)

=1 i=1

Now, applying Taylor’s integral formula we get that:

1
hi,i+1 - hz’—l,z’—i—l = Ui,nh;_LH—l + Ufn/ (1 - t)h;/—l,i-i-l(tUi,n)dt
0

1
b —hiors = Al — A2 / (L= OB 1 oy (FA )t
0

Set G(x) = E(F(x)). Let € > 0 and choose a finite grid zp < z; < ... < zy of continuity

points of G such that |z; — ;11| < €, G(xy) < € and G(oo0) — G(zy) < €. Let gi(z) =
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fol(l —t)hi_ ;41 (tx)dt. Since h € Bf(R), g; is bounded by 1/2 and 1/6-lipschitz. Hence

1
6 |gi(z;) - / (L= Oy 4oy (U,)
0

][.77‘7'<U1‘7n§$j+1 S €

1
6 gi(l‘j) _/ (1 - t)h;/—l,i-&-l(tALn)dt ][Z’j<Ai,n§$j+1 < €
0
It follows that
|E(h(Vpn) — h(y)|Mon)| < Dy + Dy + D3+ Dy,  where (3.7)

Dl (Uz,n - Ai,n)h;—l,i+1|M0,n) )

p N-1
D2 E 173]<U1 n<$]+1 A2 $]<Az n<$j+1)gz(x.])"/\/l0 n)

=1 7=0

_ € 2 2
Control of D3 and D,. The probability PP being invariant by 7', we have

p
Sa(1/p) Sa(1/p)
; HUZn][Ui,né]zo,mN}Hl = E( 1/p ][Sn(l/p)gz]xo,x]\,) and Z H anl < 1/p > .

Consequently, S2(b) implies both lim lim sup 52 I

P—© pnooo

1 = €G(00) and

Uzl
=1

lim lim sup Z |U? v, dleoenlll = G(wo) + G(o0) — G(rn) < 2€.

P—0 n—-oco

From Lemma 1, we infer that the same arguments apply to 4A;, and finally

G
lim sup limsup || D3 + Dyll; < 2e + €G(o) :

pP—00 n—oo

(3.8)

Control of D;. Clearly |[Difly < >0 [E((Uin — Ain)hi_1 41/ Mon)|l1. Define the index
[(i,n) = (i — 1)[n/p] and recall that ¢ = [n/p]. By definition of A, ,,,

n ay
B2 Moe) = B0l Mee) [ i) = B0l Mo) 2
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where the random variable E(h]_, ;.| Mc) is My n) n-measurable and bounded by one. Using
that Mo, € MyGn)n © M, we obtain

IE(Us — Dig) iy iMool = [E((Uin — 17 qy)E(hi_y 141 | Moo)[Moy)|l1
< HE(UM - n_1QW|Ml(7;,n),n)”1 .

Since both P and v are invariant by T, the latter equals |E(S,(1/p) — n~'qv|My.,.)|l1. Conse-
quently, we infer that ||Di]|; < p[|E(S.(1/p) — n tqv|Mo.)|l1 and S2(a) implies that
lim limsup || Dy}, = 0. (3.9)
P—0 n—oo

Control of D,. We shall prove that, for any nonnegative integer j less than N — 1,

‘]E((U’fn][xj<Ui,n§$j+l - Azz,n][itj<Ai,n§xj+l)gi(xj)|M07n) 1

=0. (3.10)

Define f;(t) = t*1,,<4<q,,, and recall that ¢ = [n/p]. By definition of A, ,,,
E(A7, Ley<ai ey 9i(2) | M) = 1 (f)E(gi(2;) | Moo)
where the random variable E(g;(x;)|Mau) is M n)n-measurable and bounded by one. Since
Mon € Miinym © Ma, we obtain
||E((Ui2,n]1$j<Ui,n§xj+1 - A?,n:[[xj<Ai,n§$j+l)gi(xj)|M07n)||1
= [E((U2, L2, <v, <oy — 12 E(F))E(g:(2) | Moo) Mo 1
< U2 L <ty — 1o ()M i)l

Since both pp(f;) and P are invariant by the transformation 7', (3.10) follows from

Jim lim sup p|[E(f;(S.(1/p)) — ) Mo 1 = 0. (3.11)

n—oo

We infer from Lemma 1 that lim, . limsup,, .. ||pu3{;(fj) —F(zj11)+ F(z;)]1 =0, and (3.11)
follows from S2(b).

End of the proof of Proposition 7. From (3.8), (3.9), (3.10) we infer that, for i in B}(R),
lim_o limsup, ., limsup,, . [|D1 + Dy 4 D3 + Dyl[; = 0. This fact together with (3.4), (3.5)
and (3.7) imply Proposition 7.

3.3 Sufficient conditions for EQ

In Proposition 8, we give conditions for a WD-array to be EQ. We need a maximal inequality.

Lemma 2 Let X;,, and M,,, be as in Theorem 1, and recall that B is either T or {0,Q}. Let
X!, = Xin — E(X,|B), Sh(t) = S0 XL, and §7,(t) = supoe,<; [S4(s)]. Assume that (X;,.)
is WD and that limsup,,_, nE(Xg,) < C for some positive constant C. Then

lim sup lim sup %E((?n(t))Q) < 00. (3.12)

t—0 n—oo
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Proof of Lemma 2. Let S} (t) = supg<,<(S,,(s))+. Applying Proposition 1(a) of Dedecker and
Rio (2000) to the array (X, ) with A =0, we get

[nt] N—1 m
. 1
FE (S 0F) <BE(2 30D 1Kk Kbyl + 80 sup X6, 5B Mo (319
k=1 i=0 m<nt] k=N !

Since (X;,,) is WD, we can choose N (¢) large enough so that Ry (N (e), X) < e. Now, using the
elementary inequality 2|X; X/, | < X2, + X together with the stationarity of the sequence,
we obtain lim sup,_, limsup,,_, .. t"'E((S7(¢))?) < 4N(e)C + 8. Of course the same arguments
applies to the array (- X7, ) and (3.12) follows.

Definition 5. Let (X;,) and M, ,, be as in Theorem 1. For any nonnegative integer N, define

the variable Uy ,,(t) by Unnn(t) = ZN]V} Lntl | Xp i E( X | [My—in). Forany 1 < M < N,
define Ry(M, N, X) = limsup,_, limsup,, . t 'E(Upnn(t)(1 A S,(1))) .

Proposition 8 Let X;,, M,, and S,(t) be as Theorem 1. Recall that Rs(N,X) has been
defined in Remark 3. Assume that limsup,,_, ., nE(X(’)Qn) < C for some positive constant C'.

1. If the array (X;,) is WD, then Ry(N) < R3(N) —1)\/CR3(N)+2R4(M,N), for
any 1 < M < N. Consequently No(X) < N3(X) Vv and (Xin) is EQ as soon as R3(N)
tends to zero as N tends to infinity and limps_, imsupy_,. R4(M,N) = 0.

2. For any sequence u,, of random variables such that nu,, is equiintegrable,

[nt]

R3(N) < limsup lim sup %H(l A S, (1)) Z (E(X,fnL/\/lk_N,n) — un)

t—0 n—oo 1

‘1‘

In particular Ry(N) < limsup n||E(XE ,[Mo,) — E(XE)]:-

n—oo

3. For any sequences (u;,)m<i<n of random variables such that nufn s equitntegrable,

N-1 [nt]
1
R4(M,N) < limsup lim su H LAS,( Xi i X! Miin) — tin
of ) t—>0p n—»oopt ZXA:MZ;| ki (B X g | [My—in) ,)1
N-1
In particular Ry(M,N) < timsiup 3 nll X3, (B X, 1Mon) ~ (X5,

Proof of 1. For 0 < i < N define V; n,(t) = (E[m] | XXkl (LA [S;_n])) and also
Q(i, N) = lim sup,_, limsup,,_, . t ' Vi y.n(t). By definition of RQ(N, X), we have

M-1 N-1
1
Ry(N, X) < Q(0, N —1—2262 i, N) 4 2limsup lim sup — ZVan t). (3.14)
i1 t—0 n— oo
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< E((1 A [S0(0)]) S E(XA M n,p)) and
Zf\;}}[ Vina(t) SE((AA S, (H)])Urrnn(t)). Consequently Q(0, N) < R3(N). In the same way,
we obtain that

Clearly we have the two inequalities Vo n () <

N-1

1
lim sup lim sup — Z‘/;Nn t) < Ry(M,N). (3.15)

t—0 n— o0

Now, applying Cauchy-Schwarz twice, we have

Vinn(t <E<<ZX ) <ZX (1A]S) N|)) 2>§\/ntE(X6?n)\/%,N7n(t),

and we derive from (?77?) that Q(i, N) < /CR3(N). This completes the proof.
Proof of 2. By the triangle inequality, we have

[nt]

Ry(N) < lim sup lim sup %H(l AT (1) S (BX2, Mi-n) — )

t—0 n—oo 1

‘ 1

+ lim sup lim sup E(nu, (1 A S",(t))) .

t—0 n—00
By Lemma 2, limsup,, o, E((1 A S,(t)) = O(\/1), so that the second term in right hand is 0.
Proof of 3. By the triangle inequality, we have

N—1 [nt]

: : 1
R4y (M, N) Sllr?jslphin_)s;}pgu(l/\& ZZ|Xk il (BUXG [ Me—in) — i) ‘1
=M k=1
LN
+ lim sup lim su (um (1AS( X'_in). 3.16
nsup limsup Z );! k—iml) - (3.16)

Next, applying Cauchy-Schwarz inequality, we obtaln that

[nt]

%E(ui,n(l AT )Y IXhil) < /B0, (LA T () EXE) . (3.17)

k=1

and we conclude as for 2.

3.4 Proof of Proposition 1 and Corollary 3

We first prove the following Lemma, which is the main result of this section:

Lemma 3 Let X;, and M;, be as in Theorem 1. Let X; = X;, —E(X;,|B) and S (t) =
Zgﬂ Xi . For any nonnegative integer N and any function f, let Vy (k) = Zf:_klfNH Xin
and Af(N,n, k) = f(Vna(k) + Xi.,.) — f(Vun(k)) For any positive number C, let Fe be the
class of three-times continuously differentiable functions from R to R such that |h" ||« < C,

IV oo < C, B'(0) =0 and h(0) = 0. For any function h belonging to Fc, we have

[nt
lim sup limsupH IE( h(S/(t Z h(N,n, k))MO,n>

t—0 n—oo

’1 < C(Ry(N, X) + Ry(N, X)).
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Proof of Lemma 3. For any integer N, we have the decompositions

[rt] [nt] 1
Z X h‘/ Sllc Nn + ZXllvzn/ (1 - S>h//<sllffl,n + SXllc,n>d8
0
i)

1
+ Z Xllf,n(sl,f—l,n - SI/f—N,n) /0 h”(Sl/c—N,n + S(Sllc—l,n - SI/C—N,n))dS

k=1

and
1
h(Vin(k) + Xp,) — h(Va(k)) = X;’fn/ (1= 8)h"(Sk_1 = Sk + 5X,)ds
0

1
XL Shrn = Sina) [ H6(Sha — Siona)is:
0

From this two decompositions, we get

[nt] [nt]
WS, (t) = > AN, nk) = X; W (S, n,)+ E1+ Ey, (3.18)
k=1 k=1
where
[nt] 1
Bi= Y X (Soan=Skowa) | Wit 5(Shorn= Shcrn)) W (5(Shor,0= i)
k=1 0

[nt]

Z X / 1 - S)(h”(sl/c—l,n + SXllﬁ,n) - h”(Sl,c—l,n - Sllf—N,n + SXI::,n))dS'

Let us first study the first term on right hand in (3.18). Obviously

[nt] [nt]  [nt]
anh’/ Sk Nn Z( Z an) h/ ) h/(S; 1n))
k=1 i=1 k=N+1i

Taking the conditional expectation with respect to M, ,, and using that h’ is C-lipschitz,

‘ 1

[nt] [nt]

OZH Xk"|Mm) 1

k= N+1,

IN

[nt]
B> X1 (Six)
k=1

/\/lo,n)

)
1

< tC max n“X67nZE(X,’€7n|MO,n)
k=N

N<m<]|nt]

the second inequality involving the stationarity of (X, ). This together with (3.18) yields

< CRi(N,X)+ hmsuphmsup—HEl + Esllr

t—0 n—oo

[nt]
lim sup lim sup — HE( h(S] (¢ Z h(N,n, k) ‘M0n>

t—0 n—oo
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Now, since h” is C-lipschitz and bounded by C, we easily see that

[nt] [nt]

|E1| S QOZ |Xl/c,n(sllc—1,n - S]/C—N,TL)|(1 A |Sl/c—N,n|> and |E2| S OZXISn(l A |SI,€—N,n|) .
k=1 k=1

This completes the proof of Lemma 3.

End of the Proof of Proposition 1. Assume that (X;,) is WD and EQ. Let (V;);en- be a
nondecreasing sequence converging to No(X) such that A(N;) holds for any 7 in N*.

For any function g denote by g the function y — 3?g(y). For any positive integer k, we have
E(Vy,. (k) < N?E(Xg,). Since by assumption the sequence nE(Xg,) is bounded, we infer
that, for each N, the sequence t~1 S21"1 E(V¥ ,.(k)) is bounded. This fact together with A(N;)
implies that, for each 7 and each continuous bounded function g,

[nt]

1
lim lim sup E(; AG(N;i,n, k) _/ngNi
k=1

Mo )| =0. (3.19)

1

t— n—oo

If furthermore ¢ is three times continuously differentiable with compactly supported derivatives,
then g belongs to a class F¢ for a certain constant C'. Now Lemma 3 together with (3.19) yields

< C(Ri(N;, X) + Ro(N;, X)) . (3.20)

1

1
lim sup lim sup HE(Eg(S;(t)) - /ngNi’MOJ’L)

t—0 n—00

From (3.20), we first derive that, for j > i,

limsupHE(/ngNj _/ngNi

so that limsupn_m ||E(f ngNj — fngNJ mk;Zn MO,k)Hl S QC(Rl(NZ,X> + RQ(N“X)) Ap—
plying the martingale convergence theorem, and bearing in mind that each Fy, is Mg ins-

Mo,n)

< 2C(Ry(N;, X) + Ry(N;, X)) | (3.21)

measurable, it follows from (3.21) that

< 20(Ry(N:, X) + Ro(N;, X))

1

fOI'j > i, H/ngNJ _/ngNz

Hence, [ gdFy, converges in L' to a Mg r-measurable limit L(g). Now, from (3.20) again
lim; o limsup,,_, [[E(tg(S,(t))—L(g)|Mk=nMox)|l1 = 0, and since L(g) is Mg ins-measurable,

lim lim sup =0. (3.22)

=0 pooo

£ (59(5,(0)| () Mox) — L(9)

1

From (3.22), we infer that for nonnegative g, L(g) is almost surely nonnegative. Furthermore,
L(f+g) = L(f) + L(9), L(ag) = aL(g) and E(L(1)) is finite. This enables us to prove the

following lemma:
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Lemma 4 Let C3 be the space of bounded and three times continuously differentiable functions
with compactly supported derivatives. There exists a Mo ing-measurable distribution function F'
such that, for any function g in Cs, L(g) = [ gdF almost surely.

Applying Lemma 4, we obtain that

—0. (3.23)

1

lim lim sup

=0 oo

B(Ga(5.0) - [ gar|o)

To prove that (3.23) still holds for g(y) = 1,<, where x is a continuity point of x — E(F(z)),
we proceed as in Inequality (3.1), Section 3.1. Since S2(a) holds, we can apply Remark 1 with
Zn(t) = [nt]E(Xo,), and Proposition 1 follows.

Proof of Lemma 4. Let g : R +— [0,1] be a function of Cs, equal to one on | — 00, 0] and to
0 on [1,4+o00[. Define g,.(y) = g(n(y — x)). For almost every w, the sequence L(gy.)(w) is
nonincreasing with n. Denote by L(Ij_u4))(w) its limit. Since L(gnq)(w) < L(1)(w) a.s., the
dominated convergence theorem ensures that L(g, ;) converges to L(Ij_« ) in L. It is clear
that if h > M_ 4 then L(h) > L(Ij_w4)) a.s., and if 2 > y then L(Ij_oq)) > L(M_y) @-5..
Therefore, on a set A of probability 1, the function from Q to R : # — L(lj_,)) is almost
surely nondecreasing. Define the random function F' as follows: for each w of A, F' is the
unique distribution function equal to x — L(Ij_s 4) on Q. For w in A, F = 0. According to
our definition, F'is a My ,-measurable distribution function. Now, let h be any function of
C3 with compact support, and choose a function h, = Z:il a;ly, », 11, with z; € Q, such that
0 < h—h<e Then |L(h) — [ h.dF| < eL(1)a.s. and consequently L(h) = [ hdF a.s.. This
result extends to any functlon of C3 and the proof of Lemma 4 is complete.

Proof of Corollary 3. We begin with the first part of Corollary 3. Let (X;,) be WD and EQ
with No(X) = 1. From Proposition 1, we know that (2.4) implies S2. Assume that S2 holds

and let f.(y) = y*T,<,. To see that (2.4) holds, it suffices to prove that, for any continuity
point of z — G(x) = E(F(z)),

M0n>

hmhmsupH E(fw S (t [z: fo(Xin) ‘ =0. (3.24)

For any positive € let hy . (resp. hy._) be a positive three times continuously differentiable
function, bounded by one, equal to one on the interval | — oo, x| (resp | — 0o,z — €]) and to
zero on [z + €, 00[ (resp. [z,00[). The functions f, i (y) = y*he i (y) and foc (y) = y*hec(y)
belong to a class F¢ for a certain constant C. Using these functions, we have the inequality

[t
!
HE(rs0)- 3 nort !
]

4 2B (Y (e — e (X10)) + %E((J@,E+ fe)S0)) - (32

k=1

[nt]

’ S%H (f“Jr (S (t Zf.re-‘r Xk.n)

M()n)

M()n)
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The first term on right hand is well controlled via Lemma 3. From Remark 1 with Z,(t) =
[nt]E(Xo,|B), we infer that S2(b) holds with X7, instead of X;,. Combining this fact with
Lemma 3, we obtain

[nt]
1
lim sup lim sup —E (Z(f“Jr — fee ) (X, n)) <G(x+e€) —Gx—e), (3.26)
t—0 n—oo 1t =1 ’

and Property S2(b) with X;  instead of X;, provides also

lim sup lim sup 11@:(( Foce = Foe)(SH(1))) < Glat6) — Gla— o). (3.27)

t—0 n—o0 t

Collecting (3.25), (3.26) and (3.27), we obtain (3.24). This completes the proof of the first part
of Corollary 3. The second part of Corollary 3 follows from the first part by noting that, if

(Xin) is an array with i.i.d. rows such that nE(Xo,) converges to v and nE(X¢?,) is bounded
(here B = {0,Q}), then it is WD and EQ with Ny(X) = 1.

3.5 Sufficient conditions for WD and proof of Corollary 4.

Proposition 9 Let (X;,) and M,,, be as in Theorem 1. Consider the two conditions:

im limsup n Y [1X5,B(X,[ Mo = 0.

1
N—oo poco =N

(a) S2(a) holds, and

(b) There ezists an M ns-measurable square integrable random variable v such that the se-

quence ||nE(Xo,|B) — |1 converges to 0, and for some conjugate exponents p,q,

lim limsup 2] Xg,/l, D IE(XG,[Mon)lly = 0.

N=00 n—oo k=N

We have the implications (b) = (a) = WD.

Proof of Proposition 9. The fact that (a) = WD is straightforward. Applying Holder’s
inequality, we easily see that (b) implies the second condition required in (a). It remains to see
that (b) also implies S2(a), for some ~ such that ||nE(X,|B) — v|[1 converges to 0. Since by
assumption || X, |1 tends to zero as n tends to infinity, S2(a) follows from

=0.
1

1 =)
N—oo nooo 1 N—oo nooco

im lim supH Z E(Xkn|Mon) — E(Xom\B)’ im lim SupH Z E(X7, .| Mon)
k=N k=N

For any conjugate exponent p, g we have the inequality

1/2

|3 B M)
k=N

< (PGl D B WMo )
k=N

Consequently S2(a) follows from (¢) and the proof of Proposition 9 is complete.

Proof of Corollary 4. This corollary follows from Proposition 1 and the following proposition.
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Proposition 10 Let X;,, M,, and S,(t) be as in Theorem 1 and let B = {0,Q}. Assume
that nE(X,,,) converges to .

1. If Cy(p,1) (resp. C,(1)) holds then (X;,)in is WD and hm lim sup Ry (M, N) = 0.

M—oo N

2. Assume that Cy and Cy(p,1) (resp. C,(1)) hold. Then Rs(N) tends to zero as N — oo.

3. Assume that Cy and Cy(p, N) (resp. C,(N)) hold. If B(N) holds then A(N) holds.

Proof of Proposition 10. We do the proof under Condition Cy only. In fact, the proof is the
same under C, by taking p = ¢ = 2 everywhere and replacing gzﬁiép ~N bY poon-

Proof of 1. We first prove that if Condition Cy(p, 1) holds, then (X;,) is WD. It suffices to
see that Condition (b) of Proposition 9 holds. Applying Serfling’s inequality (1968), we have
IE(X} [ Mon)llg < 2007 (k)] X5,,[l4, and consequently

1
[ X0l Z E(X [ Mon)llg < 201 X011 X0, lg Z RSIUNOR

This inequality together with Cy(p, 1) imply that (¢) holds, and the array (X;,) is WD.
It remains to see that Cy(p, 1) implies llm limsup R4(M, N) = 0. From 3 of Proposition 8

—00 N—oco

Ry(M,N) < hmsupznllXén E(1 X0 [Mon) = E(Xo D)l - (3.28)

n—oo

Now | Xg,,(E(1 X, |Mon) = E(XG, D) < 2001 X5, 111 X5, 56527 (7, m) by Sexfling’s inequal-
ity. This inequality together with Cy(p, 1) and (3.28) gives the result.

Proof of 2. By Cj, we can choose K large enough so that limsup,,_, nE(X(’fn]I‘Xéan) <e
Hence, it follows from 2 of Proposition 8 that R3(/N) tends to zero as soon as, for any K > 0,

[nt]

1 —
lim lim sup lim sup — ; H(l NS'h(t)) Z(]E(Xlgn]I\X,;mISK|Mk—N,n) — ]E(X(/)?n]IIX{),HISK)) Hl =0.

N—oco 40 n—o00 —1

Since by Lemma 2 limsup,, . [[(1 A S,(t))||2 = O(V/t), this equality follows from

[nt]

1
hm lim sup lim sup Var(ZE X,”L]I‘X |§K\Mk_N,n)> =0. (3.29)

—o0 t—0 n—00

Setting Y;,,, = E(X ,’f’n]I| X; |< k| Mi—nn), we have the elementary inequality

[nt]

1Vaur(z Ys n) < 2nz |Cov (Yo, Yin)| - (3.30)
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Now, by definition of Y} ,, and applying Peligrad’s inequality (1983), we have successively

|COV(Y0,H7YI€,H>| |COV(Y0 mX]/ch][\X/ |<K)’
205 (k + Nn) | X2, Ty <ol X2 Dxs L 1<xllg

< K2¢1/p(k+Nn)\|X6n|\p\|X alla-

IA

This last inequality together with (3.30) yields

[nt]

1
;Var(ZIE(X,fn]hX ek My Nn)) < AK* )| X0 [l X600 Z¢1/p k+N,n). (3.31)

k=1 k=0
Now > 0¢1/p (k+ N,n) < S0 o8 (in) + X0, v ¢1/p( n), since ¢oo1(k,n) is nonin-
creasing in k. Combining this inequality with Cy(p, 1) and (3.31), we infer that (3.29) holds.

Proof of 3. With the notations of Proposition 1, set Zj,, = Af, (N, n, k). To prove that B(N)
implies A(N), it suffices to see that

[nt]

limHZ (ZinlMon) — (Z,m))leo. (3.32)

n—oo

Since Cy holds and |Zy,| < 2N (X v 4 + -+ X;2,), we can choose K large enough so that
lim sup,, ., "E(| Zo,n |1z, ,,>Kx) < €. Therefore, to prove (3.32) it suffices to see that for any K,

[nt]

lim Var(Z E(Zk,nmzk,n@wo,n)) —0. (3.33)
k=1

n—oo

Setting Wi, = E(Zkn 1)z, ,|<x|Mo,), we have the elementary inequality

[nt] [nt] [nt]

Var(Z W,m) <23 |Cov (Wi, Wy - (3.34)

i=1 j=1t
Now, by definition of W}, and applying Peligrad’s inequality (1983), we have successively
|Cov(Win, Win)| = [Cov(Win, Zjnliz,,1<K)]

1 .
207 (G = N +1)4,n) | Zin iz, 1<k |pl| Zjndiz, 1<k |lq
< sKN%ié%’N((j — N+ 1), 0) [ X001 X6 0l -

IN

This last inequality together with (3.34) yields

[nt] [nt]

Var (Y E(Z Tz, <k Mor) ) < GE NI X5, 1 X6, 0) ZW’ (G~ N+1)4.n)
k=1

and the right hand term tends to zero as soon as lim,,_,. n! ngn]gbiép]\,(j, n) = 0. Finally,

(3.33) holds as soon as Cy(p, N) holds, which completes the proof.
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3.6 Proof of Proposition 2

The main reference here is Dedecker and Merlevede (2002), Section 4, where it is shown that
property LP with F' = Al o[ follows from both finite dimensional convergence and tightness
of some sequences of signed measures. This results extends easily to any M inr-measurable
distribution function F'. Now, finite dimensional convergence follows from S2 as in Section 4.1
in Dedecker and Merlevede (2002). Furthermore, proceeding as in Section 4.2 of the latter and
applying Theorem 15.3 in Billingsley (1968), tightness holds as soon as, setting § = 27,

for any positive e, hm lim supIP’( (S, 0k) > e) =0 (3.35)

k—oco nooco

where w”(x,0) = sup{|z(t) — x(t1)| A |x(t2) — z(t)], t1 <t < tg,to —t; < 0} is defined for x in
D([0,1]) and 6 > 0. Recall that B is Z or {0, 2}. From S2(a), ||nE(Xo,|B) — 7|1 converges to
0. Hence sup;co ) [[nt/E(Xo.|B) — ty| converges in L' to 0. Let Xj, = X;, — E(X;,|B) and
S ={t— St = Z[m] X; .} It follows that (3.35) holds if and only if

for any positive €, lim lim supIP’(w”(S;L, Ok) > e) =0 (3.36)

k—oo nooo

Consequently, Proposition 2 follows straightforwadly from the two following lemmas

Lemma 5 Let (X,) be an array with stationary rows, such that Xy, converges in probability
to zero. Then (3.36) holds as soon as, for any positive e,

1
lim lim sup S]P) ( sup |SL(6)| NS (0) — Si(s)] > e) =0. (3.37)

=0 poco 0<t<s<§

Moreover (3.37) is satisfied provided that

1. For any positive n, there exists K such that hm lim sup P(]1S,(0)] > K) <.

n—oo

1

2. For any real a, lim lim sup =P ( sup |S,(t)| A|SL(s) —al > 2¢,|5,,(0) —al < 6) = 0.
—Y n—oo ) 0<t<s<d

Lemma 6 Let (X;,) be a WD and 1-EQ array. Let a be a real number and g, be a function

from R to [0,1] such that: g, is two times continuously differentiable, g.(x) =1 if |z —a| < €

and go(x) = 0 if |v — a| > 2e. Let fo(x,y) = Tjginjy—ajz2e- Then

lim lim sup 11E< sup fa(s;(t),5;(3))ga(s;(5))) ~0. (3.38)

=0 pooo 0 0<t<s<d

Proof of Lemma 5. For any integer 0 < j < 2% — 1, let [;;, = [j27F, (j + 1)27%]. If o — t; < 0y,

there are two possibility: either both ¢; and ¢, belongs to the same I;; or ¢; belongs to I

and to to Ij11 5. In the first case, |x(t) — x(t1)| A |x(t2) — x(t)] < Ay + A + Az + Ay, with

Ay = fa(t) — 22 A2+ 1)274) — a(0)], Az = |o(t) —2(2 ) Ala((+1)27%) — a(t)], and
= Jalt) — 22 A (G 12F) — (1)), Ay = () — 22 5) Al + 1)274) — ()]
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In the second case |z(t) — z(t1)| A |z(t2) — x(t)| < By + By + Bs + By, with the quantities
By = [x(t) —2(527F) [ A lz((5 +2)27%) — 2(t)], By = |2(t) — x(727")| A (G +2)27%) — x(t2)],

= lats) — 2(72F)| ALl +2)27) — a(0)], B = [a(tn) — 22 A [o((f +2)27) — a(t)].
Define the quantities vy (), wg ;(z), vg(x) and wy(z) by

Ukj(x) = sup () = 2(727) | A (G +1)27%) — a(s)]
j2R<t<s<(j+1)2F
wy,j(x) = sup j(t) — 2(527F) A lz((G +2)27%) — x(s)]
j2k<t<s<(j+2)2-k
w(e) = max o) and wg() = max w().

From this definition IP’( "SI 0k) > de) < P(u(S)) > €) + P(wk(S’) > €). By subbaditivity
P(ui(S)) = €) < S0 P (0g5(5,) =€) and P(wi(S)) > €) < 2 P (wy(S,) > €). Using
both the stationarity and the fact that Xj, converges in probability to zero,

limsupP(vg ;(S;,) > €) = limsupIP( sup  |SL()| A|SL(27F) — S/ (s)| > 6)

n— 00 n—oo 0<t<s<2F
lim sup P(wy, ;(S;,) > €) = lim SUpIP’( sup  |SL(B)| A|SLE27TF) — S(s)| > e).
n—oo n—oo 0<t<s<2—k+1

From the two preceding remarks, it is clear that (3.36) follows from (3.37). Now let (A;);cs be a
finite covering of [— K, K] by intervals with centers (a;);c; and length e. We have the inequality

P (O<§g§<6 S| A 154(5) — S1(s)] > 3e) < P(5,(6)| > K)

+ Z]P’ < sup |SL ()| A]SL(0) — S/ (s)] > 3e,|SL(0) — a;] < 6) (3.39)
= \oi<s<s

If [S!(s) — S/ (0)] > 3e and |S),(0) — a| < € then |S! (s) — a| > 2¢. Combining this fact together

with (3.39), we infer that (3.37) follows from 1. and 2. of Lemma 5. This completes the proof.

Proof of Lemma 6. Let f*(k) = max{f,(5},,5.,),1 <i<j<k}ifk>0and ff(k) =0

w,n Min

otherwise. Let g(k) = ga(5},,) if £ > 0 and g(k) = g,(0) otherwise. Using these notations,
(3.38) becomes lims_ limsup,,_,.. 6 'E (f*([nd])g([nd])) = 0. We make the decomposition

[nd] [nd]
Fr(Ind)g(nd]) = > gk)(f*(k) = f*(k = D) + Y _f(k = Dg(k) — g(k = 1)). (3.40)
To control the first term, note that for positive k,
fr(k) = f1(k = 1) < max fo(Sip, Skn) - (3.41)

Since fu(z,y)g9.(y) = 0, (3.41) implies that the first term on right hand in (3.40) is 0. Hence

[nd]

Fr([no)g([nd]) = > f (k= 1)(g(k) — g(k = 1)) (3.42)

k=1
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Let C = [|g; |l and ¢'(k) = g;,(S},). Applying Taylor’s formula, we obtain from (3.42) that

[né] [né]

F*([nd))g(nd]) <Zf (k—1)X;, + = Zf 1) X2, . (3.43)

Now [f*(k)g'(k) = f*(k = 1)g'(k = )| < f*(k = Dlg' (k) = g'(k = D+ [g'(K)|(f* (k) = f*(k = 1)).
Since g,,(S..,) fa(Si s Sk.n) = 0, we infer from (3.41) that the second term on right hand is zero.
Since furthermore |g'(k) — ¢'(k — 1)| < C[X}, |, we easily obtain that for positive ,

[f*(k)g' (k) — f*(k = D)g'(k = D) < Cf*(k = 1)|Xp,|. (3.44)

From (3.43) and (3.44), we have, for any positive integer N,

F*([né])g([nd]) <ZXM gk — N+CZ Z X7, X0 f (= 1) (3.45)

k} 1’L ( N)++1

Let us first study the first term on right hand in Inequality (3.45). Setting h(k) = f*(k)g'(k),
we have 3% X7 h(k — N) = S04 X4 ) (h(i) — h(i — 1)). Taking the conditional
expectation with respect to M, ,, and using again (3.44), we obtain

[n5]

‘E<%X’;v”h(k_N)>‘ = CZH anIM,n)
k=1

k= N+z

< Cd max nHXOnZE Xllcn|M0n)

N<m<nd]

the second inequality involving the stationarity of (X;,). This together with (3.45) yields

lim sup lim sup %E(f*([né])g([né])) < CRi(N,X)+ hmsup hmsup—||Q(n N, (3.46)

6—0 n—00 o— n—00

where Ry (N, X) is defined in (2.2) and, Q(n,0) = Z — )1 [ X n Xip|f7(@—1). Using
the basic inequality 2| X} X7, | < X2 + X[, and the fact that f* increases, we obtain
[n5] N [n] [n6]
12 px( - 12 px( 12 rx
<35> S KRG+ 5 2 Xl — 1) SN OXEf(k—1). (3.47)
2 (k—N)4+1 i=1 k=1
Set Sk = max{[S],|,...,|S},[}. Since f*(k —1) < (26)7 (k-1 A 1), Inequality (3.47)
becomes, letting C” = (2¢)7' Vv 1,
m
Q(n,6) < NC' Y X2, (Sho1n AL). (3.48)
=1

Since (X;,) is 1-EQ, limsup;_, limsup,_ . sE (f*([nd])g([nd])) < CRi(N,X) by (3.46) and
(3.48). Since (X;,) is WD, the last term is as small as we wish. This completes the proof.
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3.7 Proofs of Propositions 3, 4, 5, 6 and of Corollary 6

Proof of Proposition 3. Assume that R3(N,X) tends to zero as N tends to infinity and that
L1(N3) holds. Note that (?k,n/\l) (Se1a A1) < (|1X} A1), Hence for P < N3V 1, we have
that S X, (T 10 A1) < S0 XP (T A1)+ S0 S ) X2, (ALY, From
L1(N3), the expectation of the second term on right hand vanishes as n increases. Consequently,

it remains to study the first term. Taking the conditional expectation with respect to My_p,,
we obtain Y1 E(X72, (Sk_pa A 1)) < E((S,(t) A1) S0 E(X2, | My—p,)). Consequently,

[nt]
1 —
lim sup lim sup ]E(E X2, (S 1n/\1))< R3(P, X).

t—0 n— o0

Since R3(P, X) tends to 0 as P tends to N3, the result follows.

Proof of Proposition 5. We have to prove that if (X;,) is WD and 0-EQ, then S2(b1) holds
with ¢ = 0. From Remark 1 applied to Z,(t) = [nt]E(Xo,|B), it is equivalent to prove this
with X, = X;,, — E(X],|B) and S, (t) = Z[m] X - Write first

S/2( )

E(% W sm)) <B(Z ‘e

2e
(1S.(0)] = €)% + —E(S7(1)).
(3.49)
From Lemma 2, t'E(S/?(¢)) is bounded, so that the second term on right hand is a small as

L, >|>2e) + TE(S(1) <

we wish. Consequently, we infer from (3.49) that S2(b1) holds with a = 0 as soon as,

1
for any positive €, limlimsup tE (1S, ()] —e)3F) =0. (3.50)

=0 nooco

We shall prove that (3.50) holds with S, (¢) instead of |S’(t)|. Let G(t,e,n) = {S%*(t) > €}.
From Proposition 1(a) in Dedecker and Rio (2000), we have, for any positive integer N,

nt] N—
1
-E ((Srlz*(t) ) ) <8E<][Gten¥ |anXk+ln>+8TL sup

1 i=0 N<m<][nt]

H

Xp 30 E (Xl Mo

k=N+1

B
Il

(3.51)
Since (X;,) is WD, the second term on right hand is as small as we wish by choosing N
large enough. To control the first term, note that G(t,e,n) < ¢ (1 A S, (t)) Since fur-
thermore 2|X; X/, | < X2 + X% and (Xm) is 0-EQ we infer that, for any positive e,

limy o lim sup,, oo ¢ E(Lgtem) Z[m] \X Xirinl) = 0. Consequently, (3.51) yields
1
for any positive e, lgn lim sup tE ((Sr(t)—€e)?) =0. (3.52)

Of course, the same arguments apply to the array (—X;,,), so that (3.52) holds for 57, (¢). This
proves (3.50) and hence S2(b1). The first item of Proposition 5 follows directly from Lemma 3
by noting that the function z — z* belongs to F, and that Ry(N, X) = 0 for any positive integer
N (so that Ny = Nj). The second item of Proposition 5 follows directly from Proposition 1 by
noting that if k > N, then (Vi (k)+ X}, ) = (Vun(k))? = X2 +2X7 0 (Xr X ngn)-
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Proof of Proposition 4. Let (X;,) be a WD array such that nE(X{,) is bounded. Assume
that C; holds and that L;(N) is satisfied for some N in N" such that R;(N,X) = 0. For any
positive integer P, we have

P-1
Ri(1,X) < limsupn Y || X4, X} |l + Ri (P, X). (3.53)
n—oo k=1

Choose a finite integer P < N such that R(P, X') <e. We have the inequality n[|Xg, X} |li <
| X0 2l Xk n T sell2 + nll X201 X6, Dixg | j<ell2- Now, Li(N) means exactly that for any
positive € and any integer 1 < k£ < N, the sequence n1/2||X,'€’n]I‘X6’n|>6||2 tends to zero. Letting
first n go to infinity and next e go to zero, Condition C) implies that ”1/2||X(/J,n][|Xé,n\§e||2 van-
ishes. Since furthermore n'/?|| X, [l2 = n*/?|| X}, |2 is bounded, we conclude that n|| X, X} [
tends to zero. From (3.53) we infer that R(1,X) = 0, and consequently N;(X) = 1.

Proofs of Proposition 6 and Corollary 6. Assume that (X;,) is WD with N;(X) = 1 and
1-EQ. From Corollary 3, P1(v,a, ) holds if and only if (2.4) holds with F' = All[, . Now
(2.4) holds for F' if and only if Cy and C3 holds. This completes the proof of Proposition 6.
Since Cy with P(a = 0) = 0 implies Cy, Corollary 6 follows from Propositions 4, 6 and 3.
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