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Abstract

In this paper, we give rates of convergence for minimal distances between linear statistics of
martingale differences and the limiting Gaussian distribution. In particular the results apply to
the partial sums of (possibly long range dependent) linear processes, and to the least squares

estimator in some parametric regression models.

1 Introduction and Notations

Let (€2, A, P) be probability space, and let 7" : Q +— Q be a bijective bimeasurable transformation
preserving the probability P. For a subfield Fy satisfying Fo € T Y(Fp), let F; = T (Fy),
Fooo = ﬂn>0 F_, and F = VkeZ Fi. Let & be a square integrable random variable such that:
& is Fo-measurable, E(&|F_1) = 0, and 02 = E(&)? > 0. Define then & = & o T%, so that
(&)iez is a strictly stationary sequence of square integrable martingale differences adapted to
the filtration (F;);ez.

Let (¢n,i)iczn>1 be a double indexed sequence of real numbers such that for all n > 1, the
sequence (Cp;)iez is in €% (ie. ;.5 ¢k, < 00). For any n > 1 we consider the following linear
statistic

Sn = ZCNJ& . (11)
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Many random evolutions and statistical procedures, such as parametric or nonparametric
estimation of non linear regression with fixed design, produce linear statistics of type (1.1) (see
for instance Chapter 9 in Beran (1994) for the case of parametric regression, or the paper by
Robinson (1997) where Kernel estimators are used for nonparametric regression). For instance,
consider the model

Vi=x0+&,k=1,....n (1.2)

where Y}, is observed, x) = (21, ..., Zkp) is a 1 X p deterministic vector, 8 := (61, B2,...,5,) is
the parameter of interest, and (& )xez is the unobservable error process . Let B the least squares
estimator of . If we are interested by the asymptotic behavior of B — [, then we are lead to
study statistics of the type (1.1), for which ¢,; =0if i ¢ {1,...,n}.

Let now (X% )rez be a strictly stationary sequence of square integrable random variables, and

assume that it is regular in the sense that it may be written as

X = Z%fk—j ; (1.3)
Jj=0
where (&;)iez is a strictly stationary sequence of orthogonal random variables (the innovation
process), and (a;);>o is in ¢2. Again the partial sum Y | X; is a linear statistic of the type
(1.1), with ¢,; = >} _;.; ak—i if i <n and ¢,; = 0 elsewhere. In this context, assuming that the
innovation process (;);ez is a sequence of independent and identically distributed (iid) random
variables is often too restrictive. For many time series, the assumption that E(&|F;—1) = 0 is
much more realistic (think for instance of ARCH innovations): it means exactly that the best
linear predictor is in in fact the best predictor in the least squares sense (see Hannan and Heyde
(1972)).
Concerning the asymptotic behavior of S,, defined by (1.1), Hannan (1979) showed that if

E(£3|F_ o) = 0 almost surely, (1.4)
and
B, = max;ez [ony| tends to 0 as n tends to infinity, (1.5)
Un
where

V2 = Zci,j, (1.6)

JEL
then v, 1S, converges in distribution to the normal law A(0,0?). It is worth noting that the
condition (1.4) cannot even be replaced by ergodicity (see the example 2.1 in Peligrad and Utev
(1997)).

Denoting by Ps, s, the law of S, /v, and by G,2 the normal distribution N (0,0?), we are

interested in this paper by giving quantitative estimates for the convergence of Ps, /., to Ge.
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We shall consider minimal distances of type W7, which is also called the Kantorovich distance.

If we denote by Fg, /., and ®,2 the respective distribution functions of Ps, /,, and G2, then

1
Wi(Ps, o, Go2) = / |Fs, o, (£) — ®oa(t)|dt = / Fgh, () — ®7H(u)|du
0

As a consequence of our main result, we shall see (cf. Comment (3.2)) that the rate of convergence
of Wi(Ps, /v, Gs2) to zero can be controlled by the rate of convergence of B, to zero. For instance
if

1
&eEL®, and Y m”E(éil]—}) — 0232 < 00, (1.7)

n>1
then
WI(PSn/Una GU2) = O(Bn IOg(l + B;2>> .

As a corollary (see Comment 3.3), we obtain the following upper bound in the Berry-Essen
Theorem: if (1.7) holds then

1Fs, /0, — Pozlloo = O(B,*y/log(1 + B;2)).

As we shall see, in many cases B,, = O(n~'/?) leading to the fact that under (1.7),

| Fs,, o — Po2l|o0 = O(n_1/4\/10g(n)) ) (1.8)

In the case where ¢,,; = 1if i € {1,...,n} and ¢,; = 0 elsewhere, that is S,, = > | &,
the inequality (1.8) provides the same rate of convergence (up to the /log(n) term) as the best
known rate obtained by Jan (2001) under a stronger condition than (1.7). See also Bolthausen
(1982) who gave a counter example (for non stationary &;’s), showing that the rate n=/* in
the Berry-Esseen Theorem cannot be improved when S,, is a martingale. Note also that in
this particular case, the condition (1.7) can be slightly weakened (see Theorem 2.1 in Dedecker,

Merlevede and Rio (2009)).

2 Definition of the distances and known results

2.1 Definition of the distances

We first define the distances that we consider in this paper. Let £(u,v) be the set of probability
laws on R? with marginals p and v. Let us consider the following minimal distances (sometimes

called Wasserstein distances of order )
inf{/|x—y|rp(da:,dy) 2PE[,(/L,V)} ifo<r<l1
WT(:“’? V) = 1/r
inf {(/ |z — y|”P(dm,dy)) : P e L(p, 1/)} ifr>1.
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It is well known that for two probability measures p and v on R with respective distributions
functions (d.f.) F' and G,

W, (u, v) = (/01 1Y) — Gl(u)\rdu>l/r for any r > 1. (2.1)

We consider also the following ideal distances of order r (Zolotarev distances of order r). For

two probability measures 1 and v, and r a positive real, let

) =swp { [ gan [ fav: e},

where A, is defined as follows: denoting by [ the natural integer such that [ < r <[+ 1, A, is

the class of real functions f which are [-times continuously differentiable and such that
[fO@@) = fOy)| < o -y~ for any (z,y) € R x R. (22)

For r €]0,1], applying the Kantorovich-Rubinstein theorem (see for instance Dudley (1989),
Theorem 11.8.2) to the metric d(x,y) = |z — y|", we infer that

W, (p,v) =G (p,v) . (2.3)
For probability laws on the real line, Rio (1998) proved that for any r > 1,
1/r
Wi v) < (G v) " (2.4)

where ¢, is a constant depending only on r.

2.2 The iid case

Let (X;)i<i<n be n independent and centered random variables in P, for some p €]2,3|. Let
pn be the law of 7" X, /Var(> ! | X;). It follows from the non-uniform estimates of Bikelis
(1966) that

Wi (jin, G1) < C(p) (Var(ZXi)) SOE(IX). (2.5)
i=1 i=1
In addition, in the same context, Sakhanenko (1985) proved that

W2 (i1, G1) < C(p) <Var(iXi>>_p/2 iE(\Xi]p) . (2.6)

By Holder’s inequality, we have that for any r € [1, p]: W < Wl(p_r)/(p_l)(Wg’)(”*l)/(pfl). Conse-
quently, combining (2.5) and (2.6), we get that for independent and non identically distributed

random variables with moments of order p €]2, 3], and for any r € [1, p],

W (i, G) < G, (Var(ZX,.)) TS TE(XP). (2.7)
i=1 i=1
This estimate in the case of linear statistics of type (1.1) leads to the following result
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Corollary 2.1. Let p €]2,3]. Assume that (&;)icz is a sequence of #id random variables in 1P,
with E(&) = 0 and E(§2) = 2. Let S, be defined by (1.1), and v, be defined by (1.6). For any

r € [1,p], there exists a positive constant C such that for every positive integer n,

W:(Pgn, GU%UQ) S C’Lp,r(n) s (28)
where > | »
. Cn.i
Lyr(n) = %

The proof of this result will be given in Subsection 6.1.

3 Main results

In this section we shall give two upper bounds for the quantity ¢,.(Ps,,Gu2,2) when (&)iez is
a strictly stationary sequence of martingale differences in IL? for p €]2,3]. The results of this

section are proved in Subsections 6.2 - 6.5.

Theorem 3.1. Let p €]2,3]. Assume that (&;)icz is a strictly stationary sequence of martingale
differences in ILP, with E(&3) = 0. Letr € [p —2,p| and o € [0,p — 2|, and assume that

1 9 9 o« 2p—a—r\/p—a—2
;nl_ﬁHE(fAfo)—aHp/2<oo, whereﬁ_2—|—< 5 )( o > (3.1)

Let S, be defined by (1.1), and v, be defined by (1.6). There exists a positive constant C' such

that for every positive integer n,

G (Psys Guzor) < C(max|casl” + Lpra(n)) (3.2)
J
where e 4P
T Cn k
Lpra(n) = max|e, | Z —7 (3:3)
vez (maxjez |cn;|? + D ekt ;)

Comment 3.1. In the case where r = p, choosing @ = 0 in (3.1), we derive that

CP<PSn> GU%UQ) < Cz ’Cn,j|pv (3'4)
JEZL
as soon as
> S IE(E21F) = 0?2 < oo (3.5)
n>1

Using (2.4), we see that if r = p, we obtain the same upper bound as in (2.8).
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Note that the quantity Zp,r,a(n) can be bounded in all cases as follows:

Lemma 3.1. Letp €]2,3], r € [p—2,p| and « € [0,p—2]. Then there ezists a positive constant
C such that for every positive integer n,

me,a(n) < CL;,r,a(n) ) (3.6)
where
3 o\ (@mptr)/2 _
max Icn,jV((Ingx [P fensl? ) ifr €lp—2,p)
Ly a(n) = s e o) (3.7)
mage e~ log (14 2(max ey )7 D lensP7) if r=p -2,

jEz
Comment 3.2. Using the above lemma, and choosing &« = p — 2 in (3.1), we then deduce that

C'max e [P oy 7 if r €]p — 2, ]

G (Ps,, Guzoz) < (3.8)

C max |c, [P~21 <1+2m )2 2) ifr—p—2
jeaZX‘C 7" log (anZX|C ) ) ifr=p—2,
as soon as (3.5) holds.

As we shall see in Section 5, the quantity max;ez |c, ;| in the bound (3.2) can be too big
compared to Ly, (1) or to Ly ,q(n). In the following theorem, we replace max;ez | ¢, ;| by another
quantity allowing to attain better rates of convergence. As a counterpart, the condition (3.9) we
impose on the sequence (§;);ez is different than (3.1). Notice however than even if the conditions
(3.1) and (3.9) cannot be compared, the condition (3.1) is usually more flexible in most of the

applications.

Theorem 3.2. Let p €]2,3]. Assume that (&;)icz is a strictly stationary sequence of martingale
differences in ILP, with B(&3) = o%. Assume that

D &P~ v DIEEEFo) = 0?1 < oo (3.9)

n>1

Let S,, be defined by (1.1), and v, be defined by (1.6). Then for any r € [p — 2,p| and any
sequence (M, )nez of positive real numbers, there exits a positive constant C such that for every
positive integer n,

G (Ps,, Guzor) < C(M] + Ly, (n) | (3.10)

where

= |k [P
Lyr(n) =" : —. (3.11)
ez (M2 + D ki C%,j)(p /



Comment 3.3. According to the equality (2.3) and to Remark 2.4 in Dedecker, Merlevede and
Rio (2009), we get that for any p €]2, 3],

15, jon — Polloo < (1+071271) 7Y2) (G2 Ps, jon> Go2)) @7V,

where Ff, s, is the distribution function of v, 'S, and ®,2 is the distribution function of G,=.
Consequently Theorems 3.1 and 3.2 give also rates of convergence in terms of the uniform

distance.

Comment 3.4. In the case where r = p— 2 and (r,p) # (1, 3), we shall prove in Subsection 6.5
that the following bound is also valid: if (3.9) holds, then

CT’(PSn’ Gv%zﬂ) < CI?&X |Cn,j|p_2 . (312)

4 Application to linear processes

4.1 Linear processes with martingale differences innovations

We consider here the linear process
Xk = Z aiﬁ‘k,i where (ai)iez S 62, (41)
i€z
and (& )iz is a strictly stationary sequence of martingale differences such that o = E(&))? > 0.
As already mentioned in the introduction the partial sum S, = " | X is of the form (1.1)
with
Cni = Q14 + -+ Ay (42)
In general, the covariances of (Xj)rez may not be summable so that the linear process may

exhibit long range dependence, and therefore the variance of S,, may not be linear in n. In fact,

the variance of S, is equal to o?v2, where v, is defined by (1.6):
i 2
d=Yd= (X)) (43
j€L €L k=1

The following result follows straightforwardly from Theorem 3.1 and Comment 3.2.

Corollary 4.1. Let p €]2,3]. Let (Xg)rez be defined by (4.1), and assume that (&;);cz satisfies
(3.5). Let ¢, be defined by (4.2) and v, be defined by (4.3). Assume also that there exists a

positive constant K such that for every positive integer n,

Uy,
nil < K—=. 4.4
max [, j| < (4.4)

Jn
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Then there exists a positive constant C' such that for every positive integer n,

Cnlt-r/? if  €]p — 2,p]

4.5
Cn'=P?logn ifr=p—2. (4:5)

CT'(PSn/Un7GO'2) < {

This result deserves some comments:

Comment 4.1. In the case where r €]p— 2, p|, under the assumptions of the previous corollary,

we get the same rate of convergence as for a sum of n iid random variables in ILP.
Comment 4.2. Condition (4.4) holds in a lot of situations. Let us briefly describe two of them:

1. Weak dependence: if the spectral density f of (Xj)rez is continuous at 0, then n='Var(S,,)
converges to 27 f(0) (see Hannan (1970), Corollary 4 page 228). If moreover f(0) > 0, we
infer that v, //n converges to o~11/27f(0) > 0. In that case Condition (4.4) holds if and

only if
i+n
Sup sup E a;| < oo.
n>0 i€Z k—it1

In particular, Condition (4.4) holds as soon as ), , |a;| < oo and ), , a; # 0.

2. Long range dependence: for the selection a; = 0 for i < 0 and a; = i~*£(7) for i > 0, where
( is a slowly varying function at infinity and 1/2 < o < 1, then v2 ~ k,n*72%¢*(n) where £,
is a positive constant depending on «. Using the properties of slowly varying functions, it is
easy to see that Condition (4.4) is verified. To give an example of a linear process satisfying
such assumptions, we mention the fractionally integrated processes. These models play an
important role in financial econometrics, climatology and so on, and are widely studied.
For 0 <d < 1/2, let

(i +d)

Xi=(1- B)—d{fk = Zasz—z' where q; = W,

>0

(4.6)

where B is the lag operator. If 0 < d < 1/2, the covariances of (X}, )rez are not summable,

2d+1 and the linear process

the variance of partial sums is asymptotically proportional to n
exhibits long range dependence. In addition since a; ~ Kot~ with @ = 1 — d, these

processes satisfy (4.4) for any 0 < d < 1/2.

Comment 4.3. Let Ff,/, be the distribution function of v, 1S, and ®,2 be the distribution
function of G,2. According to Comment 3.3, we get the following bound in the Berry-Esseen

Theorem: under the conditions of Corollary 4.1,

1Fs, o, — Po2loo < Cn™ 20 (log ) /)



Comment 4.4. If we do not impose the condition (4.4), then under the assumptions of Corollary

4.1 on the sequence (&;);cz, we derive the following rates of convergence

CBr2 ifrelp—2,p
G (P, fvnr Go2) < L o _] | (4.7)
CBP2log(l+ B,%) ifr=p—2,
where
B, = maXjez [Cn| . (4.8)

Un,
This still gives rates of convergence as soon as v,, tends to infinity, since the following universal

bound is valid for B,,: there exists a positive constant K such that
B, < K(1+v%)v,t. (4.9)
The upper bound (4.9) has been proved by Robinson (1997), Lemma 2(ii).

Comment 4.5. Corollary 4.1 applies to the case where (;);ez has an ARCH(o0) structure as
described by Giraitis et al. (2000), that is

£n = Opllp, With 02 = ¢+ Z IS (4.10)
j=1
where (7,)nez is a sequence of iid centered random variables such that E(n3) = 1, and where
c>0,¢; >0,and 2321 c¢; < 1. In that case, we shall prove in Subsection 6.6 that the condition
(3.5) holds as soon as ||n||, < oo and

Inol2> " ¢; < 1and Y ¢ =O0(n™) for b>p/2—1. (4.11)

g2l jzn

4.2 Linear processes with dependent innovations

In this section, we no longer assume that E(&;|F;_1) = 0, but that & can be approximated by
a martingale difference d; satisfying the assumptions of Corollary 4.1. The following result is

proved in Subsection 6.7.

Theorem 4.1. Let p €]2,3]. Let (&)icz = (S0 0 T")iez be a stationary sequence of centered
random variables in ILP such that

ZE(§k|f0) and Zf_k —E(&_i|Fo) converge in LP. (4.12)
k>0 k>0
Let (Xi)kez be defined by (4.1), S, = p_, X, and let v, be defined by (4.8). For any j € Z,
let
dj =Y _E(&lF;) — E(&lFj-1) -

keZ



Let 0 = E(d}) = > ,c7 E(&o&k) and 02 = v, ”E(S,)%. If (d;) ez satisfies (3.5), and if there exists

a positive constant C' such that for every positive integer n,

(Y
lenol + 3 lanss — a;] < C—F

3 NG (4.13)

then
1. Cpo(Ps, jvn, Go2) = O(n*=?2logn),
2. G (Ps, jo, Go2) = O(n*=P/2) if r €lp — 2,2],

8. G (Ps, jons Go2) = O(n'=P/%) if r €]2, pl.

Comment 4.6. The results of items 1 and 2 are valid with o,, instead of o. On the contrary, the
result of item 3 is no longer true if o, is replaced by o, because for r €]2, 3|, a necessary condition
for (.(p, V) to be finite is that the two first moments of v and p are equal. Note that, under the
assumptions of Theorem 4.1, both W,.(Ps, /., Go2) and W,.(Ps, v, Go2) are O(n~(p~2)/2max(Lr))
for r €]p — 2,p]. Indeed, for r €]2,p], it suffices to note that

WT(PSn/vn7 ng) < WT(PSn/'Un7 Ga%) + WT(GU%; GO'Q) )

and the second term on right hand is of order |0 — 0,,| = O(n~/2) (to see this, use (4.13) and
the inequality (6.44) in Subsection 6.7).

Comment 4.7. Condition (4.13) implies Condition (4.4). As for (4.4), it holds in a lot of

situations. Let us briefly describe two of them:

1. Weak dependence: if )., |a;| < oo and ), , a; # 0 then (4.13) holds.

€7
2. Long range dependence: if a; = 0 for i < 0, and a; ~ i~ as ¢ — oo, with 1/2 < o < 1,

then (4.13) holds.

Comment 4.8. Let us give some examples of stationary sequences (§;);ez for which (4.12) holds,
and (d;);ez satisfies (3.5). We follow here the approach of Wu (2007), Section 3.

Let (€;)iez be a sequence of iid random variables, and let F; = o (e, k < i). Let (€;);ez be an
independent copy of (€;)icz. Let Y, = (..., €n1,€6,), and forn >0, Y, = (..., € 1, €}, €1,...,€n).

Assume that the random variables &, = ¢(Y;,) are well defined, centered, and in L?, and let

pr(n) = llg(¥n) = g(¥V;)lp -

From Proposition 3 in Wu (2007), we infer that (4.12) holds, and (d;),ez satisfies (3.5) as soon

as .
> kP28 (k) < oo (4.14)
k=1
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Comment 4.9. Comment 4.8 applies to the causal linear process &, = Zizo bien,_i, but, as we
shall see, the condition (4.14) is suboptimal in that case. Let us consider the general case: (€;)icz

is a sequence of iid random variables with E(¢y) = 0 and |||, < oo, and
& = Z bi€n_i, where (b;)iez € (%
i€z
Assume that the two series Y, b; and ), ,b; converge, and that Heyde’s (1975) condition
holds, that is:

i(Zbk>2<oo and i(Zbk>2<OO- (4.15)

n=1 k>n n=1 k<-n
Notice that E(§x|Fo) = D _ys brrec—¢ and that § x—E(§ x| Fo) = D>y b-r—ree. From Burkholder’s
inequality, there exists a constant C' such that for any positive integers m and n with m < n,

| 3 E(&H%)i < cneon;fj( 3 biee)
k=m-~+1 =0  k=m+1
< 20l 3 (Zbk)2+ 3 (Zbk)2),
t=m+1 k> l=n+1 k>

which converges to zero under the first part of (4.15) as m and n tend to infinity. Similarly we
derive that there exists a constant C' such that for any positive integers m and n with m < n,

n

| > (u—E(gkif()))ngzcneoH;( > () + > (Sn)).

k=m+1 l=m+2 k<—¢ l=n+2 k<-4

which converges to zero under the second part of (4.15) as m and n tend to infinity. From these
considerations, we derive that (4.12) holds. Now d; = €; > ,., be and the ¢;’s are iid, so that
(3.5) is satisfied.

Notice that (4.15) holds if either Y., i%b? < 00 or Y., v/|i]|bi| < co. By contrast, if b; = 0

for i < 0, the condition (4.14) is true as soon as

i (-2)/2 ( S bz) 7 < o0,
n=1

k>n

which is always stronger than (4.15), since it implies that ., #*b7 < oc.

5 Application to parametric regression

Let us consider the simple parametric regression model
Y = Ba; + &,

11



where (&;);cz is a stationary sequences of martingale differences such that E(£2) = 02, (;)i>1
is a sequence of real numbers such that > ;" o tends to infinity, and 3 is the parameter of

interest. The least squares estimator B of 3 satisfies

D i ik

Z?:l O‘JQ‘

Consequently, if (maxie ) [eu])(3°7_; @F)~" tends to 0, Theorem 3.1 (resp. Theorem 3.2) applied
with

Sn:B_ﬁz

Q;

c .
T, ijl Oé]

gives rates of convergence for the normal approximation of S,, = # — (8 in terms of minimal

~

distances, as soon as (&;);ez satisfies (3.1) (resp. (3.9)).
For instance, the following corollary holds

Corollary 5.1. Let p €]2,3]. Let ¢, ; be defined by (5.1) and v, be defined by (1.6). Assume

that |cv,| is non-decreasing, and satisfies

lim sup [ <C.
n—o00 |a[n/2]| o

If (&)icz satisfies (3.5), then

1-p/2 . _
C?"(Psn/vn, G02) < { Cn Zf?“ E]p 2,p]

Cn'=??log(n) ifr=p—2.

Comment 5.1. Note that, if «, satisfies the conditions of the above corollary, then the Lyapunov
coefficient v, "L, (n) defined in (2.8) is such that

Cin' P < "L, (n) < Coyn' P2,

It follows from Corollary 2.1 and (2.4) that for r € [1,p] and (r,p) # (1,3) we obtain the same

rate of convergence for W,.(Pg, ..., G,2) as in the case where (§;);ez is iid.

Now if |o,| decreases to zero, the quantity v, "L, ,(n) given in Corollary 2.1 depends on the

rate of convergence of «,, to zero. For instance, if o; =i~ with 0 < v < 1/2, we have
Cnr=1p/2 ifyp>1
v, "Lyr(n) <4 Cn'=P2log(n) if yp=1 (5.2)
Cn'=p/? if yp < 1.
In the case yp > 1, the rate given above can never be attained by applying Theorem 3.1, except

if r = p. This is mainly due to the fact that the rate given by Theorem 3.1 cannot be better

than v ~ Cn(y=br/2,
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In Subsection 6.8, we shall prove the following corollary. It shows that, choosing M, =
an (31, @)~ in Theorem 3.2, one recovers the rates given in (5.2) in the case where r > p — 2

and also in the case where r =p — 2 and yp > 1.

Corollary 5.2. Let p €]2,3]. Let ¢, ; be defined by (5.1) and v,, be defined by (1.6). Let a; =i
for 0 < v < 1/2 and assume that (&;)icz satisfies (3.9). If r €]p — 2, p|, there exists a positive

constant C' such that for every positive integer n,

Cn(Q'Y*l)p/Q Zf /yp > 1
G (Ps, jon, Go2) < On'=P2log(n) ifyp=1 (5.3)
Cn'—r/? if yp < 1.

Forr =p— 2, there exists a positive constant C' such that for every positive integer n,

_o( P, v 7G02 <
CP 2( Sn/vn ) { C’nl_p/Q log(n) Zf’yp S 1.

6 Proofs

From now on, we denote by C' a numerical constant which may vary from line to line. Let us

introduce the following notation:

Notation 6.1. For [ integer, ¢ in |/,{ + 1] and f [-times continuously differentiable, we set

|fla, = sup{|z — y|" | fD(z) — FO)| : (z,y) € R x R}.

6.1 Proof of Corollary 2.1.

For two positive integer L and K, we set S, k.1 = Zf:_K n & and V7 g = Z]L:_K cr ;. We
have that

Wr(PSn, Gvggz) S lim inf (WT‘(PSn7 PS

K,L—o0

n,K,L) + WT(PSn,K,La GvfhK’LaQ) + WT(Gva’K,La% GU%UQ)) .

Using (2.7), we get that W) (Ps G2 o) < CorVy f:_K |cn ;1P Hence

n,K,L) v

liminf W (Ps . G i,K,LU2) < CprLpy(n).

v
K,L—>OO n,K,L

Hence the result will follow if we can prove that

KILI,IEOO W,(Ps,, Ps, ,,) =0, and Kliriloo WT(GU%,K,LUQ’ Gop2) =0. (6.1)

13



Since for r € [1, p,

1/2
WT(GUi’K’ng,GU%gg) < Colvg g, — vn] < CO’(Z Cpjt Z >

j>L j<—K

the second part of (6.1) holds. To prove the first part, we write that
WT‘(PSn7 PSn7K7L> S ||Sn - Sn,K,LH'r .

Hence from Burkholder inequality

WilPay. Ps, ) < Cllaln( S+ 30 )

j>L j<—K

proving the first part of (6.1).

6.2 Proof of Theorem 3.1.

For a positive integer N let S, y = Zjvzl n ;&5 and let v2 y = Zjvzl cn ;- We first show that

without restricting the generality, it suffices to prove that for any positive integer NV,
G (P Guz yo2) < C(max ey | + Koppa(n, N)) (6.2)
j

where

N
Kpra(n, N) = max|c, ;|* Z — -
it k=1 (manGZ |cngl? + Z;‘V:k+1 Ci,j)(p "

With this aim, for two positive integer L and K, we set S, i = Zf:_K Cn ;& and vl g =

Zfzf % G j- By Burkholder inequality for any r € [p — 2, p],

1/2
180 = Snrcalls < Clléoliva( 32y + D0 ;)" and [Sully < Clléollivavn

F>L j<—K

Following the arguments given in the proof of Lemma 5.2 in Dedecker, Merlevede and Rio (2009),
we get that
lim CT(PSn7 PS

K,L—oco

=0

nKL)

and similarly
lim Cr( vZo?, G’U?LKLO'Q) =0,

K,L—o0
by writing that Gu2o> = Pr, and G2 2 = Pr, ., where T, = >jenCngYy and T kg =
L:_ .Y with (Y;);ez a sequence of NV(0, 0?)-distributed independent random variables. It
J K J =]
follows that for r € [p — 2,2],

CT(PSn7G’U%O'2) %(L inf Cr(PS KL,G 2 K,LUQ) . (63)

14



Consider now the case where r €]2, p|. Let

15wl

O KL = and R, k=S, — Snrr+ (1 —ankrn)Snkr -

1Sn,x,L]|2

Following the arguments of the proof of Item 3 of Lemma 5.2 in Dedecker, Merlevede and Rio
(2009) and using the fact that by Burkholder inequality ||Sn.x.Ll|l» < [|€oll+vn, we derive that for
fekh,

1

1 P )
E(f(Sn) — f(ank LSnkL)) < —1anKL||RnKL||TUT T+ 2anKL||RnKL||2 2+ §||Rn,K,L||T-

Since th,L—>oo O K, L = 1 and th,L—>oo HSn_Sn,K,LHT = 0, we get that limKL_)OO HRn,K,LHr =

Consequently, for any r €]2, p|, we get that

Khril CT(PS OénKLSnKL) =0. (64)
Similarly, we derive that
Kliriloo Cr( v202) Ga2 KL“2 KLU2) =0. (65)

Now notice that

_ T
CT(Pan,K,LSn,K,L7 G a2 g v ’K’LUQ) - an,K,LCT<PSn,K,L7 Gvi’K’Lcﬂ) :

Since limg 100 @ k. = 1, it follows that (6.3) also holds for r €]2, p|. Let now

L

Kp,'r,a(n7 K, L) = maX|Cn,j|a Z -r)/2 "
Jez k=—K (manEZ ’Cn,jP + Zf:k+1 Ci,j)(p "/

|Cn7k|pia

Since limg 0o Kpra(n, K, L) = Epm(n), the theorem will be proven if we can show that for

any positive integers K and L,

G(Ps, i1 Goi o o2) < C(maxen|” + Kpraln K, D)) (6.6)

Since by the strict stationarity of (&;), Sy x 1 has the same distribution as Z i1 Cnj— Kk+1&; where
N = L+ K + 1, it follows that (,.(Ps Gy ,2) will satisfy (6.6) as soon as (6.2) holds for

any positive integer V.

n,K,L"’

We turn now to the proof of (6.2). Without loss of generality we assume that ¢ = 1. The
general case follows by dividing the random variables by o.

Let (Y;)ien be a sequence of NV (0, 1)-distributed independent random variables, independent
of the sequence (&;)icz. For m > 0, let T,,,, = ZTZI Cn;Y; and Sy, = 27:1 Cn ;€. Set

15



Sno =T, =0. Let also Z, be a N'(0, max;ez |, ;|*)-distributed random variable independent
of (&)iez and (Y;);ez. Using Lemma 5.1 in Dedecker, Merlevede and Rio (2009) together with
the fact that (.(P.x, Pay) = |a|"(-(Px, Py), we derive that for any r in |0, p|,

CT(PSH,N7 PT'IL,N) S 2CT(PS7L,N * PZTL’ PTTL,N * PZTL) _'_ 4\/5 Hjléazx |Cn7.]|r : (67)

Consequently it remains to bound up

CT(PSMN X PZn7 PTn,N * PZn) = ?uj{) E(f(SmN + Zn) — f(Tn,N + Zn)) .
€Ny

For any m < N, set
fN—m,n(x> = E(f(l’ + Tn,N - Tn,m + Zn))

Then, from the independence of the above sequences,

N
m=1

where
Dm = E(fom,n(Sn,mfl + Cn,mé-m) - fom,n(Sn,mfl + Cn,mYm)) .

For any two-times differentiable function g, the Taylor integral formula at order two writes

g+ 1)~ g(x) = g'(2)h + T1g"(x) + B / (1 - 0)(g"(x + th) — ¢ (x))dt.

Hence, for any ¢ in |2, 3],

/ 1 1 ! _
9t + 1) = gla) — g (2)h — 32" @) <1 [ (1= )lehp" 2lgla, e < Bl (6.9)
0

1
qg—1)
Let

D, - nm]E( ]/\,/—m,n(Sn,m—l)(gfn - 1)) - C?L,mE( ]/\//—m,n(Smm—l)(éfn - Y'n%)) (610)
From (6.9) applied twice to ¢ = fn—mm, T = Spm—1 and b = ¢, m&m or h = ¢ Y, together
with the martingale property,

1
‘Dm oD
2

‘Cnm’
Now E(|Y,,[P) <p—1<(p—1)E|&]|P. Hence

B = | D = (D, /2)] < [enm["El&0l| /N —m.nla, - (6.11)
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We notice now that |fy_mn|a, = |f * @s,]s, where ¢, be the density of the law N(0,¢*) and
02 =FE(Zy+ TN — Tom)? = maxjez |cn)* + Z;‘V:erl ¢z ;- Then, from Lemma 6.1 in Dedecker,
Merlevede and Rio (2009), since p > r and f belongs to A, (i.e. |f]x, < 1),
N
(r—p)/2
— r—p _ 2 2
Fvemals, = 1F % 0,la, < €87 = O maxlensP + Y- 2y)

Jj=m+1

(6.12)

Consequently,

Z CKpypa(n, N). (6.13)

We now bound up D' = D} + D+ ---+ D%. Forany m=1,--- | N,

logy m]
]/\lf—m,n(sn,m—l) = Z ( ;G—(m—Qé*l)—l,n(Sn,m—2£_1) - f],\//'—(m—ﬂ)—l,n(sn,m—ﬂ))
(=1

1 ooty 1S atoesnt).
For any ¢ =1,..., [log, m],
E(( J/\,f—(m—ﬂfl)—l,n(sn,m—ﬂ—l) - ]/\/]_(m_gé)_ljn( m— 2e))($2 ))
(( N—(m—2t-1)—10 (Snm—2¢-1) = fN_(mn2)—1,0(Snm—2¢) ) (&, — 1yfm72g,1))
— E(( N (m—2e-1) 1.0 (Snm—201) = FN_ a1y 1.0 (Snm—2t + Tr 2141 — Tym2t41))
XE(E% — 1 Fm21) ).

Now (6.12) means that for any real  and y,

= E

—p)/2
Fran(@) = Faa)l < O S maxlen, ) -yt 6a)
Jj=i+1
In addition, by Burkholder inequality,
m—2¢"141 1/2
1Szt = Sumez) = Tmorrin = Tomoaes)ll < Clleoly + 1Y) (Y )
j=m—2¢4+1
Consequently by stationarity,
P 2
E(‘(Sn,m—24*1 - Sn,m—Qe) - (Tn,m—%*l—l—l - Tn,m—24+1) ‘E(é—m - ]-|‘7:m—2l*1) )
S ”(Sn,mfﬂ—l - Sn,mfﬂ) - (Tn,m72€_1+1 - Tn,mf2e+1)|‘2_2”E(€gffl - 1‘f0) ”p/2
m—20"141
(r—2)/2
<o X @) IEE - 1UF) e
j=m—2¢+4+1

17



Setting
N
(p—r)/2
. 2 2
B(m, k) := (r?eazxcn,j + | E ) zcm) , (6.15)
j=m—k+

it follows that for any o € [0,p — 2],

N [logy m]
Z ci,m E((f],\/f—(m—Qe*l)—l,n(Sn,m*ZZ_l) - f]/\/f—(m—ﬂ)—l,n(smm*ze)) (gTQH - 1))
m=1 (=1
N [logy m] 2 m—20-141
coya, 3 I e ("5 )
m=1 =1 ’ j=m—2041
[logy N]—1 N o2 m—241 (p—2—a)/2
| al/2 2 _ n,m 2
<Cwaxlenl” Y 2IEE 1R Y pot( D ) .
=0 m=2¢+1 j=m—26+141

Applying Holder’s inequality we get that

2 m—2¢41

N Crm (p—2-a)/2
>, m( > Cig)

m=2¢+1 j=m—20+141

2/(p—) m—2ot —a (p—a—2)/(p—a)
< 3 el )T g (e )T
B B(m,2¢) B(m,2¢)

m=2£+1 m=2¢+1
N 2/(p—a) N m—2¢+1 —a (p—a=2)/(p—)
’Cn m|p—a Vi —a—2)/2 Z j=m—2¢+141 |C’n7j |p
< nml (2° + 1)(10 a=2)/ J )
(m;il B(m, 1) m:%;l B(m,2°)
Since Z;:je:;%“ 1o G5 < 28 maxjez 2 5, we clearly have
N N

(2" + 1)<r?€a,zx ¢+ Z cfw> > max c, + Z c

j=m—2¢42 j=m—2¢+142
Whence
m—2¢+1 _ N m—2041 _
i Lymm-atr g0 (2 + ez 3 S s
B(m, 2%) - B(m, 2t+1)
m=2¢+1 m=2¢+1
a Al ‘
¢ (p—r)/2 |p—a JH26—1<m <2441 -1
< Z<2 +1) |C”J’ Z B(m, 26+1)
- Jeag 7
S (23 + 1)(]7*1“4’2)/2 n’]. .
; B(j,1)
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Taking into account all the above considerations we derive that for any a € [0,p — 2],

N [logy m]
D Chm D E(( N tmezt- 1)1 (Snim—21-1) = FN_m—2)—1.0(Snm—2t) ) (2 — 1))
m=1 =1
< szw”E(@f — 1|Fo) lps2Kpraln, N).
£>0

Since (|[E(&2, — 1|F0)]lp/2)m>0 is a decreasing sequence, Condition (3.1) implies that

> 2PR(& — 1Fo) Iz < oo (6.16)
/=0
Whence
N [logy m]
> G D Bz ty1a(Snmer) = Fozty1n(Snm-20)) (€2 = 1)
m=1 /=1

< CKppa(n,N) . (6.17)

It remains to bound up

Z Cnm ( (m— 9[loga m]) 1 n(Sn,m—2[1032m]>(£3n - 1)) :

We first use the inequality (6.14), and the fact that E( f7 N —(m—alloga ml)_1 n( )(€2,—1)) = 0. Using
the notation (6.15), we get

N
ZCEL mE< ]/\/[ (m— 210g2m])_17n(5n,m—2[1°g2m])(f?n - 1))

m=2

<O B gy 1Snm-atosam [ 2B 7 atocam) = Tl

m=2

Now we notice that 2M°€2™ > 1 /2. Consequently

(& F—ztoss mi) = Lllp/2 < IE(EGn/zFo) = Lllps2

and by Burkholder inequality,

/2
Szl < Clalt( X @)

m—2llog m]
=1

J
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Consequently, since a € [0,p — 2],

chm < N—(m— 2logzm])_l,n(sn,m72[1°g2m])(gzn_ 1))

N 2 m—2llogz m]

(p-2-a)/2
o /2 Cn,m 2 2 —
< Cmax|en| >_m B(m, 2loz2 ) ( Z Cn,n) B2 Fo0) = Lllpy2-

m=2 7j=1
If @ = p — 2, using the fact that mo‘/2||E(§[2m/2]|F0) — 1|2 = O(1), we get the following bound

02

N
Z (Pt S aese )6 = 1)) € Cmaclen™ 3 grots.

Now in the case where o € [0, p — 2[, using Holder’s inequality we then derive that

N
Z Ci,mE< ]/\/]_(m_Q[IOgQ m])_lyn(Sn,m—ﬂlog? mJ)(ern - 1))

|G [P 2/ ()
<C’max|cnj| (ZTD>

_9llogg m] _
Jp—am2) 2ot |Cn i [P "‘)<p—a—2>/<p—a>

a(f;f) fRzac 9
X ( Z m 2 2) 2 (f[m/Q]LFO) 1||p/2 B(m 9[log, m])
m=2 9
Since for any j = 1,...,m — 2lleg2m] Z?—ﬁfigz " 2 . < mmaxyez, cn w We get that

(m + 1)P=/2B(m, 2lloe> m}) > B(j,1).

Hence,
m—2llogz m] p—a
- p—a)/(p—a— 2)2]‘:1 |Cn7j|
me 2 ( [m/2] "7:0) 1”17/2 B(m72[10g2m]>
N Bp—a)/(p—a—2) |p—o
(p—r)/2 m 2 (p—a)/(p—a—2) |Cn
<2 e ||E (& | F) — U 2 BGT
m=2 j>1 J5
Consequently
chm (F3matorzmty 10 (Sungioss (€5 = 1)) £ CKppaln, N) (6.18)

provided that
mBP—a)/(p—a=2)

N
Z (€2, 5| Fo) — 1| 452" < oo,

which holds under (3 ) From (6.7), (6.8), (6.13), (6.17) and (6.18), we conclude that (6.2)
holds.
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6.3 Proof of Lemma 3.1.

For any m € Z, we set

With this notation we then derive that

[e.9]

1—(p—r)/2
(1+ 3 t;ij> A

j=m+1 TLJ j=m-+1

Lp,ra( ) = maX|cw| Z 1+z

Now since |t | < 1and p—a > 2,

[ ( - _ N\ 1-(r)/2
1+ [t |? a) . (6.20)
Z + ZJ ~ b1 |t 7J|p a Z J

mez j=m+1

Lyra(n) < r?ax len |

Using again the fact that [t,,,| <1,

[ [ 2ftnm |

1+ Z;‘imﬂ [tn P~ = 1+ [tnmlP~> +2 Z;‘imﬂ |37~

Now, for any m € Z, set
Ungn =142 > [tng™®, (6.21)
Jj=m+1
and notice that

2’tn’m’p—a _ 2(un,mfl - un,m)

1+ |tn7m|pfa +2 Z;im-i-l |tn,j|pia - (un,m—l - un,m) + 2un,m ‘

Applying the inequality: log(1l + z) > 2x/(z + 2) for z > 0, to = = (Upm-1 — Unm)/Unm, We

then derive that B
[ < log (Un,mq)
Lt 2 g P Un,m

In addition, we notice that for any r € [p — 2, p,

> 1—(p—r)/2
(1 + E |tn7j|p_a> <272 for any x > Unm-
j=m+1

It follows that

3 oo“mm > / /2y

_a\ (P~
meZ (1 +2 Zj:m—i—l |tn,j|p ) g meZ

1423 ez ltn 177
= / z~ P2y
1
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Hence,

« (2 +7')/ .
2 2— p+r( +237 e [ty 77 g if r €]p — 2,p]

)(p 72 = log(1 —1—22]75”73]” “) ifr=p-—2,
jez

D

meZ (1 +2 Z] =m+1 tﬁja
(6.22)
which gives the result by taking into account (6.20) and (6.19).

6.4 Proof of Theorem 3.2.

As in the proof of Theorem 3.1 and with the same notations, it suffices to prove that for any
positive integer N,
G(Ps, > Gz o2) < C(M), + Ly, (n, N)), (6.23)

where

N
> |Cnke|P
Lyr(n,N)=>_ : —.
k=1 (M7’2L + Z;‘V:k-i-l Cz,j)(p 2

We modify the proof of Theorem 3.1 as follows: here Z, is a N(0, M?)-distributed random
variable independent of (&;)icz and (Y;);ez. It follows that (6.12) is replaced by

(r—p)/2
FN—mmla, < c(Mj + max |Cn,j|2> _ (6.24)

We then follow the lines of the proof of Theorem 3.1 to get the bound (6.13) for S _ R, except
that we replace K, .(n, N) by Zw(n, N). In addition we bound up D' = S-N_ D! where D/,
is defined by (6.10), in a different way. We write that for any m =1,--- | N,

-1

Il\lf—m,n(sn,m—l) - ],\//—1,71( )+ (f —(m—j3)— ( n,m— ]) f (m—j),n(sn,m_j—1)>? (625)

7j=1

3

since S, 0 = 0. Now for any j =1,...,m — 1,

E((F—ngy—1.0(Snm=s) = sy o (Snam—s-1)) (€5 = 1))

= E(( ]/\/77(m7j)71,n<5n7m*]’) o Zl\/ff(mfj)fl,n(sn,m*jfl + Tn,mfj#»l - Tn,m*]))E<€r2n - 1|fm*1)> :
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Using (6.14) (with M, instead of maxjez |, ;|), the stationarity of (&;)iez, and the fact that
E(fX_1,(0)(&2 — 1)) = 0, it follows that

-1

N
D' = ZC n,m E N (m—j)— (Sn,m—j)_ J/\/ff(mfj),n<5n,m—j—1))<§12n_1))

7=1

3

N—1 N—1 N
_ r— 2
< OY NGl EE - 1R Y. Eulenml M2+ Y @)
j=1 m=j+1 k=m—j+2
N-1 N-1 N oy
_ r— 2
+CYIEE - 1UF) I Y EolenmojnP2ME+ Y 2 )"
Jj=1 m=j+1 k=m—j+2
From Holder’s inequality, we get that
N-1 N —p N o ]?
2 —2 2 2 2 n,m
Z Cn,m‘cn,m*j‘p (Mn + Z C"vk> S Z '
m=j+1 k=m—j+2 m=1 (M2 + Zk m+2 nk>(p n/2
Similarly
N-1 N rep N Cnm]?
2 p—2 2 2 2 n,m
Z Cnymycn,mfj+1| (Mn + Z Cn,k) S Z
m=j+1 k=m—j+2 m=1 (M2 + Zk m+2 Cn k)(p /2
Consequently if (3.9) holds,
N
|Cnm|?
D <cC ’ ) (6.26)
Z M2 + Ziv:mw C%,k)(p_rm

This ends the proof of the theorem.

6.5 Proof of Comment 3.4.

Using the notations and arguments given at the beginning of the proof of Theorem 3.1, it suffices

to prove that for any positive integer NV,
¢ (P an 2 o 2) < C’maZX|cn7j|p_2. (6.27)
j€

With this aim, we follow the lines of the proof of Theorem 3.2 with M,, = max;ez |c, |, except
that we give more precise upper bounds for the terms S~ _| R, and D’ = 2 _ D/ than (6.13)
and (6.26) (recall that R,, and D! are defined respectively in (6.11) and (6.10)). Indeed Taylor’s
formula at orders two and three and the strict stationarity give

’ nm‘ 3
R < (G (15l A Il maxlenglleo) ) + 2L 12 WE(YSP) . (6.25)
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In addition using the fact that S, o = 0 and E(fx_,,,(0)(&2, — 1)) = 0 for every m =1,..., N,

and the stationarity, we derive that

m = Chm ZE N mn nm J) ],\//—m,n(S'fl,m—j—l)>(572n - 1)) :

Then using again the stationarity, we get

N—1 N-1
ZD’ CY D> @ E(Avm(&, ) [EE - 1F)|) (6.29)
=1 m=j+1
where Ay .(&0,Y1) == || f N mnlloo A (|| N mn||oomaxk|cn7k|(|§0| + |¥3])). Notice now that for

any positive integer 1, ||f]\,_m,n||C>Q = || f = ¢5ln)||oo where ¢; is the density of the law N(0,t?) and
02 = maxjez |cnj|* + Z;‘V:erl ¢y ;. Since f belongs to A, (i.e. |f|x, < 1) and r = p—2, it follows
from Remark 6.1 in Dedecker, Merlevede and Rio (2009) that for any integer i > 2,
. (p—2-1),2
1A mlloe < Ci( S e 5+ maxle,, )

Jj=m+1

, (6.30)

where C; is a positive constant depending on 1.
We first bound up D’. Starting from (6.29), using (6.30) and the notation (6.19), and setting
forany m =0,..., N,

Uy =142 Z 2, (6.31)

j=m+1

we obtain that for any j =1,..., N — 1,

N-1

> B (Avan (G0, Y[EE — 11F0)])
m=j+1
N-1

t2
- b2 ( 2 B n,m
< Cmax|en " E(|E(S 1|f0>\m;1 TS B

where By (&, Y1) == 1A (1+ S0 t2 )72 (1] + [Y1]). Now, we bound up By (&, Y1) as

follows:

Bum(&.71)) . (632)

|&o] + |1
<1 + 3 hemi tik) v
Since t,zwn <1, U1y <3(1+ ZszmH tik) Moreover t, , n > 1+ Ziv:mﬂ ti’k. Therefore,
o] + Y1
<1 + chv:erl tik) v
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Brm(&o, Y1) S Tyiyy e <(eolemne T N 22> (oY ])?

Bym(&0, Y1) < Lo,y w<s(eol il + Lo > (60l +Y2])2 - (6.33)



As in the proof of Lemma 3.1, the following inequalities are valid:

|tn,m|2 <1 Un,m—1,N
N , Sog\ | (6.34)
T4+ i [tng] Un,m,N

and since p > 2, for any & > Uy m N,

= 1-(4-p)/2
(43 o) et
J=m+1
Consequently, since p > 2,
N—-1 tiym

I,
Z (1+ chvzmﬂ ti,k)(‘**p)/? n.m—1.8 <3([o[+Y1])?

m=j+1
N-1 Un,m—1,N
—(4—p)/2
S Z (/ xr ( p)/ d$> ]Iun,m—l,NSB(‘fO|+‘Y1|)2

m:]+1 Un,m,N

3(I¢ol+Y1l)?
< / w0 < 2(p = 2)7BO (Gl + W) (6.35)
1

On the other hand, using once again the fact that w,,—1 v < 3(1+ chv:m—i-l t2 ), We get that

N-1 tQ
e e N
N _ un,m,N_(‘£0|+‘Y1|)
m=j+1 (1 + Zk:m-‘rl ti,k)(5 P)/2
N-1 t2
3— n,m —3)/2
< 3@ RN ul P, (el w2

N 2
m=j+1 L+ Zk‘:m—‘rl tn,kz

Consequently by using (6.34) and the fact that if © < w,,,—1 n then uflpr_ng_){QN < xP=3/2 (since
p < 3), we derive that
N-—1 t2

L,
Z (1 + Z}]C\/v:m+1 tzhk)(f)fp)/Q n,m,N=>

m=j+1
N-1 UL N
< 3(3*19)/2 Z (/ x(p73)/2dx> ]Iun,m,NZ(\§0|+|Yl|)2

(I€ol+Y11)?

m=j5+1 Un,m,N
< 36-n)/2 /ﬂé e 2P 20 < 23— p)13BP2(|g| + VAP, (6.36)
o|+|Y1

Starting from (6.32) and considering the bounds (6.33), (6.35) and (6.36), we derive that

N-1
D' < g leng ™ 3 6 v DIE(EEI) = ol
j:
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Consequently, under (3.9),
D' < C'max]|e, ;|P2. (6.37)
jEZ

Now, we bound up Zgzl R,,. According to the arguments developed above, we first get that

N
> 2B (& U5 malloe AN ol miax el €0]))

m=1

N 2

t
< p—2 ( 2 n,m )
_C’r?eazx|cnﬁj| E(&; g ~ n, 2

_ Un,m 1,N§3£
m:l 1 + Zk:m-‘rl ti,k)(4 p)/2 ’

t2
2
FCmaxens” E(’“ Z (14N 12,)6D)/2 ][“"’WN?&%)'
k=m+1 "n,k

With the same arguments used to get (6.35) and (6.36), we obtain that

N
D R B(&UF il A oo max el 60]) ) < Cmax ey 2liolly. (6:39)

m=1
On the other hand, considering the bound (6.30), we get that
t2
14+ Xhmi t?z §) P2

Z ennl I Al < Cmax e - 22

As to get (6.36), we then derive that

N [e.o]
S leun I ol € Cmaxlen, 23000 [ el

1
< P2 :
C max |cn ;] (6.39)

Starting from (6.28) and collecting the bounds (6.38) and (6.39), we obtain that

i[1]-

R,, < Cmax|c, ;["2. (6.40)
JEZ

m=

Taking into account the bounds (6.37) and (6.40), (6.27) is proven, and so is Comment 3.4.
6.6 Proof of Comment 4.5.
We shall prove that (4.11) implies (3.5) for Fo = o(n;,7 < 0). Notice that

E(§Z|f0) - E(fg) = E(U?Jfo) - E(UTQL) 3
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where o7, is defined in (4.10). Since E(n§) = 1 and )., ¢; < 1, the unique stationary solution
to (4.10) is given by Giraitis et al. (2000):

ol =c+ CZ Z Cir oo Gl - 'nTQL—(j1+~'+jg) . (6.41)

IBEIF) ~ Bz < 26|30 3 et i iz
0=1 j1,0rjo=1 r/
[e's) 00 l

< 202' > i Lspyalmll
< 2c||no|r226fe“ Z i

=[n/4]

Consequently under (4.11), ||E(&2|Fo) — E(&3)|,2 = O(n™"), so that (3.5) holds as soon as
b>p/2—1.

6.7 Proof of Theorem 4.1.

Following Volny (1993), if (4.12) holds, then
§o=do+Z—ZoT, (6.42)

where Z belongs to IL”. For any j > 1, let R; =37 _ (& —di,) and R; = 320 _ (€ — d_y), and
let also Ry = Ry = 0. From (6.42), we easily infer that

”Rij < 2||Z||p and HRij < 2||Z||p~ (6.43)

Let T), = ZjeZ Cn,jdj, and A, = S,, —T,,. For any n > 1, one has that

Ay, = cn0(80 — do) chj ‘)"‘chﬁj(fﬁ'_d*j)-
j=1

By assumption (4.13), for any n > 1, > .5 |¢nj — ¢n 1] < co. From (6.43), it follows that the
two series

o0

D (njor = caj)Ricy and Y (enjo1 — Cnj)Rj

j=1 j=1
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converge in IL?. Hence, an Abel transformation gives

Ay, = cpo(§o —do) + Z(Cn,j—l —cnj)Rj-1 + Z(Cn,—j—l - Cn,—j)Rj—l ;

j=1 j=1
so that
18ally < 2170 (lenol + 3 lanss — a) (6.44)

JEZ
On the other hand, for i > 0,

< lenol + Y lanrs — aj
JEL

|Cn,z‘| =

i
Cn0 T+ Z(Cn,j — Cnj-1)
j=1

and the same upper bound is valid for ¢,,; with ¢ < 0. It follows that Condition (4.13) implies
Condition (4.4). Consequently, if the sequence (d;);cz satisfies (3.5), it follows from Corollary

4.1 that
Cnlr/? if r €]p — 2, p]

6.45
Cn'=P2logn ifr=p—2, (6.45)

CT(PTn/’L)na ng) S {

where 02 = E(d§) = Y7 E(&o&)-

We now complete the proof of Theorem 4.1 with the help of (6.44) and (6.45).

If fe A, withr e [p—2,1], then

E(F(05,) — £ T)] < 07185 < O (lewsl + 3 lans — a,1)'
jez

and the last bound is O(n~"/2) by (4.13). Then if r € [p—2, 1], Items 1 and 2 follow from (6.45).

If f € A, with r €]1, 2], from the proof of Lemma 5.2 in Dedecker, Merlevede and Rio (2009),
we get that

E(f (v, Sn) = Fn T < v (AR + A1) -

Since ||Ty||» < ||Twll2 = ovn, we obtain that

r
enal + Syezlams =l (lenal+ Eiesfonss = o)

Un, [

E(f(v;1S,) — f(ug'T)| < C

and the last bound is O(n~"/2) by (4.13). Then if r €]1,2], Item 2 follows from (6.45).

We turn now to the proof of Item 3. If f € A, with r €]2,p|] and if ¢ > 0, we set a,, =
1Sull2l| Tl " Following the proof of Lemma 5.2 in Dedecker, Merlevede and Rio (2009) and
setting A, = A, + (1 — o) 7T}, we get that

1

Tl 1Al
(r =1y, '

s T
2vun 2y

E(f(v,"Sn) = flawv, ' Tn)) < o Al Tl + OzZ_QIIAnII?l
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Now a, = O(1) and [|A, [l < [[Anllr + [1 = au[[| Tl Since |[[Slls = | Tulla| < [|Anll2, we infer
by using (6.44) (with p replaced by r) that

|cnol + ZjeZ |ntj — ayl

Un,

1 —a,| <C
Hence, applying Burkholder’s inequality for martingales, we infer that

18l < € (lenol + 3 lanss = as])
JET
Consequently
2
|cnol + Zjez |@ntj — aj " (‘Cn,0| + Zjez |ty — aj|)

Up, v2

<|Cn,0| + Zjez |an+j - aj|)r>
M)

r
Up,

E(f(v7"50) = J(oney ' T2)) < O

_|_

and the last bound is O(n~/2) by (4.13). Then if r €]2,p] and 0% > 0, Item 3 follows from
(6.45) and the fact that

CT(Panvngyﬂ GU%) = a:zCT(PvﬁlT,ﬁ GUQ) .

It remains to consider the case where r €]2, p| and 0% = 0. In this case S, = A,. Let Y be
a N (0,1) random variable. Following the proof of Lemma 5.2 in Dedecker, Merlevede and Rio
(2009), we get that for any f € A,

1
(r—1)v,
where A, = A, — 0,v,Y. Since g,v, = [|Aull2 < ||An|» and since ||A,]l, = O(v,n~/?) by
(6.44) and condition (4.13), we get that ||A,||, = O(v,n~/2). The result follows. [J

1

o111

[E(f (v, Sn) = foaY))] <

A r— 1 A r—
1Al Y [ + 572 12nlZ oY 11772 +

6.8 Proof of Corollary 5.2.

We apply Theorem 3.2 with M, = a,(> ", af)~! = O(n"') which gives the upper bound

i

G (Ps, funs Go2) < Cup" (M + Ly (n) + Liz)(n)) where

and




With the above choice of M,,, we get that for any r € [p — 2, p],

Now

Therefore,

v, "M < CntP?

[n/2)-1
v, "L (n) < Cv;(nai)(rfp)/z Z o
k=1

Cn1=p/2 ifyp>1
v,"LM(n) < CnlP2log(n) if yp =1

Cn'—r/? if yp < 1.

Now, we bound up v ”Lpr( ) by noticing first that

which leads to

[n/2]—1
-r7(2 r— )/2
Up, Lp,r( ) < C’Una[n/2] n Z k P
U;TE (2) ( ) Cn'—»/? If r E]p - 27p]
Cn'=?2log(n) ifr=p—2.

(6.46)

(6.47)

(6.43)

Collecting the bounds (6.46), (6.47) and (6.48), we obtain (5.3) in the case r €|p—2, p| and (5.4)

in the case r = p
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