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1 Introduction

Statistical inference for hidden Markov models (HMMs) has been the sub-
ject of many recent contributions. In these models, the process of interest
is a Markov chain (U,,) which is not observed. Given the whole sequence of
state variables (U,,), the observed variables (Z,,) are conditionally indepen-
dent and the conditional distribution of Z; only depends on the correspond-
ing state variable U;. A concrete description is often obtained as follows.
Suppose that (e,) is a sequence of independent and identically distributed
random variables (the noise), independent of the unobserved Markov chain
(Up). Now let the observed process be given, for all n, by

Zn = F(Up, ep). (1)

Then, the sequence (Z,) satisfies the above properties. In examples where
these models are involved, the function F' is most often known together with
the common distribution of the £,’s. (For general properties, see e.g. Elliott
et al., 1995).

Statistical inference based on the observation of (Z1, ..., Z,) is a difficult
subject that has been investigated recently under restrictions on the state
space of the hidden Markov chain. For an ergodic hidden chain with finite
state space, Leroux’s seminal paper (1992) proves the strong consistency of
the exact maximum likelihood estimator. Then, asymptotic normality is
proved in Bickel et al, 1998. The extension to the case where the hidden
chain has a compact state space is treated in Jensen and Petersen, 1999,
and more completely in Douc and Matias, 2001. When the state space of
the hidden chain is not compact, for instance the real line, the asymptotic
behaviour of the exact maximum likelihood is not known. The difficulties
encountered for this study mainly come from the fact that the exact likeli-
hood is not generally given by an explicit formula. Moreover, although this
likelihood is known in theory, it is numerically untractable due to the high
dimensional integrals that are involved in its formula.

Hence, there is a real interest in finding models where the hidden chain
has a non compact state space and this likelihood has an explicit expression
so that a direct study becomes feasible theoretically and numerically. The
most popular example in this respect is the Kalman filter where the hidden
Markov chain is an autoregressive process of order 1 and noises are addi-
tive and Gaussian. The asymptotic behaviour of unknown parameters in
the Kalman filter is well known since the observed process is Gaussian and
the likelihood can be explicitely studied (see e.g. Azencott and Dacunha-
Castelle, 1984 , Genon-Catalot et al, 2003 ). Another model with explicit



likelihood is presented in Genon-Catalot (2003): the hidden process is also
a linear autoregressive model but the noises are multiplicative and have
a specific distribution so that the observed process is non Gaussian. In
Genon-Catalot and Kessler (2003), the filtering and prediction properties
of this model have been studied. Indeed, all the distributions of the pre-
diction and optimal filters (i.e. respectively the conditional distributions of
U, given Z,,_1,...,7Z1 or given Z,,...,Zy) are explicit so that the numer-
ical implementation of the filters is simple and easy. Stability properties
are also proved. In this paper, we focus on the statistical properties of the
model and especially on the estimation of the unknown parameters present
in the distribution of the hidden chain (the AR(1)-process). We apply for
this model the general approach developped in Genon-Catalot et al (2003)
based on the conditional likelihood with respect to the infinite past to de-
rive the asymptotic behaviour of the exact likelihood at the true value of
the parameter. We propose and study various approximations of the exact
likelihood.

In Section 2, we present the model and the statistical problem. In Section
3, we recall the general method to obtain the exact likelihood of a HMM
and specify it for our model relying on some formulae given in the appendix.
Section 4 contains our main theoretical results. First, we prove stability
results which are useful to obtain the asymptotic behaviour of the exact
likelihood and of the approximations given in Section 5. We prove the
convergence of the log-likelihood at the true value of the parameter. We
cannot prove its convergence for all values of the parameter but the model
enlights the difficulties to obtain this convergence. In Section 5, we propose
two approximations of the likelihood and study their asymptotic behaviour.
In Section 6, we consider Ryden’s approach (1994) to estimate the unknown
parameters.

Section 7 contains some concluding remarks and a discussion on open
problems. The Appendix contains some formulae from Genon-Catalot and
Kessler (2003).

2 Model and assumptions

Suppose that we observe random variables Z1,..., Z,, ... given by:
Zn - Unena (2)
Up=aU,-1+ nn, (3)



where (g,,), (1) are two independent sequences of independent identically
distributed real valued random variables and a is a real number. Assume
that 7, has distribution N(0,3%) and that the initial variable U is inde-
pendent of (e,,,m > 1, 7,,n > 2). As mentionned above, the sequence (U,,)
(the signal) is unobserved and only, the sequence (Z,,) is observable.

Here, as in the well known Kalman filter, the signal (3) is a standard
AR(1) model. In particular, if the initial variable U; is Gaussian, then
(Up,n > 1) is a Gaussian process. However, in (2), the noise (&,,) is not
additive but multiplicative. To ensure explicit computations, we can no
more consider a Gaussian distribution for the noise. We assume that, for
all n, &, has the distribution of ¢ T~/2 where £ and I' are independent
random variables, € is a symetric Bernoulli variable taking values +1,—1
with probability 1/2 and I" has an exponential distribution with parameter
A, a positive number. Then, for all u € IR, u # 0, the distribution of Z = ue;
is given by:

Fud) = fulz) dz with ful(z) = T exp(—"7) (4)

For u = 0, Fy(dz) = do(dz) is the Dirac mass at 0. The distribution F,(dz) is
the conditional distribution of Z,, given the whole sequence (U, n > 1) when
U, = u. If U, is centered Gaussian with standard deviation o,,, then the
marginal distribution of Z, is a v/Ao,, t(2) where t(2) denotes the Student
distribution with 2 degrees of freedom. This distribution has moments of
order § < 2 so that the model is well fitted to heavy-tailed data. It is
proved in Genon-Catalot (2003) that, under the above assumption on the
noise distribution (i.e. (4)), the joint distribution of (Z1,...,Z,) is explicit
and simple. We recall below the way it is obtained. If the random variables
e, have distribution eI'~%/2 with I' a Gamma variable with parameters k
(integer) and A, then the joint distribution of (Z1,..., Z,) is also explicit.

In what follows, we assume that the parameter A\ specifying the distri-
bution of the noise (see (4)) is known and that the unknown parameter
is 0 = (a,3?). We assume that a?> < 1 and that the process (U,) is in
stationary regime, i.e. that, for all n, U, has distribution

v = N(0,0%(0)), (5)
with )
2 p
9) = ) 6
o2(0) = (6)
In such a case, the joint process (U,, Z,) is strictly stationary and er-
godic. And we shall assume that our observation (Z1,..., Z,) is extracted



from the strictly stationary and ergodic process ((U,, Zy),n € 7). Let us
denote by TPy the distribution of (U, Z,),n € ZZ on the canonical space
0 = R% x RZ endowed with its usual Borel o-field A, and denote also by
((Un, Zp),n € ZZ) the canonical process. We assume that our observation
(Z1,...,Zy,) is ruled by the true value 6y = (ag, 33) of the parameter.

3 Exact Likelihood

3.1 Derivation for general hidden Markov models

Let us first recall some general formulae to obtain the exact likelihood func-
tion associated with the observation of (Zi,...,Z,) given by (2-(3). For
this, we refer e.g. to Genon-Catalot and al ( 2003), Genon-Catalot and
Kessler (2003). We keep general notations to indicate that this derivation
holds for general HMMs. Under Py, let us denote by p,(0, 21, ..., 2,) the
joint density of (Z1,...,Z,). Then, the density of the first observation Z;
is equal to

(0, ) = /ng,u)fu(zl) du (7)

where g(0,u) denotes the stationary density of the hidden chain, i.e. the
normal density with variance (6) and f,(2) is the conditional density of Z;
given U; = u given in (4). For all n, by our assumptions, Z,, has density
(7).

Now, the joint process (Uy,Z,) is Markov with transition
p(0,u,u’) fur (2" )du'dz" where p(6,u,u’) is the transition density of (U,)
specified by (3) i.e. the Gaussian density with mean au and variance 32.

For n > 2, integrating the joint density of ((U;, Z;),i = 1,...,n) which
is obtained by the Markov property of the joint process, we get

n
Pn(0, 21,...,2p) = /IR" 9(0,u1) fu, (21) Hp(eauifla i) fu; (i) duq ... duy,.
=2
(8)
However, the above expression is generally hardly tractable. A more appro-
priate expression is obtained through the following formula

n

Pn(0,21,. ., 2) = p1(0,20) [ [ pi(0, 20/ 221, ..., 21) 9)

=2
where p;(0,2;/zi—1,...,21) denotes the conditional density of Z; given
(Zi-1,y---,7Z1) = (2i-1,-..,21). Because (Z,) is not a Markov process, each



of these conditional densities depends both on i and on the whole set of
previous variables (z;—1,...,21). They are obtained as follows. Recall that
9 (du) denotes the distribution of U; under 1Py (see (5)) and set, for n > 1

VW in—11(dw) = LUy | Zy—1, ..., Z1/TPy). (10)

Then, the conditional density of Z,, given (Z,_1,...,Z1) under IPy is given
by

pol0. 20/ Zucreoen2) = [l ) (1)

Therefore, the exact likelihood function

n

Ln(0) = p1(0, 20) [ [ pi(0, Zi ) Zis, ..., Z0), (12)
1=2

requires the knowledge of (10) and then the computation of (11).

3.2 Application to the model.

Now, we specialize the previous formulae to the model studied here. For
this, we briefly recall some definitions and previous results of Genon-Catalot
(2003) and Genon-Catalot and Kessler (2003). More details are given in the
Appendix.

The computation of the successive conditional distributions l/zm_l:l
obtained by a recursive algorithm which is well known in filtering the-
ory. However, the exact computation of these distributions is generally
intractable except in very few models. The model investigated here belongs
to these few. Indeed, it is proved in the above references that, if the distribu-
tion of U; belongs to a specific class, including the centered Gaussian laws,
then, for all n, I/Zm_l:l also belongs to this class. The class is composed of
distributions of the form v(du) = vy o(du) = g(u)du, with

is

1 u
g(u) = Zaz;gi(;) (13)
>0

where 0 )

19U U
9i(u) = (2m) "1 o exp(—5), (14)
and Co; = E(X?), for X a standard Gaussian variable. The above distribu-
tion is called Serial Gaussian distribution. It is specified by a scale parameter
o > 0 and a mixture parameter o = (a4, > 0) (with Vi > 0,a; > 0 and




>_i>o@ = 1). We shall use the abbreviation SG(o, ) for such a distribu-
tion. The centered Gaussian distribution N (0,02) is SG (o, (%)) with

o®) =(1,0,...). (15)
For all n, (10) is also a SG distribution and we denote its parameters by

(07-1:1(0)), " 14(0)) (16)

with
o (0)) = (o TH(0),i > 0)). (17)

The above parameters are random variables which are functions of
(Zp-1,-..,21). For all n, Z,, 6, the mappings <I>ezn:

0 0 0 (0
Vnln—1:1 7 Y+l = (DZn(Vn\nflzl) (18)

can be explicitely expressed in terms of the parameters of SG-distributions.
The exact expressions are given in the Appendix. We obtain (10) by the
iteration

1/791|n71:1 = q)GZn—l R cI)9Z1(V9)' (19)

Because the distribution of U; has a mixture parameter given by (15)(it is a
centered Gaussian), it holds that the distribution (10)(see also (19)and the
Appendix) is a mixture of at most n components, i.e.

Vi > n, ol 1(9) = 0. (20)

Actually, the simulation study performed in Genon-Catalot and Kessler
(2003) shows that the number of significantly non nul mixture coefficients
is 1or 2 (i.e. af 11(0) +a~¥1(0) is close to 1). For all n, the conditional
density of Z,, given (Z,_1,...,21) is explicit. Indeed, when f,(z) is equal
to (4), and since Vfl‘n_m belongs to the SG class, the integral in (11) can

be explicitely computed.

Proposition 3.1. Suppose that v is SG(o,«), with density given by (13)-
(14), then, the density

he) = [ fulewldu)
with f,(z) defined in (4) is given by

z o (2i+1)2%

h(z) = Zaihi(i)a hi(z) = (22 + 2)i+3/2°

(21)
1/2
=0 M/26



Proposition 3.1 is obtained by a simple computation using (4)-(13)-(14)
and the formula Co;19 = (2i + 1)Cy; for Gaussian even moments. The
densities appearing in Proposition 3.1 are mixtures of distributions having a
density proportional to z% with respect to a A'/20t(2i+2) (¢(2i+2) denotes
the Student distribution with 2i 4+ 2 degrees of freedom). We thus obtain:

A o2(0)
(22 +2)02(0))**

p1(0,21) = h1(0, 21) = (22)

This is a A'/2¢(#)t(2) distribution. It is worth noting that the parameter
is not identifiable in this model. This is why it is assumed to be known.
And, for i > 2, we have (see (20))

pi(0,Zi/Zi, ..., Z1) = (23)
i1 . 2
1. 2 IV
hi(0,Zi/Zi-1, ..., 21) % Za}_l'l 0 2( s 2) —, (24)
j=0 (Zi + 2)‘01‘—1:1(‘9))
where \ o2 )
hi(0,Zi/Zi-a, ..., Z1) = oi11(6) (25)

(Zi2 + 2)‘0?—1;1(9))3/2‘

Thus, the exact maximum likelihood (m.l.e.) 6, obtained by maximisation
of (12) can be explicitely computed from the above expressions.

4 Main results.

To obtain results on the asymptotic behaviour under Py, of the normal-
ized loglikelihood %log L, (0), we need to study some stability properties of
the measure-valued process (19).This process is called the prediction filter.
We explain below the kind of stability properties that are needed and the
properties that we have obtained.

4.1 Statement of the problem.

The likelihood function of HMMSs has a specific form that we enlight now.
For this, let us introduce some notations and a preliminary lemma. Let
P(IR) denote the set of probability measures on IR and consider the mapping
on IR x P(IR) defined by

(z,v) = l(z,v) = log /IR fu(z) v(du) > —oc0. (26)



Lemma 4.1. The mapping (26) is measurable when P(IR) is endowed with
the Borel o-field associated with the topology of weak convergence of proba-
bility measures.

The proof is given in the Appendix.
Then, by (11),

1 1< 0
—log Ln(0) = n;l(zi7yi|i—1:1)‘ (27)

The measure-valued process v; = ¥, and for n > 1, v, = Vz‘n_m obeys
the recursive equation (see(18) and in the Appendix (97)-(105))

Unt1 = CI)QZn (vn)- (28)

Therefore, the joint process X,, = (Un,Zn,vn,n > 1) defined on
(Q, A, IPy,) is Markov, with state space E = IR x IR x P(IR). Its distri-
bution depends both on 6y and 6. Hence, the problem of finding the limit
of the normalized loglikelihood is directly connected with the problem of
stability for this Markov process. Although (U,, Z,,n > 1) is stationary
by assumption, (X,,n > 1) is not (because the initial variable contains v
which is deterministic) and we have to find its stationary distribution (if
any) to obtain the limit of the normalized log-likelihood process.

Our approach is to find, for all # a measure valued process, with values
in the class of SG distribution, which is a strictly stationary solution of
(28) under 1Py, . Equation (28) being explicitely expressed in terms of
the parameters of the SG distributions, it is therefore equivalent to find a
strictly stationary process (V;, = 02, a(™) with values in IR x {(ay,i > 0) €
[0, l]IN, > >0 @i = 1} solution of (28). We treat first the the scale parameter
for which we have a complete result.

4.2 Stability for the scale parameter

In this section, we study equation (28) for the scale parameter which is given
by an autonomous recursive equation.
Let us consider the function defined on [0, +00) (see (98)-(99)- (100)):

’1)22

Fw)=F+a 575

(29)

which is the expression of (28) for the square of the scale parameter. For
each 6, we look for a strictly stationary process (V,,n € Z), defined on



(Q, A, TPy, ), solution of
Vn € Z,V, = Fy (Vuo1) (Vi = 02). (30)

To study (30), we use the approach presented in Bougerol (1993) to ob-
tain such a solution by a general theorem on iterations of Lipschitz random
functions on a complete separable metric space. The result proved below
(Proposition 4.1) is an extension of Proposition 3.1 of Genon-Catalot and
Kessler (2003).

Define the closed interval:
/82

- 1—a2]'

1(6) = [8%,0*(8) (31)

Lemma 4.2. For z # 0, the function F? is increasing from I(0) onto I1(0)
and is Lipschitz with 0 < % <a?. Forz=0, F{(v) = (% for all v.

Proof. We have

dFZG( ) a?zt
V)= —————.
dv (22 + 2\ v)?
For all v € I(6), the following holds:
2 2
2 _ 10 9, P B
/8 SFZ(U)SFZ(l_az)Sl_az

So, the proof is complete O

Remark.

1) Since I(#) is bounded from below by 32, for all v in the SG-class, the
image @g(y) has positive scale parameter and, hence, has a density.

2) From lemma 4.2, we see that, for all v € I(#), and in particular for
2
v= 1,(—3@2 = 02(0),
3 5

900 €[1—a*1] and 1- I0) € [0,a?]. (32)

The above intervals are very small when a is close to 0, which is a
situation close to independence. This remark will be of use below to
build approximations of the exact likelihood.

For z = (zp,n € Z) € R%Z and n € 7L, let us denote by z, =

(zns Zn—1,...) the element of RN which is the infinite past of z starting
from n.



Proposition 4.1. For all 0 (with a*> < 1), there exists, on (Q, A, IPy,), a
measurable function V(0,Z,,), such that the process

(Vo =V(0,2,),n € Z) (33)

is the unique strictly stationary solution process of (30). This process takes
values in 1(0) (see (31)), is ergodic and

1) For allvy € I(0), n € Z, as p tends to +oo,
Voin—p(0,00) = Fy o F§ 0. 0Ff (vg) = V(0,2,),

almost surely under 1P, .

2) Moreover, as n tends to 400,
Vi1 (0,00) = F§ oF%  o...0F} ()
satisfies
Vi:1(0,v0) =V (0,Z,) — 0,

almost surely under IPg,.

3) The function § — V (0, Zy) is IPy,-a.s. continuous on ©.

4) Let g, 0)(du,dz,dv) denote the distribution, under IPy,, of
(Uh, 21,V (0,Z,y)). Then, (Upn, Zn, Vp—1:1(68,v0)) converges in distri-
bution under IPg, to g, g) as n tends to +oo.

Proof. To obtain 1), we apply Theorem 3.1, p.955 of Bougerol, 1993 and its
Corollaries 3.2-3.3. By Lemma 4.2, (F gn) is an ergodic sequence of Lips-
chitz maps on the separable complete metric space I() and the Lipschitz
coefficient of (F. gn) is p(F gn) = a%. To get our result, we only need to check
that, for some v € I(6), IEg, log™ |F§1 (v) —v| is finite. This follows from the
fact that the interval I(#) is bounded from below by 32 > 0. Moreover, the
following holds

2%

Vot (6, 00) = V(6 Z,)] < "o — V(6 Zo) < =

(34)

since

V(0,2,)=Ff) oF)  o...0F} (V(9,Z,)).
This gives both points 2) and 3). Since (U, Z,,) is strictly stationary, point
4) is a simple consequence of point 2). The proof is now complete. ]

10



We are now able to conclude.
Corollary 4.1. 1) Asn tends to +o00,
T (—np2)(0) = Fg 0 F) 0. 0Ff  (d%(0)) (35)
tends to V (0, Zy), almost surely under IPy, .

2) Asn tends to +o0,
ona(0) = Fp, 0 Fj _ o...0F} (°(9)) (36)

defined in (16), which is the square of the scale parameter of (10) (see
also (19)) satisfies, almost surely under [Py, :

Proof. 1t is an immediate consequence of Proposition 4.1 1) and 2) with
vo = a2(0) € 1(9) O

4.3 Stability at the true value of the parameter.

We need to prove the existence of stationary solution for (28), i.e. a solution
involving both the scale and the mixture parameter. Actually, we only have
the result at the true value 6y. This was proved in Genon-Catalot and
Kessler (2003). We recall the results there obtained.

First note that

0, 0, [% 0
Vn(|)n—1:1 = (I)ZOTL,1 0...0 (I)Zol (V 0)' (38)
is the conditional distribution, under IPy,, of U,, given Z,,_1,...,Z;. Simi-

larly, the conditional distribution of U; given Zy, Z_1 ..., Z_, 2 (under IPy,)
is

0o _ Hbo 0o Ao
V10:(—nt2) = <I>ZO o <I>Z_1 0...0 (I>Z_n+2

(v™). (39)
Proposition 4.2. The sequence of random probability measures (39))
weakly converges, as n tends to 400, IPy,-a.s., to a probability measure
V19|(Loo' This distribution is SG with scale parameter V (0, Z)'/? (obtained

in Proposition 4.1) and has a mizture parameter (6, Z,) which is a mea-
surable function of Z,. Moreover, setting

Vn € Z,vy(0o) = SG(V (00, Z,,_1)"* (60, Z,,_1)) (40)

11



then, for all n € Z, almost surely under IPy,,
Vat1(00) = @, (va(60)): (41)
The process (vn(0o),n € Z) with values in the class of SG distributions is

the unique strictly stationary and ergodic solution of (28) at 6.

Remark.

1) This result relies on several properties and tools: first, the mappings
®Y are continuous with respect to the topology of weak convergence
of probability measures; second, the SG-class is, in some sense, closed
under weak convergence; finally, because ) is the conditional

1]0:(—n-+2)
distribution of U; given (Zy, ..., Z_p+2, it is possible to use a martin-
gale limit theorem. This tool is not at hand to study l/ﬁo;(in +9) under
Py, .

2) For each n, v,(0y) (see (40)) is the conditional distribution of U,, given
Z,—y under IPg,. On (2, A,1Py,), the process (Un, Zn,vn(00),c7z 18
strictly stationary and ergodic. So, we have obtained a stationary
regime for the Markov process (Up, Zy, @%’nil ©0...0 @%)1(1/60), n>1).

The following consequence of Proposition 4.2 is useful for the sequel.
Proposition 4.3. For all integer k,
By, (> %000, Zy) < +o0. (42)
Jj=0

Proof. Let k > 1. Recall that Cy; denotes the 2k-th order moment of a
standard Gaussian variable and has the explicit expression:

2k)!
Cyy, = (2]%)‘ (43)
We have
Eg, UZ* = Coro®(6p), (44)

where 02(6p) is the variance of the stationary distribution of (U,,) (see (6)).
Now, by Proposition 4.2, the conditional distribution of U; given Zj, is
SCG(VY/2(0y, Zy), (b0, Zy). Using formulae (13)-(14), we get

Cojtok
B U/ Z0) =V (00, Z0)" =0 F el Zo). - (45)
iz0

12



Since V (0o, Zy) > 33, taking expectations in (45) and using (44), we obtain

Cy; _
Eo, (D 2037;%%(90,20) < By 2Caro ™ (6).
720

Now, by the Stirling formula, 02037:]2’“ ~ (25)*. So, we get the result. O

4.4 Convergence of the likelihood at the true value of the
parameter

We now use the previous result to derive the asymptotic behaviour of the
exact likelihood at 8y. Let

00.2/20) = [ () (46)

and
Py (dz) = p(00, 2/ Z,) dz. (47)

The above relation defines a random probability measure which is clearly
a regular version of the conditional distribution, under IPy,, of Z; given Z,.
More precisely, let us set (see (25) and Proposition 4.1)

AV(0,Z,)
(22+2\V(0,2,))3/%

h0,z/2y) = (48)
This is the Student density (A V(6,Z,))"/? #(2) (the scale parameter is
random and a measurable function of Z))). It is defined, for all 6, under
IPy,. Now, we have (see (23) and Proposition 4.2)

_ (25 +1)z%
6 Zo) = h(8 Z (09, Z -, 4
p( O’Z/fo) ( 07Z/O)jz>:0a]( va()) (22 2\ V(QOaZ()))j ( 9)
Let us define
u(0o, Z1) = log p(0o, Z1/Zy)- (50)
Lemma 4.3. The following holds.
i) IEg, | u(bo, Z;) | < +oo.
ii) Setting H(0y) = IEp,u(0o, Z;), we have
H0) = B ([ togitonz/20Pua). 6

13



Proof. 1) Let us set

22

T (242X V (6o, Zy))

€[0,1).

Then, using that > ;-4(2j + 1)ad = (117%)2, we obtain

1
(23 + 2\ V(00, Zo)'/*

0 < p(bo, Z1/Z,) <

Then, we use the bounds for V' (6y, Z;) and get

1

0 < p(bo, Z1/Zy) < DYoL

On the other hand, using 25 + 1 > 1 and the concavity of the logarithm,
we obtain

log p(0o, Z1/Z,) > (52)

N
Z2 42XV (6o, Zy)

log h(00, Z1/Zo) + > joj (60, Zo) x log (
Jj=0

The distribution of Z; under 1Py, is the \'/20(6y)t(2) distribution. Using
that V(0o, Z,) belongs to I(6p), we immediately check that

IEg, | log h(bo, Z1/Z) |< 400

and
zi

IEy, |1
0 | Og((z%-|-2)\ V (0o, Zy)

) [2< 4o0.

Since, using Proposition4.3,

IE@O(Zjaj(907ZO))2 < IE90 Zj2aj(00720) < +o0,
j=0 j=0

we get that log p(6o, Z1/Z,) is bounded from below by an integrable random
variable which implies the result.
ii) Using that Py, is the conditional distribution of Z; given Z,, we obtain

Eq, (u(bo, /Z21)//Zo)) = /IR log p(0o, 2/ Zy) Py, (d2). (54)

This implies (51). O
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Thus, E(fy) = —H(0) is the expectation of the usual entropy of the
distribution Py, (dz). Now, we are able to prove the following.

Theorem 4.1. We have Llog L, (69) — H(6) defined in (51), IPg,-a.s..

Proof. By the ergodic theorem, which can be applied by Lemma 4.3, i), we
get

I~
- > log (60, Zi/ Z;_1) — H(bp).

i=1

Moreover, since, for Z; # 0, u — f,(Z1) is continuous and bounded,

/ fu(Zl) Vf|00:(—n+2)(du) :pn(907Z1/Z07Z—17 .. '7Z—n+2)

converges to
p(bo, Z1/Zy)

as n tends to infinity, IPy,-a.s.. Hence,

log pn (60, Z1/Z0, Z 1, ..., Z—pnt2) —logp(bo, Z1/Zy) — 0.

By the strict stationarity of (Z;,i € Z), we obtain that, as i — 400,
lngi(eo, Zi/Zi—la ceey Zl) - logﬁ(Qo, Zi/Zifl) — 0.

Taking Cesaro means, as n — +00,

1 & _
- Z (log pi(bo, Zi/Zi-1, - .., Z1) —logp(bo, Zi/ Z; 1)) — O.
=1

In the expression above, the first term in the first sum is taken equal to
log p1 (6o, Z1). Finally,
1« 1
ﬁz log pi(0o, Zi/Zi-1, - Z1) = —10g Ln(fh) — H(6).
i=1

All these convergences holds IPg-a.s. O
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5 Approximations of the likelihood.

We only have the asymptotic behaviour of the normalized log-likelihood
function at the true value of the parameter. Therefore, we introduce now
approximations of the exact likelihood. Previous simulation results on the
mixture parameter suggest that, for small values of a, there are only one
or two components of the mixture which appear to be significantly non nul.
This suggests to replace the exact likelihood by an explicit function based
on a fixed number of mixture components. As a substitute to the exact
likelihood L,,(0), let us consider the following functions. The first one is
based on a one-component mixture and is given by (see (22)-(25))

L) = h(0, Z1) x [ (0, Zi/Zia, ..., Z0). (55)
i=2
The second one is based on a two-component mixture:

n

LT(?)(Q) = g1(9, Zl) X H gi(e, Zi/Zi—ly RN Zl), (56)
=2
where
91(67Z1) :hl(evzl)f1(0721)7 (57)
gi(e, Zz’/Zifla ceey Zl) = hl(Q, Zi/Zifla Ceey Zl) fz(e, ZZ'/Zz;l, ceey Zl) (58)
s B 3 73

fl(eyzl)_0_27@+(1_0_2(9))Z12+2)\0_2(0)7 (59)

P B 32}
FOA G =g ) 0 @ e )

Indeed, the simulation results also show that the mixture parameter is close
to the one used above. To make notations consistent, we set

We denote by éﬁf ) the estimator obtained by maximisation of L,(f) (9), for
1=1,2.
Let us define for n > 1,
1
Van1a(8) = N(0,07_1,1(0)). (61)

njn—1:1

This measure valued process has values in the set of centered Gaussian
distributions with variances given by the recursive algorithm (99).
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Consider also

2 2
i g 1o p
0p-1(0) 0n-1.1(0)
This process has values in the subset of SG-distributions with a two-
component mixture parameter. Its scale and mixture parameter are defined
through (99). Changing (Z,,—1,...,Z1) into (Zy,...,Z_nt+2), we may set

2 (0) = SG(on-1:1(0)), (

nin—1:1

), (62)

V§|10):(—n+2) (9) = N(O’ O-g:(—n—i—Q)(e)) (63)
and
3 3
§|23( n+2)(9) = SG(00:(—n+2)(9)), (ma 1- m)). (64)

Due to Proposition 4.1, the following random probability measures are well
defined for all 6:
Voo (0) = N0, V(6, Zy)) (65)

1]0:—o0
52 1 52
V(szO) V(97Z0)

U ooy (0) = SGVI2(8, Zy), (

). (66)

We have the following result.

(2)

Proposition 5.1. For all 0 and fori=1,2, s V1)0:(—nt2)

(4)
1)0:(—

(0) converges weakly,
IPy,-a.s., to v )(0) as n tends to +oo.

The above proposition follows from a simple application of Corollary 4.1.
The essential difference with Proposition 4.2 is that the above convergences
hold, not only at 8y, but for all 6.

Let us also notice that (see (26)), for i = 1,2,

TlogL Zl 5L (6). (67)

n

The above equalities are analogous to (27). In analogy with (46)-(47),
let us define the following random probability measures:

90.2/20) = [ 1w (O)c) (68)

and » ‘
B0 (dz) = (0, 2/ Z,) da. (69)
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Thus, we have (see (48) and Proposition 3.1)

PV, 2/ 2y) = /IR Ful@W ooy (O)(du) = h(0, 2/ Zg),  (70)

and we now compute

50.2/20) = [ R @) = 9(0.2/20). ()

where
9(0,2/Zy) = W0, 2/Zy) x f(0,2/Z,) (72)

and
62 /32 3 Z2
10.2120) = 7+ U= gz mrawe zy 7
Finally, let us set

u(0,2,) =log h(0, Z1/ Z,) (74)
u®(0,2,) =1logg(0,2,/Z,). (75)

We have the following result.
Theorem 5.1. For all 0 and fori=1,2,

1) ZE@O |U(Z)(97Z1) ‘< 0.

2)
ng) (‘9) ZE90u(i) (Q’ZI)
n

almost surely under IPy,-a.s., as n tends to +oo.

3)
Egyu® (0, Z,) = H(0o) — Iy, (K (Pyy, PI)),

where K(P,Q) denotes the Kullback information of P with respect to Q.

Proof. We only study the case i = 1, the other case being analogous. Using
that V (0, Z,) belongs to I(f), we obtain

c—log (27 +¢) <ulM(0,2,) < C,
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where ¢, ¢/, C are constants depending on the bounds of the interval I(6).
Under IPy,, Z; has distribution \/20(60)t(2). Hence, IEq, | log (Z7 + ¢) |<
00. So, we get 1).

By the ergodic theorem, the following convergence holds IPy-a.s.:

1 n
=S w0, 2,) — Egu (6, 2y). (76)
i=1
Using the explicit expressions (25)-(48), some computations show that
|log hi(0, Zi/ Zi-, ..., Z1) — U(l)(eazi) <C| 0721—1:1(9) - V(0,2 |,

where C' is a constant depending on #. By Corollary 4.1, the right-hand side
above tends to 0 as ¢ tends to infinity. Taking Cesaro means and using (76),
we get 2).

As for (54)-(51), we have

Ty (u0.20)/2) = [ 10850,/ 20) P (02) (77)

Therefore,
Eg, (uD(0, Z1) — ulbo. Z1)/ Zo) = —K (Pa, BYV). (78)
This gives the result. O

By Theorem 5.1, we know that, for all 6,
By, (u(60, Z,) — w00, Z,)) = —TBg (K (Pyy, Bi’) 0. (79)

To derive consistency of the estimators 9~7(f) based on Lg)(e), the above
result is not enough. We should also prove that, for ¢ = 1,2, the function

0 — IE@O(K(p@ovpe(i))

admits a unique minimum at some value 9(()2). Ideally, this value should be
equal to 6y. In this case, using a general theorem of consistency such as
the one proved in Genon-Catalot et al (2003), we would be able to conclude
that the estimators 9~7(f) converge to 9((;). Nevertheless, as we will show
via numerical simulations, estimation by exact maximum likelihood and by

using Lg)(é) yield very close results.
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6 Ryden’s method

Because exact likelihoods of hidden Markov models are generally rather
difficult to study and to compute, Ryden (1994) suggests a class of estimators
which are consistent and asymptotically normal in the context where the
hidden chain has a finite number of states. The method is called maximum
likelihood split data (MLSD) and is based on a simple and natural idea.
Suppose that the number of data is nm, i.e. a multiple of some integer m.
For small m, the joint density p.,(0,z1,...,2m) of (Z1,...,Zy) is not so
difficult to derive even in general models. Therefore, Ryden’s method is to
replace the exact likelihood by the likelihood of a n-sample of m-dimensional
variables having density p, (0, 21, ..., 2m). Ryden’s likelihood is thus given
(for nm data) by

[:ﬁzm) (6) = H pm(ea Zm(k—l)—i—la ce ka) (80)
k=1

A simple application of the ergodic theorem implies that, IPg,-a.s.,
1
~log LIM(0) — By, 1og pm(0, Z1, - - -, Zm)- (81)

Then, under the appropriate identifiability assumption, i.e. that the above
limit has a unique maximum at § = 6y, a standard proof of consistency
for maximum contrast estimators implies the consistency of Ryden’s MLSD
estimator. The method has advantadges and drawbacks. The advantadge
is that it leads to consistent estimators. The drawback is that, for small
m, Ryden’s likelihood may be very far from the exact likelihood. Indeed,
the numerical simulation results in his paper mention that for m > 20, the
maximum likelihood split data estimator is as good as the exact maximum
likelihood estimator. But then, the method is as intractable as the exact
likelihood method.
We will illustrate Ryden’s method with m =1 and m = 2. Let us set

LN(0) = ﬁp1(97 Zi), (82)
k=1

where p1(6, z) is the common density of the Z;’s and is given in (22). It
is immediate to check that, using this MLSD, only one parameter will be
identified, namely o?(6), the stationary variance of (U,).
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Secondly, consider that we have 2n data, and set
L) = [ p2(6, Zor—1, Zar). (83)
k=1
We will now give the explicit expression of 57(12)(0). By (23), we have:
p2(0, 21, Z2) = p1(0, Z1) x p2(0, Z2/Z1). (84)

To compute pa (6, Z2/Z1), we need 3.1 (6) and a1 () which is only composed
of two non nul values. These are easily obtained using the formulae of the
appendix. After some computations, we get

Z3 + 205°

2 _ 2
7a(0) = 7 0) 77 oy (85)

v B o Z7 +2X0%(0)
o (0) = U%J(G) =(l-a )Wa (86)
() J P I 1)

o2.(0) " ZZr o

Now, using (83), it is easily seen that we can identify two parameters, namely
3% and a®.

7 Concluding remarks and open problems

In this paper, we have studied a hidden Markov model for which the exact
likelihood is simple and explicit. the exact maximum likelihood can be easily
computed and performs well on numerical simulated data. We have obtained
the limit of the normalized log-likelihood function at the true value 6y of the
parameter. For other values of the parameter, a difficulty arises which is
specific to hidden Markov models. The likelihood at 8y may be studied by
means of a theoretical tool, namely the conditional likelihood with respect
to the infinite past Z,, of the observations. This process is defined by

n

Hﬁ(eo’zi/ZiA)-

=1

The random variable p(6o, Z;/Z;_;) is defined Py -a.s. It depends on the
whole set of coordinates Z,. Since the distributions of Z; under 1Py, and
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under IPy are not absolutely continuous, we cannot deduce the existence of
p(0,Z;/Z;_;) under Py, from its existence under IPy as it is the case when
only a finite number of coordinates are involved.

The processes introduced in Section 5 to approximate the exact likeli-
hood are well defined for all § and seem rather close to the exact likelihood.
They provide simple and explicit estimators which perform as well as the ex-
act maximum likelihood estimator for small values of a. Still, open problems
remain since we have not proved that the functions

6 — TEg, (K (Pyy, P1))

have a unique minimum.
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8 Appendix

8.1 Formulae for the filtering algorithm

We briefly recall results of Genon-Catalot (2003) and Genon-Catalot and
Kessler (2003) useful for the present paper. In filtering theory, it is well
known that, given an initial distribution for Uy, it is possible to compute
successively the following conditional distributions:

prediction
_—

L) 22, LU 2) LTl 2))
RS, L(Us|Za, 21) BEEEE L(Us| 22, 24) -

These distributions are however generally not explicit: the problem of the
exact computation becomes quickly intractable unless these distributions all
belong to the same parametric family. In this case, it is enough to express
the algorithm in terms of the parameters. It is the case with the present
model. When U; belongs to the class F of SG distributions, then, the above
conditional distributions all belong to the SG class. We recall here the
complete definition of this class.

Definition 8.1. The class F of SG distributions consists of all the distri-
butions v = Vg q, where 0 > 0 and o = (oy,i > 0) is a series of weight
coefficients, Vi > 0,c; > 0 and Zizo a; = 1, defined by

a) If o =0, for any o, we set vy q(du) = do(du).
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b) When o > 0, v(du) = Vg o(du) = g(u)du, with

o) = ai (M) (33)

1>0

where 0 )
i) = (2m) " £ exp(— ), (89)

and Cy; = E(X?), for X a standard Gaussian variable.

The Serial Gaussian distribution with parameters o and o = («;,7 > 0)
is abbreviated by SG(o, «).

Thus, for positive o, a SG(o,«) distribution is a mixture distribution
which is specified by a scale parameter ¢ and a mixture parameter a. Each
SG distribution is symmetric and F contains the centered Gaussian laws.
By standard series expansion, it can also be seen to contain the symmetric
mixture of Gaussian distributions, 3N (—m,o?) + N (m, ?).

Let us set, for n > 1:

Vo (du) = LUy | Zn, ..., Z1/TPy). (90)
V9n+1|n:1(du) = L(Un+1 ‘ Zn?"le/]PG) (91)

The measure valued process (v, +1\n:1) is called the prediction filter and was
defined in (10). The process (l/z‘nzl) is the optimal filter. The updating and
prediction steps of the filtering algorithm can be described introducing the
following operators. Let P(IR) denote the set of probability measures on IR.
For v € P(IR), the probability measure ¢, (v) is defined, for any Bounded
Borel function h on IR, by

(92)

with the convention that 0/0 = 0. It is the posterior distribution on u when
the prior is v and the observation is Z = ue;. Notice that the operator ¢,
does not depend on the unknown parameter 6 but only on the distribution
of the noise (g,,). On the other hand, for © € P(IR), the probability measure
YO(u) = p P? is defined by

G () (h) = p PP = / p(6, u, () p(du)del . (93)

X
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(We have denoted by P? the one-step transition operator of the AR(1) pro-
cess and p(f,u,u’) is the associated transition density). The filtering algo-
rithm then writes for n > 1

. 0 0
updating Vnln:1 = ¥PZn (Vn|n—1:1)
prediction : VZ+1|n:1 = ¢0(V2|n:1)-
To initiate the algoritihm, we set

V10|0:1) =1/ (94)

where ¥ is defined in (5).
Let us denote by
(I)Z =y’ op, (95)

the resulting composition (see also (18). The mappings (92)-(93)-(95) are
from the SG class into the SG class and therefore can be expressed in terms of
the parameters. We shall use the same notation ®Y to denote the application

(0%, ) — ®%(0®, a) = (5%(2), a(2)) (96)

which specifies the parameters.
Thus, under Py, the conditional distribution of U,, given (Z,—_1,...,21)

is equal to
Vz‘n—lzl = (PQanl ©...0 (I)Ozl (Ve)‘ (97)

The distribution ¥ of U is centered Gaussian (see (5)-(6)). Therefore, it
is the SG distribution with scale parameter (6) and mixture parameter a(*)
specified by a(()s) =1.

We have,

(02_1,1(0), 0" 11(0)) = 8% o...0®Y (6(9),a)), (98)

n

Because the scale parameter is ruled by an autonomous algorithm, we
use a special notation for it and set

5%(2) = Fl(o?), (99)
where
F(o?) =+ L2 100
Z(U)_ﬁ +a22+2A0'2. ( )
Thus
02_1:1(9) = an_l 0...0 Fgl (02(9)) (101)
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the square of the scale parameter obtained for VZ Formula (100) shows

that o2 _;.,(0) > %2> 0.

The evolution of the mixture parameters are given by somehow more
intricate relations. The mixture coefficient a(z) depends both on 02 and «
as follows.

For k > 0

wt = (1) )

where if o z #£ 0,

[n—1:1"

i) o

> , 1 >1, 103)
o) (

Go(2) =0, &i(2) = a1

where ,
(20 + 1)z%

h(z) = Zaihi(z)7 hi(z) = m

i>0

(104)

If o2 =0, ap(z) = 1.
Moreover for the updating step ¢. (02, a) = (6%(2),a(z)) with a(z) is

given above and

2 2

~9 i

6°(z) =0 oyl

From (103)-(102), we see that if o; = 0,7 > p, then &;(z) = a;(z) =
0,i>p+1 (see (20).

8.2 Proof of Lemma 4.1

Proof. We only need to prove that (z,v) — v(f(z)) is measurable. For all
z # 0, the function u — f,(2) is continuous and bounded on IR. Therefore,
if v, converges wealy to v, v,(f.(2)) converges to v(f (z)). Moreover, it is
easily seen that, if z,,z > 0 (resp. z,,2z < 0) and z, — z, then

sup ’fu(zn) - fu(z)’ — 0.

welR

And, v(f.(0)) = 0. Hence, v(f.(2)) is equal to a continuous function of (z,v)
on {z >0}, {z <0}, {z=0}. O
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