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Abstract

We prove a central limit theorem for the d-dimensional distribution func-
tion of a class of stationary sequences. The conditions are expressed in terms
of some coeflicients which measure the dependence between a given o-algebra
and indicators of quadrants. These coefficients are weaker than the corre-
sponding mixing coefficients, and can be computed in many situations. In
particular, we show that they are well adapted to functions of mixing se-
quences, iterated random functions, and a class of dynamical systems.
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1 Introduction

In 1952, Donsker proved the weak convergence of the empirical distribution function
of iid random variables to a Brownian bridge, which provides as a straightforward
consequence the asymptotic behavior of the Kolmogorov-Smirnov statistics. Dud-
ley (1966) clarified the notion of weak convergence on nonseparable metric spaces,
and obtained a central limit theorem for the d-dimensional empirical distribution
function.

An early result of Billingsley (1968) extended Donsker’s theorem to ¢-mixing
sequences in the sense of Ibragimov (1962), provided that >, k*\/¢(k) < oc.
In 1979, Yoshihara obtained the same result for a-mixing sequences in the sense
of Rosenblatt (1956) under the condition a(n) = O(n~*) for some a > 3, and
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Dhompongsa (1984) proved the weak convergence of the d-dimensional empirical
distribution function provided a(n) = O(n=?) for some a > 2 + d. The rate given
by Yoshihara has been first improved by Shao and Yu (1996) to a > 1 + /2 and
next by Rio (2000, Theorem 7.2) to @ > 1. In fact, in Theorem 7.3 of his book, Rio
(2000) has shown that the rate a(n) = O(n~?) for some a > 1 is sufficient for the
weak convergence of the d-dimensional empirical distribution function. This last
result is remarkable, for the rate of mixing does not depend on the dimension d.
In the case of [-mixing sequences in the sense of Rozanov and Volkonskii (1959),
Rio (1998 Theorem 1, 2000 Corollary 8.2) obtained the slightly better condition
> k0 B(k) < 00, as a consequence of more general results for classes of functions.

Unfortunately, mixing is a rather restrictive condition, and many simple Markov
chains are not mixing. For instance, if (¢;);>1 is iid with marginal B(1/2), then the
stationary solution (X;);>o of the equation

1
X, = 5(Xn_l +€,), Xo independent of (€;);>1 (1.1)

is not a-mixing (more precisely a(o(Xy),0(X,)) = 1/4 for any n). This example
is not an exception: the chain satisfying (1.1) is the Markov chain associated to
the dynamical system generated by the map 7'(z) = 2x — [2z] on the space [0, 1]
equipped with the Lebesgue measure, and it is well known that such dynamical
systems are not a-mixing in the sense that a(o(7),0(7T™)) does not tend to zero as
n tends to infinity. Once again, the first work to mention in this framework is that of
Billingsley (1968, Theorem 2.2), who proved an empirical central limit theorem for
functions of ¢-mixing processes. Functions of mixing processes cover a large class
of examples, such as linear processes or more general time series, as well as certain
dynamical systems. More precisely, assume that 7" is a map from [0, 1] to [0, 1], with
finite partition {/y, ..., Ix} of [0, 1] into intervals of continuity and monoticity of T
such that |T”| > A > 1 on any interval of the partition. If moreover the absolutely
continuous T-invariant probability measure p is unique and (7', u) is weakly mixing,
Hofbauer and Keller (1982) have proved that the label process defined by &, (z) =i
if T"(x) € I;, is f-mixing with exponential mixing rate, and 7" = f((&;);>n) for
some measurable f.

In their Theorem 5, Borovkova, Burton and Dehling (2001) obtained the weak
convergence of the empirical distribution function for functions Xy = f((&4x)iez) of
[-mixing processes. Their assumption is two-part: a rate of mixing on the under-
lying sequence (§;);cz and a condition involving the rate of convergence to zero of
the quantities a; = ||f((&)iez) — E(/((€)ie)lo(&, 1] < D). Many examples are
given in this paper. In particular, the result applies to the empirical distribution
function of the sequence X; = T" on the probability space ([0,1], 1), when T is an
expanding map as described in the paper by Hofbauer and Keller (1982) (in that
case a; decreases to zero with an exponential rate).



The example of uniformly expanding maps 7" of [0, 1] has been also studied by
Collet, Martinez and Schmitt (2004). As in Hofbauer and Keller (1982), they assume
that there is a finite partition of [0, 1] into intervals of continuity and monoticity of
T, but the condition on T is weakened to: there exist A > 0 and A > 1 such that
|(T™)'] > AX™ for any positive integer n, on any interval of the partition associated
to T™. If moreover the absolutely continuous 7T-invariant probability measure pu is
unique and (7', ) is weakly mixing, they have proved the weak convergence of the
empirical distribution function of the sequence X; = T% on the probability space
([0,1], ). Their proof is classical: they use the spectral properties of the adjoint
operator of T to derive some covariance inequalities as well as some appropriate
moments inequalities, from which both finite dimensional convergence and tightness
follow. Note that in this context, it would have been much easier to apply a result
given in Doukhan and Louhichi (1999), which we shall recall hereafter.

The idea of Doukhan and Louhichi (1999) is simple: since the only functions
we want to control are indicators of half lines, a dependence condition involving
only the functions * — 1,<;, or at most the differences f;,(v) = T,<; — L.,
should be enough to obtain an empirical central limit theorem. Starting from a
tightness criterion given in Shao and Yu (1996), they proved the weak convergence
of the empirical distribution function of a stationary sequence (X;);~o of real-valued
random variables provided

sup  sup  |Cov(fse(Xy)fse( X)), fsi(Xi) fs2(X)))] = O(n™?) for a > 5/2. (1.2)
s,t€R i<j,j+n<k<I
Note that (1.2) is satisfied by the class of expanding maps 7" considered in Collet,
Martinez and Schmitt (2004): more precisely, using the spectral properties of the
adjoint operator of T' in the space of bounded-variation functions, one can easily see
that the decay of the correlations is exponential (see Section 6.3 for more details).
In fact (1.2) is satisfied for many other non mixing processes, as one can see from
the examples of Section 6.
However, when applied to strongly mixing sequences, the condition (1.2) leads
to the rate a(n) = n=° for some a > 5/2: it is better than Yoshihara’s (1979),
but clearly worse than Rio’s (2000). Two natural questions are: can we obtain a
better rate than Doukhan and Louhichi, for some measure of dependence based on
indicator of half lines? If yes, can we obtain similar results for the d-dimensional
empirical distribution function? Let us now describe one of the main results of this
paper. Let (X;);ez be a stationary sequence of Ri-valued random variables with
common distribution function F(t) = P(X, < t) (as usual z < t if and only if
@ < 0 for any 1 < 4 < d), and let My = o(X;,i < 0). Define the function



gi(x) = T,<; — F(t). If there exists a > 1 such that

sup || sup |E(g:(Xx)|Mo) |H =0(n ") and

k>n ' teR
sup || sup [B(g:(Xi)g5 (X0 | Mo) — E(gi(Xi)gs (X0)| | = 07),  (13)
k>1>n 1l steR 00

then we can prove a central limit theorem for the d-dimensional empirical distribu-
tion function in the space of bounded functions from R¢ to R equipped with the
uniform norm. Here, as in Rio’s (2000) result for strongly mixing sequences, the
rate O(n~%) for a > 1 does not depend on the dimension d. Condition (1.3) is a
consequence of a more general result given in Theorem 1: one can take any other
LP-norm instead of the L*-norm in (1.3), but the rate will depend on p and on the
dimension d. For instance, for p = 1, we obtain the rate O(n~%) for a > 2d, which
is again better than the rate given by (1.2) in the one-dimensional case.

As one can see from (1.3), the dependence coefficients which appear are general-
ization of the coeflicients introduced in Dedecker and Prieur (2005): the difference
is that we need to control the dependence between two points (X, X;) in the future
and the o-algebra M. Nevertheless, we shall see in Section 6 that all the examples
given in our 2005 paper may be handled similarly for these new coefficients. The
main tools for the proof of the empirical central limit theorem are a Rosenthal-type
inequality given in Dedecker (2001) and a new tightness criterion inspired from that
given in Andrews and Pollard (1994). As in Theorem 8.4 in Rio (2000), another
important point is to control the size of the class F = {I,<;,t € R} with respect
to an appropriate measure @) related to the dependence structure of the sequence
(Xi)icz (see equation (4.14) and inequality (4.15)).

2 Definitions

We first introduce the following dependence coefficients:

Definition 1 Let (2, A,P) be a probability space, let M be a sub o-algebra of A,
and let d be a given positive integer. Let X = (Xi,...,Xx) be a random variable
with values in R*. Let Px be the distribution of X and let Pxm be a conditional
distribution of X given M. For 1 <i<kandtinR? let g;;(z) = T,<,—P(X; < t),
where x < t means that ) < tY) for any 1 < j < d. Define the random variable

/Hgtzxz ]PX|M dﬂ? /Hg“xz ]P’X da:)

with Pxpm(dx) = PX‘M(dl’l, ..., dxy) and Px(dz) = Px(dzy,...,dzxg). For any p
in [1,00], define the coefficient

bM, Xy,..., Xg) = sup

77777 c Rkd

Bp(M, X1, ..o, X)) = [|b(M, X1, ..., Xp)||

p
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For p=1 or oo, we shall use the notations (M, Xy, ..., Xg) = (M, Xq,..., Xx)
and ﬁoo(Ma Xla Ce ,Xk) = ¢(M,X1, e an:)
Let Ay (R¥) be the space of functions f satisfying

|f(x17"'7‘rkd) (ylv" » Ykd | < Z|xz yz .

Let p > 1 and assume that X belongs to LP(P) for any 1 < j < d and any
1 <i < k. Define the coefficient

(M, X1, X)) = Hsup{’/f(x)]?xw(dx)—/f(:c)IP’X(dx),

(R*)}

The coefficients 7, and 7o, have been introduced and studied in Dedecker and

p

Prieur (2005), Section 7. Note that the coupling properties of these coefficients,
given in Section 7.1 of our 2005 paper, follow immediately from Proposition 6 in
Riischendorf (1985) (the reference to this article is clearly missing in our 2005 paper).

In the particular case where d = 1, the coefficients 3, can be defined via some
appropriate function spaces.

Proposition 1 Let BV; be the space of left continuous functions f whose bounded
variation norm is smaller than 1, that is df is a signed measure such that ||df|| =
sup{|df (9)|, |g9llcc <1} < 1. Let X = (Xq,..., X)) be a random variable with values
in R¥. If f is a function in BVy, let fO(z) = f(z) — E(f(X;)). Keeping the same
notations as in Definition 1, we have the equality

b(M, Xq,..., X)) = sup

Proof of Proposition 1. Assume without loss that f;(—oo) = 0. Then

() = — / (Loes — P(X, < 1)) dfi1)

Hence, with the notations of Definition 1,

/Hf 2:) Py p(dr) = //Hg“xl]P’dex)delz,

and the same is true for Px instead of Px.. From these inequalities and the fact
that |df;|(R) < 1, we infer that

/Hf () Pxm(dx) — /Hf IZIP)de’<b(MX1,..., %)

The converse inequality follows by noting that + — 1,<, belongs to BV;.

sup
i, fr€BWV

We now define the coefficients 3, and 75, for a sequence of o-algebras and a
sequence of R%valued random variables.



Definition 2 Let (2, A,P) be a probability space. Let (X;);>o be a sequence of
random variables with values in RY, and let (M;)i>o be a sequence of o-algebras of
A. Foranyp>1, k€ N"U{oco} andn > 1, define

Brp(n) = max sup Bp(Mi, Xy, oo, X5)

1<i<k i+n<j1<--<Jjp

1
Tep(n) = max — sup (M, X, X))
t<isk | ipn<ji<<jy

For p =1 or oo, we shall use the notation fB(n) = Pr1(n) and ¢r(n) = Breo(n).

3 Results

Let (X;)icz be a stationary sequence of random variables with values in R? and
common distribution function F', and let M; = o(Xj,j < ). Let F}, be the empirical
distribution function: for any ¢ in RY F,(t) = n7'> " Ix,<;. In Theorem 1
below, we give sufficient conditions for the process {\/n(F,(t) — F(t)),t € R} to
converge in distribution to a tight Gaussian process on the space £ (R?) of bounded
functions from R? to R equipped with the uniform norm | - |, (for more details on
weak convergence on the non separable space (*(R?), we refer to van der Vaart
and Wellner (1996); in particular, we shall not discuss any measurability problems,
which can be handled by using the outer probability).

Recall that a random variable X with values in £>°(IR%) is tight if for any positive
¢, there exists a compact set K, of ({*°(R%),| - |») such that P(X € K.) > 1 —e.
A random variable G with values in ¢*°(R%) is a gaussian process if every one of
its finite dimensional marginals (G(¢;), ..., G(tx)) is normally distributed. If G is a
tight gaussian process then it is also Gaussian as an (*°(R?)-valued random variable:
for every element d of the dual of £>°(R%), the real-valued random variable d(G) is
normally distributed.

Consider the two conditions :

(C1) There exist € in ]0,1] and p’ > d(2 + €)/2¢ such that By (k) = O(k~'7°).
(C2) There exists € > 0 such that >k By 41 (k) < +o0.

Theorem 1 If either (C1) or (Ca) holds, then {\/n(F,(t)—F(t)), t € R} converges

weakly in (= (R?) to a tight Gaussian process with covariance function

(t,s) =Y Cov(lx,<r, Ix, <) (3.1)
kEZ

In the next proposition, we give sufficient conditions for (C;) and (C2) to hold, in
terms of the coefficients ¢, (2, T2  and 7 ;. Consider the conditions (Cs), (C4), (Cs)
and (Cg):



(C3) There exists € > 0 such that ¢o(k) = O (k7179).
(C4) There exists & > 0 such that f(k) = O (k7247¢).

(Cs) Each component of X; has a bounded density and there exists ¢ > 0 such that
Toco(k) = O (K7279).

(Cs) Each component of X; has a bounded density and there exists & > 0 such that
(k) = O (k~4-9).

Proposition 2 The following implications hold:
(65) = (Cg) = (Cl) and (CG) = <C4) = (CQ)

Remark 1. In this remark, we shall discuss on the optimality of the conditions
(Cs) and (C4). This is a delicate matter, because very few is known on this subject.
A reasonable conjecture is C: the minimal conditions in terms of the coefficients
Po (resp. ¢9) to obtain the weak convergence of the empirical distribution function
are the minimal conditions in terms of the coefficients (35 (resp. ¢2) to obtain the
central limit theorem for bounded random variables.

For the coefficient (35(7), the minimal condition to obtain the central limit the-
orem for bounded random variables is ), ., B2(k) < oo (for the optimality, use
Theorem 4 in Bradley (1997) and the fact that S(M, X, Xs) < B(M,0(X1, Xa)),
according to Proposition 9 of Section 5). If the conjecture C is true, the condition
(C4) is not optimal, even if d = 1. By contrast Rio’s result (1998) for [-mixing
sequences in the sense of Rozanov and Volkonskii (1959) is optimal for any d.

For the coefficient ¢,(7), we do not know what is the minimal condition to obtain
the central limit theorem for bounded random variables. What we can prove is that
it holds provided that Y, , k™ /2¢2(k) < co. It follows that, if the conjecture C
is true, the condition (Cs) is not optimal. However, in that case, the loss does not
increase with the dimension.

Remark 2. If d = 1, Prieur (2002) proved an empirical central limit theorem
under a condition on the s-weak dependence coefficient (i), which is similar (but
weaker) to our coefficient 7., 1(i). From Prieur’s result, we infer that if X, has a
bounded density and 7o 1(n) = O(n 272V27) then the conclusion of Theorem 1
holds. Since 791(n) < 7w 1(n), our condition (Cs) gives a better rate. Moreover, for
all the examples studied in Prieur (2002), we can obtain the same bounds for 7, 1 (%)
as those obtained for 0(1).

Proof of Proposition 2. The facts that (C5) = (C3) and (Cs) = (C4) follow from
Proposition 6 of Section 4. The fact that (C3) = (Cy) is straightforward. Since
the random variable b(M, X,Y") is almost surely bounded by 1 (see Proposition 9,

Section 5), we infer that By gre(k) < (B2(k))Y ) so that (C4) = (Co). O



4 Proof of Theorem 1

We first recall two moment inequalities given in Dedecker [9].

Proposition 3 Let (X;)cz be a stationary sequence of centered and square inte-
grable random variables and let S, = X1 +---+ X,,. Let M; = o(X,,j <1). The
following upper bound holds

IS0l < (Vo) + (302 (163 -+ M) + Ma(p) + 23 )

where
N
Vv = E(Xg)+2 Z [E(XoXk)|
k=1
+oo -1
Mi(p) = Z Z [ XoXmE(Xitm|Ma)[/3
=1 m=0
+oo +oo
Mo(p) = D > IXoE(XimXipm — B(Xm Xipm) [ Mo) 3
1=1 m=I

12
Ms(p) = §ZIIX0E(X§—E(X;?)!Mo)!\p/s-
k=1

Proposition 4 We keep the same notations as in Proposition 3. For any positive
integer N, the following upper bound holds

150l < (om (Vi + 2000002 + (36 (X3 + Va(p) + V() + 2s()) )

where

+00
Mo(p) = D IXoE(Xi| Mo)llp2
=N

—_

M1(p) = Z

MQ(F) = Z

=1

[ X0 X E(Xipom | M) |3

N—-11—-

||XOIE (X Xipm = E(Xn X ) [ Mo) I3 -

M i

Next we recall the notion of number of brackets.

Definition 3 Let () be a finite measure on a measurable space X. For any measur-
able function f from X to R, let || fllg., = QUfI)Y". If | fllo. is finite, one says that
J belongs to Lgy. Let F be some subset of Lyy. The number of brackets No.(e, F) is
the smallest integer N for which there exist some functions fi” < fi,...,fx < fn
in F such that: for any integer 1 < i < N we have ||f; — fi |lor < €, and for any
function f in F there exists an integer 1 < i < N such that f; < f < fi.

8



Before proving Theorem 1 we state an uniform law of large numbers under a brack-
eting condition.

Proposition 5 Let (X;);>0 be a sequence of identically distributed random variables
with values in some measurable space X, with common marginal distribution P.
Assume that for any f in F, n=t Y7 f(X;) converges almost surely to P(f). If
Npi(z, F) is finite for any x > 0, then

lim sup |P,(f) — P(f)|=0 Pp.s.

n—o0 feF

Proof of Proposition 5. The same as for i.i.d. sequences (see for instance van der
Vaart and Wellner (1996), proof of Theorem 2.4.1 page 122). O

The main step in the proof of Theorem 1 is the following proposition, whose
proof is based on a decomposition given in Andrews and Pollard (1994) (see also
Louhichi (2000)).

Proposition 6 Let (X;);>1 be a sequence of identically distributed random variables
with values in a measurable space X, with common distribution P. Let P, be the
empirical measure P, = n~" Y 0x,, and let Z,, be the normalized empirical process
Zn =/n(P, — P). Let Q be any finite measure on X such that Q — P is a positive
measure. Let F be a class of functions from X toR and G = {f—1,(f,1) € F x F}.
Assume that there exist r > 2, p > 1 and q > 2 such that for any function g of G,
we have
1Za(9)ll» < Cllglgs +n's772),

where the constant C' does not depend on g nor n. If moreover

1
/ 2N (Noa (2, F) e < oo and  lim a?TING (2, F) = 0,
0

Tr—

then
lim limsup]E( sup |Zn(g)\p) =0. (4.1)
070 n—oo NgeGllgllga<s
Proof of Proposition 6. It follows the line of Andrews and Pollard (1994) and
Louhichi (2000). It is based on the following inequality: given N real-valued random
variables, we have

4 1/p .
| ma |Zilly < N7 max [1Zi]- (42)

For any positive integer k, denote by N = Ng1(27% F) and by F a family of
functions f1"~ < fF,... fv < fk in F such that ||fF — f"7|lg1 < 27%, and for
any f in F, there exists an integer 1 < i < N, such that ff’f < f<fh

First step. We shall construct a sequence hy,)(f) belonging to Fi,) such that

lim

n—oo

?161]2 |Z(f) — Zn(hk(n)(f»’

= 0. (4.3)

p



For any f in F, there exist two functions g, and g} in Fj, such that g, < f < g}
and ||g} — g; llo.1 < 27%. Since @ — P is a positive measure, we have the inequalities

21 = Zar) < Zulad) = Zulop) + = SOE( ~ (X))

< 1 Zulg) = Zulgi )| + Vn2 7"
Since g, < f, we also have that Z,(g;) — Z.(f) < v/n27%, which enables us to
conclude that |Z,(f) — Z.(9;)] < 1Za(g) — Zn(g;,)| + v/n27%. Consequently

?e{I;IZn( ) = Znlg)l < max |Z, (fF) = Za(fF ) + 27" (4.4)

Combining (4.2) and (4.4), we obtain that

sup |Z,(1) = Zu(gi )| < N ma 1Z,(75) = Zu(FF )+ w2 (45)

feF 1<i<Nj,

Starting from (4.5) and applying the inequality of Proposition 6, we obtain

sup | Z,(f) - Zafg | < OO 4 N g 2k (a)
S

From the integrability condition on Ng ;(x, F), and since x — z0="/" A (2, F)/P is
non increasing, we infer that A /P9=k/" tends to 0 as k tends to infinity. Take k(n)
such that 28" = \/n/a, for some sequence a, decreasing to zero. Then /n2=*"
tends to 0 as n tends to infinity. Il remains to control the second term on right hand

n (4.6). By definition of Ny, we have that

1 \rla—2)/
)p a-2)/q (4.7)

Niuyn?M171/2) = N (% f) <%

Since xp(q_2)/p./\/’Q,1(a:,.7-") tends to 0 as x tends to zero, we can find a sequence a,,
such that the right hand term in (4.7) converges to 0. The function hym)(f) = g;,)
satisfies (4.3).

Second step. We shall prove that for any € > 0 and n large enough, there exists a
function h,(f) in F,, such that

sup |Zn(hM(f)) - Zn(hk(n)(f))

feF

<e. (4.8)

p

Given h in Fy, choose a function Ty (h) in Fr_y such that [|h—Ty_1(h)||g1 < 27+
Denote by m, = Id and for | < k, m(h) = Ty 0---0Ti_1(h). We consider the
function A, (f) = Tm k) (hew) (f)). We have that

sup |2, (hu) = Zu(i)I | < Z Hsupyz Tkt () — Zo (11 ) ()|

feF P

(4.9)

10



Clearly

max |Z,(f) — Z.(T1-1(f))|

Sup | Zn (716 n) (Pe(n)) — Zn (T1—1,10n) (P | max

fer

<]
p

p

Applying the inequality of Proposition 6 to (4.9) we obtain

sup | Zy (hy) — Zn(hk(n)>|H <C Z (21/7“'/\/21/17271/7“ _|_'N'l1/1’nl/f1*1/2)
fer b l=m+1
Clearly
[o'e) 27777,71
Z Ml/pz—l/r < 2/ $(1_T)/T(NQ71(1', f‘))l/pdx :
l=m+1 0
which by assumption is as small as we wish. To control the second term, write
k(n) k(n) 1
nl/a=1/2 Z Ml/p < pl/a-1/2 221/\/—[1/172—1 < in/q—l/Q/ . ;(Nle(x,f))l/pdx.
I=m+1 1=0 27

It is easy to see that if 2P(4=2/ING 1 (x, F) tends to 0 as z tends to 0, then

1
1
lim 202/ / (Nl 7)) dy = 0.

z—0

Consequently, we can choose the decreasing sequence a,, such that

) 1 \(@2/a ! 1
T}LI&(%) /ann—1/2 E(NQ,l(x7 F))l/pdm =0.

The function A, (f) = T k) (Prm) (f)) satisfies (4.8).

Third step. From steps 1 and 2, we infer that for any ¢ > 0 and n large enough,
there exists h,,(f) in F,, such that

< 2¢.
P

Using the same argument as in Andrews and Pollard (1994) (see the paragraph
“Comparison of pairs” page 124), we obtain that, for any f and g in F,

I AGESAT)

f=gllQ.1<d

) <8+ N sup | Zu(f) = Zu(9)llp-

lf-gllQ1<d

We conclude the proof by noting that

<8&. O

p

sup | Zn(9)]
9€G,llgll@,1<8

lim sup lim sup

6—0 n— oo

Proof of Theorem 1. Let F ={x — T,<;, t € R}, andlet G={f —h, f,h € F}.
Using Theorem 1 of Dedecker and Rio (2000), we get the convergence of the finite

11



dimensional distributions of {\/n(F,(t) — F(t)), t € R%} to that of the Gaussian
process with covariance function I' as soon as the sequence (X;);cz is ergodic and
>iw0 B1(2) is finite. To be precise, let £ = (f1,..., fx) be an element of F* and for
any z in R* let < ,f — P(f) >= 21(fi — P(f1)) + - + zx(fr — P(fx)). Define the
matrix C' by C; ; = I'(t;,t;), where ¢; is such that f; = 1,<;,. Since (X;);ez is ergodic,
we infer from Dedecker and Rio (2000) that the random variable Z, (< z,f — P(f) >)
converges in distribution to a mean-zero normal distribution with variance z'Cz as
soon as

Y |l <. f = P(f) > (Xo)E(< z, f — P(f) > (X;)[ Mo < . (4.10)
i>0
Consequently, if (4.10) holds, the random vector (Z,(f1),. .., Zn(fr)) converges in
distribution to a Gaussian vector with covariance matrix C. By Definition 1, we
obtain that

| <z,f—P(f) > (Xo)E(< z,f — P(f) > (X;)|Mo)lx

k
<l <= PE) > (Xo) oo Do) (Mo, Xp), (411)
j=1
so that (4.10) holds as soon as ) .., 31(7) is finite.

If we do not assume that the sgquence (X,)iez is ergodic, the limit may be non
Gaussian. However the ergodicity assumption may be dropped by assuming instead
that Y, 32(i) < +oo. Let T be the shift operator from R? to R? : (T'(x)); = i41.
Let Z be the g-algebra of T-invariant elements of B(R%). Let X := (X;)icz. Since
B2(n) tends to 0 as n tends to infinity, we can prove that E(f(X,)g(X3)| X 1(Z)) =
E(f(Xo)g(Xy)) for any measurable functions f,g. Once again, we conclude by using
Theorem 1 in Dedecker and Rio (2000).

To obtain the weak convergence of the empirical distribution function in the
space £°°(R?), it remains to prove that the process {Z,(f), f € F} is asymptotically
tight, that is there exists a semi metric p on F such that (F, p) is totally bounded,
and, for every € > 0,

lim limsupIP’( sup |Zn(f) — Zu(g)| > 6) =0. (4.12)
020 oo N p(£.9)<5, f.9€F
Since Ng1(z,F) = O(z~?) for any finite measure @ on R, the set (F,| - [lg.1) is
totally bounded. Consequently, the property (4.12) follows from (4.1) by applying
Markov’s inequality.

Let us prove that condition (Cy) implies (4.1) for some appropriate measure Q).
For any s,t in R, let f,;(z) = T,<; — T,<, and fs,t(az) = for(x) = [ fsr(x)P(dx).
Applying Proposition 3 to (fs,t(Xi))iez, we obtain that, for any p > 1,

- ~ /
1ZaFotllly < V/oVae + 17572 (352 o (X0 s + Ma(p) + M) + My()))
(4.13)
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where V., M;(p), Ms(p) and M;(p) are defined in Proposition 3. Define now the
measure () on X by

Q(dz) = B(z) P(dr) = (1 +4) b(x)) P(dx), (4.14)

where by (z) is the function from R to [0, 1] such that b(o(Xy), X3) = bp(Xo) and P
is the law of X,. Note that @Q is finite as soon as 3,5 8, (k) is finite. For any k in
N*, we have that

Covfor(Xo), For (X)) = [Efur(Xo)E(Fr (X1)|X0))
smM%WM%mﬁ/mmmmmm

Consequently,
+oo

Vi = Var(fus (X)) + 23 [Cov(fos(Xo), £ur X)) < [ Ifus(e) Q). (415)
k=1

In the same way, since ||fst()||C>O <1,

400 -1

) <23 > 1B Moy Xigm)[lpys = 2 Zkﬁl o3k (4.16)

=1 m=0

Since
fs,t(Xm)fs,t(Xl) = f—oo,t(Xm)f—oo,t(Xl) + f—oo,s(Xm)f—oo,s(Xl)
- ffoo,t(Xm)fooo,s<Xl) - fioo,s(Xm)ffoo,t(XD ) (417>

we have that

[E(fot(Xim) fot(X0) | Mo) = E(foe (Xn) fot(X0))| < 40(Mo, Xin, X1) -

Hence,

—+00 +00

Ma(p) <43 D 16(Mo, Xon, Xiem) s < 42’662 p/3(k) . (4.18)

=1 m=l

Applying (4.17) with m = [ = k, since

(fooot(Xi))? = E((f-oea(Xi))?) = (1 = 2F (1)) fooet(Xi)

and since

.f—oo,t(Xk)f—oo,s(Xk) - ]E(f—oo,t(Xk)f—oo,s(Xk))
= [-oosnt(Xn) = F(t)-o0s(X3) = F(8) f-oet(Xi) ,

13



we have that
“+o0 —+o00
Ms(p) < 4 [[b(Mo, Xi)llps =4 Brpys(k) . (4.19)
k=1 k=1

Since ||fs,t(X0)3||p/3 < 1, we obtain from (4.15), (4.16), (4.18), (4.19) and Proposition
3, that for any ¢g in G,

) +oo 1/3
1Za@)lly < @ llgllan) 2+ 0212 (3p2 (1410 kioyys(k) )
k=1

We then apply Proposition 6 with r = 2 and ¢ = 3. Since Ny 1(z,F) = O(z¢), we
obtain that {Z,(f), f € F} is asymptotically tight as soon as p > 3d. The result
follows.

Let us prove that condition (C;) implies (4.1). Applying Proposition 4 to the
sequence (f&t(XZ-))Z-eZ, we obtain, for any p > 1,

1 Za(Fet)llp < (p(Vie + 2Mo(p)))"/?
4 pl/3-1/2 <3p2 <\|J?(Xo)3||p/3 + My (p) + Ms(p) + Mg(p)>>1/3 |

where Vao, Mo(p), My(p), My(p) and Ms(p) are defined in Proposition 4. It remains
to bound My(p), M (p) and My(p). Since Hf&t(XO)HOO <1,

+oo
My(p) < Zﬁl,pﬂ(l) (4.20)
I=N
In the same way,
) N-1
Mi(p) <2 ) kB ps(k) (4.21)
k=1
Using (4.17), we obtain that
N—-1 oo [e%S)
M(p) <435 Bosm) =43 o pys (W) A (N — 1)) (4.22)
I=1 m=l k=1

Hence, using (4.15), (4.20), (4.21), (4.22), (4.19) and applying Proposition 4, we get

1/2
1Zu(@)ls < (pllgllga)™? + (szﬁm ))

“+o0
4 pl/3 1/2<3p <1+2Zk62p/2 +4Zﬂz p/3(k kAN)+4Zﬁz’p/2(k)>>l/3'

k=1 k=1

(4.23)

We take now p = 2p/ and N = n® with o = 1/(2 + ¢). If (C;) holds, we infer
from (4.23) that there exists some positive constant C' such that, for any ¢ in G,
1Zn(9)], < C’||g||1/2 + Cn=¢/4+2)  To conclude we apply Proposition 6 with r =
2 and ¢ = 2 +e. Since Ngi(x,F) = O(xz~?), the process {Z,(f),f € F} is
asymptotically tight as soon as p’ > d(2 + ¢)/2¢. The result follows. OJ
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5 Comparison of coefficients

The following proposition is a useful tool to compute upper bounds for the coeffi-
cients [y -

Proposition 7 Let (2, A,P) be a probability space, X = (X1,...,Xy) and Y =
(Y1,...,Yy) two random variables with values in R, and M a o-algebra of A. If
(X*,Y™) is distributed as (X,Y) and independent of M then, assuming that each
component Xy, and Yy, has a continuous distribution function Fx, and Fy,, we get

for any x1,...,2q, Y1, .,yq in [0,1],
d
BM.X) < || D+ B P (X5) — P, (K| >l M) - (5)
k=1
d
B M XY < || 3+ B(Fx, (X) — P (X0)] > i M)
k=1
d
| Yowe BB - B > M| - (5.2

k=1

Proof of Proposition 7. Let Z be a random variable with values in R™ and let f be
a function from R™ to R such that |f(z1,..., 2, ... 2m) — f(z1, .., 2 o0 zm)] <
|1,,<q, — ][z;.gai| for some real numbers ay,...,a,. Let U be a o-algebra and let Z*
be a random variable distributed as Z and independent of &/. Then

NE

f(Z) = f(Z9)] = ‘ P2y T Do Z5) — (20, 2, 2 25

1

<

NER:

|]IZkSllk - ]IZ;Sllk‘ :

i

1

Hence

[E(f(2)U) —E(f(2))] <E(f(2) = f(Z27)|[U) < Z (2, <o, — Tzz<ac| 1) -

(5.3)
We first apply (5.3) to Z = X, Z* = X*, U = M, and f(z) = L. with a; =
t1,...,ap = tg. Since Fy (ka (Xk)) = X} almost surely, we obtain that

d
E(lx<elM) —P(X <t)] < Y E(|Ix,<, — Ix<i | IM)
k=1
d

< ]E(|]IFXk(Xk)Ska(tk) - ][ka(X;)Ska(tk)| |M)

15



Using the same arguments as in Lemma 2 of Dedecker and Prieur (2005), the in-
equality (5.1) follows.
In the same way, applying (5.3) to Z = (ZM, Z®) = (X,Y), Z* = (X*,Y*),
U= M and
F0,29) = (Lo, — Fx(s)) Loz — By (1),

we obtain that
[E((Lx<s — Fx(5))(Ty <t — Fy (£))[M) = E((Lx<s — Fx () (Ty <t — Fy (1)))]

d d
<Y E(Mx <o, — Txpo [ IM) + Y D E(Ty,<h, — Typcy, [ IM),

k=1 k=1
and we conclude the proof of (5.2) by using the same arguments as for (5.1). O

Next, we apply Proposition 7 to compare 3,(M, X) and 7,(M, X).

Proposition 8 If each component of X and Y has a density bounded by K, then
we have the following upper bounds

By (M, X) < 2/Kdr,(M,X) and B,(M,X,Y) §2\/2KdTP(M,X,Y).

Proof of Proposition 8. Starting from (5.1) with x; = --+ = z; = = and applying

Markov’s inequality, we infer that

K d
B(M,X) < do+ —[E( D 1% - X

M),

Now, from Proposition 6 in Riischendorf (1985) (see also the equality (7.5) in
Dedecker and Prieur (2005)), one can choose X* such that

d
[E(> X - i
k=1

M)Hp = (M, X)

Hence K (M. X
B,(M, X) < du + % ,
and the first inequality follows by minimizing in x. The second inequality may be

proved in the same way. [J

In the last part of this section, we show that the coefficient 3(M, X7, ..., Xi)
(resp. (M, Xq,..., X})), defined in Definition 1, is smaller than the usual S-mixing
coefficient (M, o(Xq,..., X)) (resp. ¢-mixing coefficient ¢(M, o (X7, ..., X))
of Rozanov and Volkonskii (1959) (resp. Ibragimov (1962)). Let X be some Polish
space, and let Ay (X, dp) be the set of measurable functions from X to R which are
1-lipschitz with respect to the discrete metric do(z,y) = L,z,. Let (Q,A,P) be a
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probability space. For any random variable with values in X, and any o-algebra M

of A, define

and recall that the mixing coefficients (M, X) and ¢(M, X) may be defined as
B(M,o(X)) = ||[b(M,o(X)|; and p(M,0(X)) = [|b(M,0(X))|lec. In the next

section, we shall give many non-mixing sequences for which the coefficient (3 ,(n)

b(M,o(X)) = sup

feAN(X,do)

of Definition 2 tends to zero as n tends to infinity.

Proposition 9 Let (X1,...X}) be a random variable with values in R*. We have
that (M, (Xy, ..., Xy)) <bM,o(Xy,...,Xk)) <1 almost surely.

Proof of Proposition 9. The second inequality follows easily from the fact that
|f(x) — f(y)| <1 for any f in A;(R* dy). To prove the first one, it suffices to see
that the function g : (z1,...,2%) — 1%, g, ;(x;) defined in Definition 1 belongs to
A1 (R¥ dy) (this can be done by induction on k). OJ

6 Examples

In this section, we present three classes of examples for which we can compute upper
bounds for 3 ,(n) for any p > 1 and any n > 1. For the coefficients 74 ,(n), many
examples are given in Dedecker and Prieur (2005), Section 7.2.

6.1 Example 1 : causal functions of stationary sequences

Let (&;)icz be a stationary sequence of random variables with values in a measur-
able space X. Assume that there exists a function H defined on a subset of A,
with values in R? and such that H(&y,& 1,€ o,...,) is defined almost surely. The
stationary sequence (X, )nez defined by X,, = H(&,,&n-1,&n—2, - . .) is called a causal
function of (&;);ez.

Assume that there exists a stationary sequence (&)iez distributed as (&;)iez and
independent of (&;);<o. Define X' = H (&), € _1,& 5, ...). Clearly X} is independent
of o(X;,i < 0) and distributed as X,. For any ¥ = (z1,...,74) in R? let |7|o =
max(|xy],...,|zq|). For any a > 0 (o may be infinite) define the sequence (6; 4 )i>0
by

(B(1X = X720V = 650 (6.1)

Let M; = o(X,,j < 4). Since (X;)iez is a strictly stationary sequence, we can
write :

i) = max (5,(Ma, X,). s 5(Mo, X0 X,)) (62)

j2>ji>n

17



Let F; be the distribution function of X(()i). Using Proposition 7, we obtain for any
r € [0,1] and any y € [0,1],

d
Bo(Mo, X, X)) < do+ D RIR((5)) = RG] > Mo,

+dy+ | SRR ®) - B > sMo) |

k=1

(6.3)
Assume now that each component of X, has a continuous distribution function, and

let w be the maximum of the modulus of continuity, that is

w(x) = max sup |Fi(y) — Fr(2)]. (6.4)

1<k<d ly—z|<=z

Define the function g, by g,(y) = y(w(y))*/". Clearly

d
o) 4 || DO BURG)™) — AU > w(a) | Mo)||
k=1
d
< du(e) + || ORI - XP| > oMo | - (65)
k=1

Now, using Markov inequality at order r > 0,

J

+HZP (X5)® = X[P| > 2| Mo) i) (6.6)

X

pgdw(a:)—l—d(

Combining (6.2), (6.3), (6.5) and (6.6), and taking z = ¢, (8, ), ¥ = g, 84y ),
we conclude that

S r S5 r
Bap(n) < 2d sup ((#> + (]2—pr> ) 6.7
2(1) je>irzn \\ 9y (85.pr) 9 ' (0 pr) (67)
From (6.2) and (6.3), we also have that

Pa(n) <2d sup w(0j, 00 V 0jy.00)- (6.8)

Jj2>ji2n

If each component of X, has a density bounded by K, we obtain :

§dK:U—|—d<m) .
T

d
. k
0+ | SR — X0 > #lmo)
k=1 b
Minimizing the right hand term in this inequality, we get :

Bop(n) < C(r)dETT  sup (5;;;%;;;), (6.9)

Jje>jizn
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with C(r) = P T (note that C(r) < 2 and C(o0) = 1).

In particular, the bounds (6.7)-(6.8) and (6.9) apply to the case where the se-
quence (&;);ez is f-mixing. According to Theorem 4.4.7 in Berbee (1979), if Q is
rich enough, there exists (&});cz distributed as (&;);cz and independent of (&;);<o such
that P(&; # & for some @ > k) = ((0(&,1 < 0),0(&,7 > k)). If the sequence (&;);ez
is iid, it suffices to take & = ¢ for ¢ > 0 and & = £ for ¢ < 0, where (£]');cz is an
independent copy of (&;)icz.

Application: causal linear processes in R%. Let (B, |- |5) be a Banach space.
For any linear application A from B to RY, let || Al = sup{|Ab|e, |}z < 1}. Let
(A;)is0 be a sequence of linear operators from B to R? such that Y., || Al < oo,
and let (€);cz be a stationary sequence of B-valued random variables. Define the
random variables with values in R¢

Xp=) Ay (6.10)
j=0

For any p > 1, we have that

7—1
Sip < D NAGNNE= =& l8llp < 1o —Elally > NA N+ AN Ei—s — &1,
=0

j>0 Jj=i Jj=

From Proposition 2.3 in Merlevede and Peligrad (2002), we obtain that

il B(0 (& k<0),0(€k,k>i—7)) 1/p
Gia < 160 = &5kl S 1450+ Y- 4l (22 [ )
j>i j=0 0
where )¢, is the generalized inverse of ¢ — P(||&|| > t) (note that in Merlevede
and Peligrad the constant in front of the integral is 2P*2. In fact it works with the
constant 2P).

If the sequence (&;);ez is iid, it follows that for any p > 1,

Si < 160~ &lslly S 1451 (6.11)
i
For instance, if B = R, A; = 27! and & ~ B(1/2), then §; o, < 27°. Since X is
uniformly distributed over [0, 1], we have ¢(i) < 27*. Recall that this sequence is
not strongly mixing.
Applying Theorem 1, Corollary 1 below gives some sufficient conditions for the
empirical central limit theorem to hold, when the sequence (&;);cz is iid.

Corollary 1 Let (&;)ez be an iid sequence of B-valued random variables. Let (A;)i>o
be a sequence of linear operators from B to R? such that >, || Al < oo, and let
Ry, =Y., |Aill. Let (X,)nez be the stationary sequence defined by (6.10), and as-
sume that each component of Xo has a density bounded by K. If one of the following
condition holds, then {\/n(F,(t) — F(t)), t € R} converges weakly in (>°(R?) to a
tight Gaussian process with covariance function given by (3.1).
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1. For 1 <m < 7d/2, the random variable |£y|p belongs to L™ and R, = O(n~%)
fora>2(m+d)/m.

2. For m > 7d/2, the random variable |&o|p belongs to L™ and R,, = O(n™%) for
a > (V2m +d+ v2d)*/2m.

The proof of this corollary is immediate by using the bounds (6.9) and (6.11) with
r = m/p, and by optimizing in p (1. follow from the condition (C;) and 2. follows
from the condition (C)). For instance if E(|{y|p) < oo, the rate is R,, = O(n~%), for
a>2d+ 2. If E(|&]d) < oo, the rate is R, = O(n™?), for a > 4. If E(|§]2?) < oo,
the rate is R, = O(n™%), for a > 3. If || |&]|cc < 00, the rate is R, = O(n™%), for
a>1.

For B = R and d = 1, Doukhan and Surgailis (1998) obtained an empirical
central limit theorem under the condition E(|&|*) < oo, > ,oq|Ak]? < oo for
some 0 < v < 1, and an additional condition on the law of & (which implies that
the distribution function of &, is A-Holder for some A > 1/2). Next, Wu (2006)
Corollary 2, obtained an empirical central limit theorem by assuming only that
E(|&]?) < 00, > 4ep |4k < 00, and that & has a density belonging to the Sobolev
space of order 2 (in particular, it is bounded and two times differentiable). We note
that the conditions on (A4;);>o obtained in the above papers are weaker than ours.
However, the main difference between our result and that of Doukhan and Surgailis
or Wu is that we do not make any assumption on the distribution of &, (except
moment assumptions). For instance, we obtain the empirical central limit theorem
for A; =271 and & ~ B(1/2), which does not follow from the results cited above.

6.2 Example 2 : iterated random functions

Let (X,,)n>0 be a Ré-valued stationary Markov chain, such that
X, =F(X, 1,&) (6.12)

for some measurable function F' and some i.i.d. sequence (;);~¢ independent of Xj.
Let X be a random variable distributed as X, and independent of (Xy, (&;)is0)-
As in Shao and Wu (2004), define X = F(X}_,,&,). The sequence (X}),>o is
distributed as (X,,),>0 and independent of X,. Let M; = o(X;,0 < j < 1i). As
in Example 1, define the sequence (9;,)i~0 by (6.1). The coeflicient f;,(n) of the
sequence (X,,),>o satisfy (6.7)-(6.8) of Example 1.

Let p be the distribution of Xy and (X7),>¢ the chain starting from X7 = =.
With these notations, we have that, for any o > 0,

i = ([ BOX: - X2 () (6.13)
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For instance, if there exists a sequence (d; )i>o of positive numbers such that
(E(X7 = XY2))7 < dialz = Yl
then 6; . < d;o(E(|Xo — Xg|2))Y. For instance, in the usual case where

(E(|F(x, &) = Fy,&)|%)) " < Kle = ylo (6.14)

for some k < 1, we can take d; o, = K.

An important example is X,, = f(X,,—1) + &, for some function f which is -
lipschitz with respect to the norm | - |o. If |Xo|s has a moment of order «, then
i < KU(E(]Xo—X(|2)Y* . We refer to the papers by Diaconis and Freedman (1999)
and Shao and Wu (2004) for various examples of iterative random maps.

As in Shao and Wu (2004), we can apply our results to the case where the
function w defined in (6.4) is such that w(x) < K|In(z)|~”. This leads to the

following Corollary:

Corollary 2 Let (X,,),>0 be a R4 -valued stationary Markov chain satisfying (6.12),
and let §; o be the coefficients defined in (6.13). Assume that the function w defined
in (6.4) is such that w(x) < C|In(z)|™ for some v > 1. If §;, < Ck' for some
k <1 and a > 0, then {/n(F,(t) — F(t)), t € R} converges weakly in (*(R?)
to a tight Gaussian process with covariance function given by (3.1). In particular,

i < CK' holds as soon as (6.14) holds.

The condition §;, < Ck' is exactly Condition (2) of Theorem 4 in Shao and Wu
(2004), in the case where d = 1. Our result improves on the corresponding one in
Theorem 4 of Shao and Wu, which gives 7 > 5/2 instead of v > 1. Note that the
constant 5/2 in their result is obtained by applying the criterion (1.2). Here, we
obtain the condition v > 1 by applying the criterion (C;) instead of (1.2).

Proof of Corollary 2. Starting from (6.3) and applying (6.6) with r = «/p, we have

Bap(n) < 2d<K|1n(x)|—7 n (C;:”>a/p> |

Taking x = Ck™n?/*, it follows that, for any p > 1,

1
Bap(n) < 2d( K| In(ex™n?/®) = + )

n

and the condition (C;) is satisfied by taking p > d(y + 1)/2(y — 1).

6.3 Example 3 : dynamical systems on [0, 1].

Let I = [0,1], T be a map from I to I and define X; = T*. If p is invariant by
T, the sequence (X;);>o of random variables from (I, u) to I is strictly stationary.
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Denote by ||g]|1.» the L'-norm with respect to the Lebesgue measure A on I and by
|lv|| = |v|(I) the total variation of v.

Covariance inequalities. In many interesting cases, one can prove that, for any
BV function h and any k in L'(1, p),
|Cov(h(Xo), k(Xn))| < anl|k(Xn)[[1(I1A]lx + lldRll) (6.15)

for some non increasing sequence a,, tending to zero as n tends to infinity. Note that
if (6.15) holds, then

[Cov(h(Xo), k(Xn))] = [Cov(h(Xo) = h(0), k(X.))l
< an|k(X) [l (1A = R(O) 11 + [[dR]) -

Since ||h — h(0)||1.x < ||dh||, we obtain that
|Cov(h(Xo), k(X)) < 2an[lk(Xn)[1]|dRl| - (6.16)
If (6.16) holds, the upper bound ¢(o(X,), Xo) < 2a, follows from Lemma 4 in

Dedecker and Prieur.

The associated Markov chain. Define the operator £ from L'(I,\) to L*(I, \)
via the equality

/O L(R)(2)k(2)A(dx) = /0 h(z)(k o T)(z)\(dz)

where h € L'(I,\) and k € L>®(I, \). The operator L is called the Perron-Frobenius
operator of T'. Assume that p is absolutely continuous with respect to the Lebesgue
measure, with density f,. Let I* be the support of x (that is (I*)¢ is the largest
open set in I such that p((1*)¢) = 0) and choose a version of f, such that f, > 0 on
I* and f, =0 on (I*)°. Note that one can always choose £ such that L(f,h)(z) =
L(fuh)(x)Lf,z)>0. Define a Markov kernel associated to 1" by

_ L(fuh)(z)

K(h)(z) = =0 o+ (W) T, . 6.17

( )( ) fu($> fu(z)>0 ( ) fu(z)=0 ( )

It is easy to check (see for instance Barbour et al. (2000)) that (Xo, Xi,...,Xp,)
has the same distribution as (Y, Y,—1, ..., Yy) where (Y;);>o is a stationary Markov

chain with invariant distribution g and transition kernel K. Here, we need the
following result:

Lemma 1 Let (Y;);>0 be a real-valued Markov chain with transition kernel K. As-
sume that there exists a constant C such that

for any BV function f and any n >0, |[dK"(f)| < C|df|. (6.18)
Then, for any j >1 >0, ¢(0(Y), Yiti, Vierj) < (14 C)o(0(Vi), Yisi).
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Consequently, if both (6.15) and (6.18) hold it follows that, for any n > j > i > 0,
Po( Xy, k= n), Xy, Xn—j) < (L4 C)p(0( Xk, k > n), X)) <2(1+C)a;

Proof of Lemma 1. Let fi(x) = f(x) — E(f(Yx)). We have, almost surely,

E(feri(Yers) grrs Ve ) Vi) = E(frri (Yiri) ot (Yers)) =
E(fori(YVierd) (K77 (9D (Vi) [Ye) = E(frrs (Yiers) (K77 (9) s (Vi) -

Let f and g be two functions in BV;. It is easy to see that

dficill 177 (g)) kil oo + 1A (9D il [ firilloc

(K7 (9))krifira)| <
< (LT (g))krall) -

Hence, applying (6.18), the function (K77%(g))xifrri/(1 + C) belongs to BV;. The
result follows from Proposition 1.

Spectral gap. In many interesting cases, the spectral analysis of £ in the Banach
space of BV -functions equipped with the norm ||A||, = ||dh||+||h||1.» can be done by
using the Theorem of Ionescu-Tulcea and Marinescu (see Lasota and Yorke (1974)).
Assume that 1 is a simple eigenvalue of £ and that the rest of the spectrum is
contained in a closed disk of radius strictly smaller than one. Then there exists an
unique 7-invariant absolutely continuous probability ; whose density f, is BV, and

LM(h) = A(h)f + 0" () with W(f,) =0 and " (h)], < Dp"[Ih]l,.  (6.19)

for some 0 < p <1 and D > 0. Assume moreover that

1
‘ — 1y, 50f] =7 < 0. (6.20)
fﬂ v
Starting from (6.17), we have that
" U (hf
S
B

Let || - [|oo,x be the essential sup with respect to A. Taking Cy = 2D~(||df,|| + 1), we
obtain || K™ (h)—pu(h)||cor < C1p™||h],. This estimate implies (6.15) with a,, = Cyp™.
Indeed,

|Cov(h(Xo), k(Xn))| = [Cov(h(Yy), k(Y0))]
< [[E(YO)E(R(Yn)|o(Yo)) — E(R(Ya))) Il
< RO (h) = p(h)[|oon
< Cip"[[k(Yo)l[1(ldh]| + [[A[l1x) -
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Moreover, we also have that

[dEK™ (h)]| = l[dK™(h = h(0))| < 29[ W™ (fu(h = R(0)))]]
< 8Dp"y(1 + |[dful)lldh]

so that (6.18) holds with Cy = 8D~v(1 + ||df,,||). Finally, if (6.19) holds, the coeffi-
cients ¢o(i) of the chain (Y;);>0 with respect to (M; = (Y}, < i));>0 satisty

$2(i) < 201 (14 Co)p" .

Application: expanding maps. A large class of expanding maps 7T is given in
Broise (1996), Section 2.1, page 11. If Broise’s condition are satisfied and if 7" is
mixing in the ergodic-theoretic sense, then the Perron-Frobenius operator £ satisfies
the assumption (6.19). Let us recall some well know examples (see Section 2.2 in
Broise):

1. T(z) = pa — [fz] for f > 1. These maps are called S-transformations.

2. I is the finite union of disjoints intervals (Iy)i1<k<n, and T'(z) = axx + by on
Ik, with |ak| > 1.

3. T(z) =a(z™'—1)—Ja(z~'—1)] for some a > 0. For a = 1, this transformation

is known as the Gauss map.
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