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ABSTRACT. We consider a field f o Tfl 0---0 Téd, where T7,...,Ty are completely
commuting transformations in the sense of Gordin. If one of these transformations is
ergodic, we give sufficient conditions in the spirit of Hannan under which the partial
sum process indexed by quadrants converges in distribution to a brownian sheet.
The proof combines a martingale approximation approach with a recent CLT for
martingale random fields due to Volny. We apply our results to completely commuting
endomorphisms of the m-torus. In that case, the conditions can be expressed in terms
of the L2-modulus of continuity of f.

1. INTRODUCTION

Let (€2, A, 1) be a probability space and T" a (non-invertible) measure preserving map.
Let U be the associated Koopman operator (Uf = foT for every f € L'(Q, A, 1)) and
U* be the associated Perron-Frobenius operator. In 1978, Gordin and Lifsic [10] (see
also [8]) observed that if f = (I — U*)g for some g € L*(u1) (i.e. f is a coboundary for
U*), then one has a decomposition f = (g — UU*g) + (U — I)U*g into the sum of a
reverse martingale difference plus a coboundary (for U that time). This allows to prove
the central limit theorem (CLT) and the weak invariance principle (WIP) for f from
the corresponding results for stationary reverse martingale differences.

This fruitful approach presents a part of the martingale-approximation method,
known also as Gordin’s method and started with the seminal paper [8] from 1969.
It has been further developped in many papers (to go beyond the coboundaries for
U*). Let us mention the following references where optimal or sharp results have been
obtained concerning the CLT as well as other limit theorems: Hannan [13, 14], Heyde
[15], Maxwell and Woodroofe [17], Peligrad and Utev [18], Gordin and Peligrad [11],
Cuny [4].

Consider now a family of commuting measure preserving transformations 77, ..., Ty.
In 2009, Gordin [9] proved a decomposition analogous to the above one (see Section

4), when the transformations are completely commuting (see the next section for the
definition) and f = (I — Uy)--- (I — U;)g. However, probably by lack of a CLT for
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“multi-dimensional” reverse martingale differences, he did not derive any CLT from
that decomposition.

Very recently, the third author [19] proved such a CLT. Actually, he worked in the
setting of martingale differences but, as shown in Section 3, its proof applies equally
in the reverse martingale case and yields also the weak invariance principle. In this
paper, we provide a suitable reverse-martingale approximation under a condition in the
spirit of Hannan, from which the CLT and the WIP follow. Note that the WIP under
Hannan’s condition has been recently obtained by Volny and Wang [20] in the case
where the random field can be expressed as a function of an iid random field. In the
one-dimensional setting this condition is known to be sharp (see for instance Dedecker
[6]). The results of Volny and Wang can, using [20], be extended to random fields which
are not Bernoulli.

We apply these results to prove a CLT and a WIP in the case where the transforma-
tions are commuting dilating endomorphisms of the m-dimensional torus. Note that, for
such commuting endomorphisms (not necessarily dilating), the CLT has been obtained
recently by mean of completely different technics under slightly stronger conditions, see
Section 5 for a deeper discussion.

2. SETTING OF THE PAPER

Let us describe our setting.

Let (2,4, 1) be a probability space. Consider a family {73,...,7;} of measure
preserving transformations on €.

Denote by Uy, ..., U, the corresponding Koopman operators and by Uy, ..., U] the

associated adjoint operators, also known in that context as the Perron-Frobenius oper-
ators. Recall that those operators are characterized as follows

Uif =foTi;
[ visgdn= [ sugan,
Q Q
for every positive measurable functions f, g and every i € {1,...,d}.

Definition 1. We say that the family {T\, ..., Ty} (or the family {Uy, ..., Us}) is com-
pletely commuting if it is commuting and if moreover

(1) UU; =U;U;  foranyi,j €{1l,...,d},i#j.

Notice that (as already observed by Gordin) this definition is slightly abusive since
that property depends on p. Since p will be fixed in the sequel, we will not worry about
that fact.

We consider now the natural filtrations associated with our transformations. For
every i € {1,...,d} and every n € N, denote F. := T, "(A).

Then, it is well-known (and not hard to prove) that, for every i € {1,...,d} and
every n € N, we have
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(2) E(f|FY) = UrU)"f for any f € LY(Q, A, p).

On the other hand, since the U;’s are clearly isometries (of any LP, 1 < p < o0), we
also have for every i € {1,...,d}

(3) UrUf = f forany f e LY(Q, A, p).

The relevance of the property of complete commutation lies in the fact that for every
i,7 € {1,...,d} with ¢ # j, and every n € N, the operator U; and the operator of
conditional expectation with respect to F9 are commuting.

3. AN INVARIANCE PRINCIPLE FOR STATIONARY d-FIELDS OF REVERSE
MARTINGALE DIFFERENCES

In all of this section we suppose given a completely commuting family {77,..., Ty}
of transformations on the probability space (€2, A, 1) and we make use of the previous
notations.

We shall use the notation n to specify that n is a vector. Then, if n = (nq,...,n4) €
N¢ (with N ={0,1...}, and later N* = {1,2...}), we shall use the notation

Utf=U---Uf forany f € L' (Q, A, p).

Definition 2. We shall say that (f,)nene s a commuting stationary d-field of reverse

martingale differences if there exists f € LY(Q, A, n) with E(f|]:1(l)) = 0 for every
ie{l,...,d} such that f, = U%f.

Let {e1,...,eq} be the canonical basis in R%. If (f,),ene is a commuting stationary
d-field of reverse martingale differences, then, for every i € {1,...,d}, we have (with f
as in the definition), U f = 0 and

(4)
E(f,| F,,) = U™ (U +munf = usme(UFf =0 for any m € N*,n € N°.

)

For every k,h € N¢, we shall write k& < h if for every i € {1,...,d} we have k; < h;.
For every n € N? and every ¢t € [0, 1]¢, we shall write [nt] := ([nit4], ..., [n4td]), where
[-] stands for the integer part.

Let (UZf),ena be a random field on (2, A, ). For every n = (nq,...,ny) € N? and
every t = (t1,...,tq) € [0,1]¢ set

d
Sua(f) = > [ A (niti = 1) = ks + 1) UES,
0=k=[nt] i=1

Sﬂ,t(f) _
(T )2

I3

and T,.(f) :=
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Theorem 1. Let (Uf),ene be a commuting stationary d-field of reverse martingale dif-
ferences with f € L*(Q, A, ). Assume that one of the U;’s is ergodic. Then, the process
(Tos(F)ecto.)ucne converges in law in C(10,1]9) to (1f12We)seioyer where (W)yeio e
1s the standard d-dimensional brownian sheet.

Remark. Recall that (W)« is the centered gaussian process characterized by
E(W,W,) = [T, (s; At;). The ergodicity will be needed at the very end of the proof,

=1
in order to prove Lemma 4 below.
As usual we shall prove that result in two steps. The first one consists in proving
tightness. The second one consists in proving convergence of the finite dimensional
distributions.

3.1. Proof of the tightness. The tightness has been proved by Volny and Wang [20]
in the case of martingale differences rather than reverse martingale differences. Their
argument carry on to our setting provided that we have a maximal inequality of Cairoli’s
type for reverse martingale fields.

We shall just state the appropriate version of Cairoli’s maximal inequality needed
and refer to [20] for the proof of the tightness. We state it in the stationary case, but
it holds in a more general setting.

Proposition 2 (Cairoli, [1]). Let (U%f),ena be a commuting stationary d-field of re-
verse martingale differences with f € LP(Q, A, i), p > 1. Then, for every n € N¢ we

have
p)

p
d

j p

i < 9dp
() E glhajxﬁ ZUf =2 (p—l) E(

0=i=k

Proof. We explain how to derive the result from Cairoli’s original result when d = 2.
Let n € N?. For every 0 < k < n write g := U ®f. Then, (3 2,2 9i)o<k=n is a

2. U

0=i=n

so-called orthomartingale. Moreover, we see that for every 0 < k < n,

SNuir= Y Uir- > Uf- Y U+ Y U

0=i=k 0=<i=<n (k1,0)<i=n (0,k2)=i=n (k1,k2)=i<n
= E 9i — E 9i — E 9i + E 9i -
0=i=n 0=i=(n1—k1,0) 0=i=(0,n2k2) 0=i=(n1—k1,n2—k2)

OJ

3.2. Convergence of the finite dimensional distributions. We have to prove that
for every (£}, )o<k<r with ¢, € [0,1]%,

(6) (Taty (f)s - T, (£) = (Wi (), Wa, ()

as Ny, ...,Ng — +00.
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Note first that, if

gm(f) = Z Ukf and Tvﬂt(f) = iﬁ#(f),

0=k=[nt]—1 (ITi=y na)?/?

where 1 = (1,...,1), then || T,(f) — Tps(f)|l2 = 0 as ny, ..., ng — +oco. This follows
easily from the fact that, using the reverse-martingale property,

150.4() = Sue (115 < I1£113 Z I =

i=1 je{l,..d},j#i

Hence, is suffices to prove (6) with Tmi instead of T, . Let (ax)o<k<r be L + 1 real
numbers. By the Cramer-Wold device, it suffices to prove that

L L
Z akfﬁ’£k<f) = Z arWy, (f)
k=0 k=0

As a second simple remark, note that the sum ¢ arTny, (f) can be written as a
weighted sum over disjoint and adjacent rectangles. Hence, it suffices to prove the
convergence in distribution for such rectangles.

We shall make the proof when d = 2, the general case can be proved by induction.
Lettg=0<t; <--- <t <1 and S5o=0< 81 <+ <sg <1. Let also (ak’g)lgng
be real numbers. From the remarks above, it suffices to prove that

1 K K [ntg]—1 [nsg]—1 '
Vira = —m== Y Y i > UUW)
i k=1 ¢=1 i=[ni1tg_1] j=[nase_1]

ak tkvsl)(f) + W(tkfuszfﬂ(f) - W(tk,sefﬂ(f) - W(tk—lvsé)(f)) :

Mw

9

k=1

~
Il

1

as ni,ngy — 0o. Notice that the random variable on right hand is distributed according
to M (0,T), with

K K
T=F15D  anolte —te1)(se — se1).

k=1 =1

Clearly, it suffices to prove the desired convergence in distribution when ny,ny — +o00
along any sequence (m,,n,),>1. Hence, let us fix a sequence (m,,n,),>; such that
m,,n, — +00 as r — +oo. It remains to prove that

[mrtr]—1  [nrse]—

@ N D ITIDY S i) = N

k=1 £=1 i=[mrtk_1] j=[nrse—1]

Proof of (7). Since one of the U/s is assumed to be ergodic, let us assume that U, is.
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We will apply the following result of McLeish as stated in Hall and Heyde [12] (see
Theorem 3.6 p. 77). This theorem is stated for an array of martingale differences, but
a simple change of time gives the next proposition. We first mention what we mean by
an array of reverse martingale differences.

Definition 3. Let (X, x)o<k<p.—1)r>1 be an array of variables and ((G,)o<k<p.—1)r>1
be an array of o-algebras, such that for every r > 1, (G, x)o<k<p,—1 1S decreasing. We
say that (X ks (Grk)o<k<p.—1)r>1 1 an array of reverse martingale differences if X,
is Gy i-measurable for every r > 1 and 1 < k < p, and if E(X, ) = 0 for every
r>1and every 0 < k < p, — 2.

Proposition 3 (McLeish). Let (X, (Grk)o<k<p,—1)r>1 be an array of reverse martin-
gale differences in L?. Assume that

(4) SUPg<k<p,—1 ’Xr,k‘ £> 0;
(i1) SupPg<p<p, 1E(X3k) <0
(i) Y0, 1X2k — V' for some V > 0;
Then, 3 o<pep, 1 Xrk converges in distribution to N'(0, V).

To apply this proposition, we write

mr—1 K [nrse]—1 my—1
) Z Z 1{ (mrt_1]<i<[m,tr]— Z Q.0 Z UIUJ = ZT,i .
\ T i=0 k=1 j=[nrse_1] i=0

Note that Z,; is a reverse martingale difference with respect to G,; = ]-Z-(l) . We shall
now prove that (Z,;)o<i<m,—1 satisfies (7), (#4) and (i77) of Proposition 3 (with V =T
for (ii1)).

Proof of (i) and (ii). We have

[nrse]—1
1 I4
sup  |Z] < ( sup Z\a;@) sup  sup Z Uiy (f

0<i<m,—1 1<k<K 1<U<K 0<i<m,.—1 /Ty TNy
Jj=[nrse_1]

Hence we just have to prove that for every € > 0, and every 1 < ¢ < K|,

1 [rrse =1
Ter = S e j{%_ﬂ Vit ze | 72,0
Using the stationarity and Markov inequality, we obtain that
1 [nrse]—1 ;
Vier < Mpfl S, j:[;szl] Us(f)| > ¢
- 1 E 1 [mi_l U 2
~ el NS 2(f) lz"rfffs; QU (D)|>/mriine

" Jj=[nrse-1]
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Notice that (Uf)o<i<m,—1 is a stationary sequence of reverse martingale differences.
Now, it is well-known (using stationarity, truncation and Burkholder inequality) that

the family

| mesdod 2

(Y o)r>1 = I > Ul

is uniformly integrable, and () easily follows.

j:[nrse—l] r>1

In the same way, (i¢) can be proved by using the stationarity and the fact that
(Y, 4)r>1 is bounded in L'
Proof of (iii). This is the difficult part. It suffices to prove that

my—1
. 2 o
Tlggo Z 47— =0.
=0 1
Now
K 1 K 1 [n'rsé]fl 2
2 iT7I
Zr,i = Z Erl{[mrtk <i<mrty]— Zak,éﬁ A Z U1U; (f)
k=1 =1 " j=[nrse_1]
Hence, it suffices to prove that
2
K |l [mrt]—1 [nrse]—1
3l S (S S ) < -0
k=1 riz[mrtkq] =1 =[nrsp_1] 1
where v = || f]I3 Zle ag o(tk — te—1)(s¢ — s¢-1). By stationarity, it suffices to prove
that, for each k € {1,... ,K},
| et nrse]—1 2
: S ir7i _ —
i [T (S S vvin] < 0.
j=[nrse_1] 1
Setting u, = [m,t;] — [m,ty_1], this is equivalent to
2
ur—1 [nrse]—1 K
8) lim ||~ SN ane g D VIO | = IIFIE D aialse = se)| = 0.
T =0 =1 T j=[nrse_1] =1

1
In order to prove 8), let us admit the following lemma for a while.

Lemma 4. Let € > 0. If Uy is ergodic, there exist integers v > 1 (large enough) and
p(v) (large enough), such that for every n > p(v)

2
[rse] -

v—1
(9) %Z \/—Zau Z ULU3(f — Ayl <e,
i=0

=[nsg_1] 1
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where Ay 1= | fIR 5%, (50 — se1).
Let
[nrse—1 o
Zakfz > UUi).
" j=[nrse_1]

Let r > 1, such that u, > v and write u, = vg, +1t,, with ¢, > 1 and ¢, € {0,...,v—1}.
We have that

wr—1 Y (k+1)v—1 | ] A,
I U R A O b

By stationarity, and Lemma 4, we see that, for n, > p(v)

gr—1 (k—‘rlv 1
(11) “_rkzo Zk
' 2
! i ! XK: mi 1 Uy Uj A
Z — <eg.
v =0 \/n_r =1 j=[nrsp—1] 1 ' 1

On another hand, for a fixed v, one has

o ¢ Ak
Ty

1=vqr

(12) lim

r—00

=0.

1

From (10), (11) and (12), we see that (8) holds. This completes the proof of (iii). O

Proof of Lemma 4 The proof relies on the following convergence in law.

Lemma 5. Let v > 1. The sequence of random vectors

[nsg]—1
Y 3 Uil
.7 TLSg 1] 1<i<v
converges in distribution to (N;)1<i<y, where the N;’s are #id with common distribution
K
N, 1 £113 3001 aqo(se — se-1)).-
Lemma 4 follows easily from Lemma 5, a truncation argument and the law of large
numbers in L' for (N?)i<i<, (with v — +00).

Lemma 5 can be proved by applying Proposition 3, but it is shorter to notice that
it is a consequence of the WIP for stationary and ergodic R"-valued reverse martingale
differences (note that it is the only place where we use the ergodicity of Us). Indeed,
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letting V(f) = (UL (f),..., UL (f)), it follows from the WIP that

[ns1]—1 [nsk]—1
1 :
j j
75 2 VW), f > VB
Jj=0 =[nsk_1]
converges in distribution to (Gy,...,Gg), where the G,’s are independent Gaussian

random vectors with respective covariance matrix (s, — s,—1)E(V(f)V(f)’). Now since
E(UH()UL(f)) = 0if i # j, we see that E(V(f)V(f)) = | f||31d,, where Id, is the
identity v X v matrix. Lemma 5 follows straightforwardly.

4. REVERSE MARTINGALE APPROXIMATION
We shall consider again a completely commuting family of (non invertible) measure
preserving transformations 77, ..., Ty.

In all that section we assume the following property
TS £l - 0 foranyi€ {1,...,d}, and any f € L*(Q, A, u) with E(f) =0.
n—-+0oo
This property is equivalent to the fact that each 7; is exact (see Definition 4.14 in
Walters [21]).

We shall now prove a (reverse) martingale approximation result under a condition in
the spirit of Hannan. For f € L?(u) set

2

(U7

Y

d

(13) Il := ) H (U™ = U U f
"
[

and
={fel’(u : |fllx < oo}

It is not hard to prove as in the one-dimensional case (see for instance the proof of
Proposition 12 in [5]) that a sufficient condition for f to be in A} is that

" R R CARYT

<
(ny -+~ ng) /2 00

We first prove a maximal inequality. Its statement, as well as its proof, are analogous
to Lemma 5.2 of [20].

Lemma 6. Let f € X,. Then,
(15) max | Y UHf| | <2%(nyng) | £,

1=2k=n
0=i=<k
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Proof. Let f € &,. Using that for every i € {1,...,d}, ||(UF)"f|la — 0 as n — oo,
we obtain the following orthogonal decomposition

(16) f: Z H sy = Ut U™ f o= f

..... mg€N i=1 meNd
Then, clearly
max E Uf| < max E U'fn
1=k=n 1=k=n o
0=i=k meNd 0=k

Now, for every m = (my,...,mq) € N% (Ulf,)iene is a commuting stationary d-
field of reverse martingale differences associated with f,, € L*(Q, Ay, 1), where A, =
Ty ™ o---0T;™(A). Hence, the result follows from Proposition 2. O

We shall also need the following lemma.

Lemma 7. Let T} be a measure preserving transformation and Uy the associated Koop-
man operator. Let f,g € L*(Q, A, i) be such that for h € {f, g},

(17) SO = Ui (U7)™) h|, < 00

n>0

Then, S 4ep [E(UF fUF g)| < 0o, where k* = max{0, k} and k~ = max{0, —k}. More-

over, writing f 1= 3750 (UN)* = Ur(Up)* ) f and § == 32, ((U7)* — Un(UF)**)g,

(18) E(f7) =Y E(UF rulg) .

kEZ

Proof. The absolute convergence of the series will follow from the proof. Hence, we only

prove (18). For every f € L?(2, A, u) such that E(f) = 0, using that ||(U7)™ f||2 e 0,
n—-+0oo

we have

(19) f=2 (OO = U up)™) f

neN

where the summands are orthogonal.
Let

Are(f,9) = E (((ODF = U0 ) £) (07" = Uu(U)*) 9))
Using (17) to permute E and ), we have (with absolute convergence)
( ) ZAszg Z Are(f, 9) + Z Are(f,9) + Z Ape(f59) -
k,LeN ko k>e kot k<t ol s k=t

The first two sums on right hand are symmetric one from the other, hence we shall

deal only with the second one. Since E (((U7)* — Uy (U7)F) f) (U1(UT) F1g)) = 0 for
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0>k,
YD Alfig) =0 > E(((UHONF - Ut U ) (Un)™g)
keN >k keN meN*
=Y EU"fg),
meN*

where we have used (19). In the same way
> Aex(f.9) = E(((UF(UN* = U (UN)*™) £) 9) =E(fg).
kEN keN

Theorem 8. Let f € X,. Then, there exists a commuting stationary d-field of reverse
martingale differences (U(d))pena with d € L*(p) such that

2

(20) OIE&X@ Z Utf — U =o(ny---ng), asny,...,ng — 400,

0=i=k
and ||d|[3 = 3 en E(U™"f U™ f), where we use the notations n* = (n,...,n}) and
n-=(ng,...,ny,).
Proof. By (19) we see that || - || v, is definite on X hence that it is a norm. Moreover,
(Xs, || - ||x,) is a Banach space.

Let i € {1,...,d}. We easily see that ||(US)"f|lx, — 0 as n — +oo. Hence, U} is
mean ergodic on X5 (with no fixed points), that is

=T U0

Then, it follows that

(21) =] (- U

1<i<d

Define a linear operator D on X, by setting

Df=) H (@)™ = U ) f -

ﬂeNd =1
Let us observe that if f = [[,.,.4,( —U;)g with g € Xy, then Df =[], ., ,(I = U;U})g.
Obviously,
(22) ID()ll2 < [1f]]x -

Let us prove (20) with d = D(f). Let us admit for a while that (20) holds whenever
f belongs to [],.,4,(I — U)Xs. Let us show then that (20) holds for every f € Aj.
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Let f € Xy. Let € > 0. By (21), there exists g € X5 such that

<e€.

Hf - [ U=y

1<i<d

X

For every n € N?, we have, setting § := [Ti<ica = Uf)g,

Yo (Ut -UtDp)| < | Y (Ut - U)

0=k=n 0=k=n

+| Y (Urh - UEDg)| + | Y (UED(f - §))

0=<k=<n 0=k=n
Using (15) to deal with the first term above and (22) and (5) to deal with the third
term, and since we admit for the moment that (20) holds for g, we infer that

2

1 ) .
lim sup E | max Z U*f —Ud < Ce,

NN 1<k=n
MNYyenny ng—-+oo 11 d == 0=i=k

and (20) follows by letting ¢ — 0.
It remains to deal with the case where f =[], ,.,({ — U")g, for some g € X5,
To do so we use the following simple identity (see also Gordin [9], Proposition 1):

forie{1,....dy, I1—U:=1I—UU!+ (U, —DU:.
Let f = [[i<;cq( — U}")g with g € X5. We have
f=of+ > [Mu-vuH][w;-nuig

EC{1,....d},EAD icEe jEeE
(23) :=Df+h.
The proof relies on the fact that the remainder in (23) (i.e. h) behaves like a cobound-
ary in some “directions” and like a sum of reverse martingale differences in the other

“directions”. For the sake of simplicity, we only prove the results for d = 2, but the

general case can be handled similarly.
We have

f=Df =T —-UU;)(Uz—1)Uyg + (I = UsU3)(Uy — DUy g + (U = I)(Uz = U Usg .

For every 0 < k1 < ny and every 0 < ky < no, we have

YUl ) URUI DU (U - DUfg = (U = 1) > Ui —UaUs)Usg.

0<i1<k: 0<ia<kg 0<ia<kz
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Define Zy, 5, 1= Maxi<ky<ns | Do<ip<io U2 (I-UU$) UM Ui g|. For every A > 0, we have
2

max max
1<k1<n1 1<ka<no

Z Ul > URI - UhUs)(Uy — 1)U g

<i1<k1 0<iz<ko

2
< 2\Zo, | + 2004 +2 ) ‘Z’ﬂvbl{\zkl,wlm@} :

0<k1<ny
and, by stationarity
2

E max max
1<ka<ng 1<k1<n;

Ul > UR(I-UUs)(U - DU g

0<i1 <k 0<io<ko

< 2E (|Zo,|?) + 2n2 A% + 204 E (‘Zoml (1 Zomy |2 AV, }

)

— 0.

ni,ng—+00

Since, (Z§ ,,/M2)n,>1 is uniformly integrable, it follows that
2

1
E max max
n1No 1<ko<ng 1<ki1<ny

Ul Y UR(I- U3 (U - DUy

0<i1<ky 0<io<ko

We may deal similarly with the sum associated with the term (I — U, U5 )(Uy—I)Usg.
To deal with the sum associated with the term (U — I) — Uy — I)UY)Us g is somehow
easier.

To finish the proof of the theorem, it remains to identify ||Df||3. But, this follows by
applying inductively Lemma 7, noticing that

Z H U* U* n1+1 H Z U* (U*)k +1)
neNd i=1 i=1 k;eN

and using the fact that (U, ..., Uy) is completely commuting. OJ

5. EXPANDING ENDOMORPHISMS OF THE m-DIMENSIONAL TORUS

Let A be am x m (m > 1) matrix with integer entries. We say that A is expanding
if all its eigenvalues have modulus strictly greater than 1.

A induces a transformation €4 of the m-dimensional torus [0,1)™, preserving the
Lebesgue-Haar measure \. We denote by U, the corresponding Koopman operator,
and by U} the Perron-Frobenius operator.

Let us give a simple condition under which 64 and g are completely commuting.

Lemma 9. Let A and B be two expanding mxm (m > 1) matrices with integer entries.
Assume that A and B commutes and that they have coprime determinants. Then, 04
and O are completely commuting.
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Proof. We have to prove that UiUg = UgU}. Let I' be representatives of Z™/AZ™
with distinct images in Z™/AZ™. By (34) (using that A" and B commute), it suffices
to prove that B induces a bijection (modulo Z™) of the set (A™'7),er.

Let 7,7 € T be such that there exists 3 € Z™ such that BA™'y = BA™'%' + . Set
§:=r~—~ €Zm Writing A~! = (det A)"'A, where A is the adjugate matrix of A
(with integer entries) and similarly, B~' = (det B)~'B, we see that

(det B)Ad = (det A)BS..

Since det B A det A = 1, by Gauss lemma, we infer that det A divides all entries A8,
hence that A71§ € Z™ and § € AZ™. By definition of I', we see that v = 4 and the
lemma is proved. O

The fact that A and B have coprime determinants is by no mean necessary for 6,4
and fp to be completely commuting as one may see from the following basic example:

2 0 3 0
A:(O S)andB:<0 2).

The next proposition is an easy consequence of a result by Fan [7] (see Proposition
13 of the Appendix). Recall that the modulus of continuity in L? is given by
Q7(0) := sup [[f(-+2)—fll,,

0<|z|<é
where |z| stands for the euclidean norm of x € [0,1)™.

Proposition 10. Let Ay, ..., Ay be commuting expanding m X m matrices with integral
entries. Let A\ > 1 be the infimum of the modulus of their eigenvalues. There exists
C > 0 such that, for every f € L*(\) and every ni,...,nq € N,

(24) JU)™ - U3, < D (CAG4)

Proof. Let us first notice that (Uj )™ ---(Uj},)" is the Perron-Frobenius operator
associated with 04,m4..4,71. Now, since the matrices are commuting, it follows from
standard linear algebra results, that the set of the eigenvalues of A;"¢---A;™ is in-
cluded in {\;"*---A\™ : \; is an eigenvalue of A;}. In particular, A;"--- A;™ is an
expanding matrix. Then, the result follows from Proposition 13, noticing that

A (A" A ([0, 1]7)) < CA T
where A (A7™ -+ A;"([0,1]™)) is the diameter of A7™ --- A;"([0,1]™). O
We shall use the following notation: U* = Ui{l e Uildd for every (iy,...,iq) € N

Theorem 11. Let d > 1. Let f € L*([0,1)™, \) centered such that
U oe(t)[(@2)/2

(25) (/bﬂ%——ﬂw@ﬁ<m.
0

Let Ay, ..., Ayq be expanding m X m matrices with integral entries. Assume that they
are commuting and that their determinants are pairwise coprime. Then, there exists
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a stationary d-field of reverse martingale differences (U™(d))pene with d € L*(X) such
that

(26) 1@522 O;ka Utd =o(ny---ng) asny,...,ng — +00.

In particular, we have an invariance principle.

Remark. We see that if Q ((t) = o(]log(t)|~%?7¢) (¢t — 0) (25) holds. A CLT has
been obtained by Cohen and Conze [2] under the condition Qs ;(t) = of|log(t)|~%)
(t — 0). However, the results of [2] apply to general arrays and to commuting families
of general endomorphisms (including for instance automorphisms) inducing a totally
ergodic Né-action (see their paper for more informations).

Proof. It follows from (31) and a density argument that |[(U} )" f|l2 — 0 as n — +o0
for every centered f € L?()\) and every i € {1,...,d}. Hence, by Theorem 8, we just
have to check that (14) holds. Using (31), we see that (14) will hold provided that

Yy Q@ Am§21+ +na))

(27) T

< 0.

Now, making the change of index ny + --- + ng — ng,

5 Do)
(nl )1/2

_ Q2f(0)\mm)
= > > (1 (Mg — 11— — g )2

N1, Ng—1EN* ng>n—14--+ng_1+1

Notice that for every m > 1, we have

Y L /57 1
< 2/m ) = V2/m - <D,
1<mZm-1 V(M —m) 1<nr<my2 V" Z vm —ny

m/2<ni1<m-—1

for a constant D > 0 independent of m.

Hence (27) holds if and only if

Z Z Qo (CAYE)

. Nd—2
ng>1na,...,ng_1EN* :ng4-4ng_1<ng—1
1 d—2
2 : z : d (d— 2/2 ng
S ( 7) QQf C)‘mm < C E :TZ C)‘mzn) o0,
ng>1l \1<j<ng J ng>1

which is equivalent to (25) by comparing series and integrals. O

We shall now give a sufficient condition in terms of Fourier coefficients.
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Lemma 12. Let f € L*([0,1)™) with Fourier coefficients (¢, (f))nezm. For everyk > 1,
define

R 2
Au(f) = max Y e
o neZm™ : |n;|>k

if
oo k)([@-2)/2
(28) 5 O ()7 < o

k>1

then (25) holds.

Remark. Note that (28) holds as soon as Ag(f) = O((logk)~?~¢), for some € > 0.
Conversely, if (28) is satisfied, since (Ax(f))x>1 is non increasing, we see that, Ax(f) =
o((logk)™%). Note also that Levin [16] proved the CLT (he also announced the weak
invariance principle in [16]) under a condition that is easily seen to be equivalent to

5 BN a2 < oo

He worked in the same setting as Cohen and Conze [2].
Proof. Let us first notice that (25) is equivalent to

log k)(@—2)/2
3 %Qwu/k) < o0

k
k>1
Let k> 1 and z € R™ with |z| < 1/k. We have
If(-+z)— fll3= Z lea(f)21 — e¥mime) 2,
nezm™

In particular, majorizing |1 — e*7(2}| either by 2 or by 27|n||z|, we see that

CAEYS D SR Py e et S S T

ne{—k,...k}m™ =1 neZm :|n;|>k
é m m
<Y el Y P,
i=1 neZ™ :|n;|<k i=1 n€Zm :|n;|>k

for two positive constants C,, and C,,. The second sum on right hand can be handled
directly by using (28), and it remains to prove that

oo k)(@-2)/2
(20) 5~ BB RO  (1)2 < oo

k2
k>1

where

Bi(f) = max Y nile(f).

1<i<m
nezZm : |n;|<k
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Let us prove that (28) implies (29). Let
A= Y el
neZ™ : |n;|>k
We have
k
> ndlealf) Zy V= AD) =3 ARG - G- )Y - AL
nezZ™ : |n;i|<k j=1

Hence, we infer that (29) hold as soon as

1/2
(30) B := Z logk (Z JA;(f ) < 00,

k>1
To prove that (28) implies (30), we first notice that (28) is equivalent to
Zn =212 [ Agn(f) < 00
n>0

(to see this it suffices to use the monoticity of Ay). Next

0o 2ntl l k (d—2)/2 1/2 00 d 2)/2 gn+1 1/2
og .
I I e ) B )
n=0 k=2n j=1
In the same way, using the monoticity of Ay,
2n+1 1/2 n 2k+1 1/2 n 1/2 n
<ZjAj(f)> = (>3 4 < (222%@) <V2) 2R /Ay
j=1 k=0 j=2k k=0 k=0
It follows that
\/ AQk < _D Z k(d 2 Agk f) (0. ¢]
k>0
which completes the proof. O

6. APPENDIX

Proposition 10 of Section 5 is a consequence of the following proposition, due to Fan
[7]. We shall give the proof for the sake of completeness and because the reference [7]
is hard to obtain.

Proposition 13 (Fan, [7]). There ezists C > 0 such that for every expanding m x m
matrices A with integral entries, for every f € L*(\) with A\(f) =0,

(31) IUAfll2 < Qa5 (A (A7H([0,1)™)))
where A (A71([0,1]™)) is the diameter of A~1([0,1]™).
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Proof. Let us recall some facts about tiling and Perron-Frobenius operators associated
with expanding matrices.

Let A be an expanding m X m matrix. Let [' C Z™ be representatives of Z™/AZ™.
Then, see e.g. [3], there exists a unique compact set K C R™, such that

(32) K =U,r(A'K + A1)
and an integer ¢ > 1 such that
Z lgin=4q A-almost everywhere.

nezm™
Moreover, for every v, € I with v # +/, )\((AAK + AN (ALK + A*IV')) =0.
Using that, clearly,
L = Y Lk mnoapm)n
nezd

we infer that for every locally integrable f,

(33) q/ fd\ = / fd\.
[0,1)™ K
It follows then that the Perron-Frobenius operator U} is given by
1
4 * = — Al A7)
(34) Uaf(x) detA;f( v+ Aly)

Let f € L*(\) with A\(f) = 0. Using that U} preserves A and making the change of
variable y — y + x, we infer that

Uif(z detAZ/ fAT 2+ A7) = f(A Ny +2) + A7) Mdy).

Hence, using Jensen’s inequality (recall that A\(K) = ¢),

Cotas qdetAZ/ F(A 2+ A7) = (A (y +2) + A7) Ady)

Making the change of variable z — A~z + A™!v, we infer that

i<y ( [ [ (e Aty = £ )+ A7) A(e)) v

vyel

=z Z / (dy) /A (f(a) = fla+ A7"y))" A(da)

ver KAy
= [ = s AT ),

where we have used (32) and (33). The announced result clearly follows. O
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