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Abstract

We prove an almost sure invariance principle for the partial sums of a strictly stationary
sequence of Hilbert-valued random variables. As a consequence, we extend the almost sure
invariance principle of Dehling and Philipp (1982) for strongly mixing sequences, by giving
the balance between the strong mixing rate and the moment of the norm of the variables,
for any moment greater than 2. We also show that our result holds for many non mixing
sequences, including a class of Hilbert-valued Markov chain which appears when studying

randomly forced partial differential equations.
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1 Introduction and Notations

Let us start with few notations.

Let (2, A, P) be a probability space, and T : Q2 — 2 be a bijective bi-measurable transforma-
tion preserving the probability P. We denote by Z the o-algebra of T-invariant sets. The map T
is P-ergodic if each element of Z has measure 0 or 1. Let Fy be a sub-c-algebra of A satisfying
Fo CTHF).
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Let H be a real separable Hilbert space with norm || - ||z generated by an inner product
< -,->. Let X, be a Fy-measurable H-valued random variable, such that E(]| Xo||%) < oo and
E(Xy) = Og. Define then the stationary sequence (X;);cz by X; = Xoo0T", and the partial sums
Sp=X1 4+ -+ X,.

In this paper, we shall give sufficient conditions under which the almost sure invariance
principle (ASIP) holds: there exists a sequence (Z;);cz of iid H-valued gaussian random variables
with E(||Zy]|4) < oo and E(Z,) = Oy, and such that

‘ s, — izz-
=1

Let us briefly describe the application of our main result (Theorem 4) to the case of strongly

— o(v/nIn(In(n))) almost surely. (1.1)

mixing sequences in the sense of Rosenblatt (1956). Recall that the strong mixing coefficient

between two o-algebras F and G is defined by

a(F,G)= sup |P(ANB)—-PAPB).
AeF,Beg

For the sequence (X;);cz and the o-algebra Fy = 0(X;,7 < 0), define then

ax(n) = a(Fo,0(Xi,i >n)) and agx(n) = sup a(Fo,0(X;, X)) . (1.2)

i>j>n
Note that, by definition, as x(n) < ax(n).

Corollary 1. Let Q be the cadlag inverse of the tail function t — P(|| Xo|lm > t). If

o0

ag x (k)
Z/o Q*(u)du < oo, (1.3)

k=1

then, enlarging ) if necessary, there exists a sequence (Z;)icz, of iid H-valued gaussian random
variables with E(||Zy||3) < oo and E(Zy) = Om, and such that (1.1) holds. The covariance
operator of Zy is given by (2.8).

If H = R, the condition (1.3) is weaker than Rio’s condition (1995) for real-valued strongly

mixing sequences :
o ax (k)
Z/ Q*(u)du < oo (1.4)
k=10

We refer to Theorem 3 in Rio’s paper for a discussion about the optimality of (1.4).
In 2008, Merlevede proved that the compact law of the iterated logarithm holds for Hilbert-

valued random variables under the condition (1.4). Concerning the ASIP for strongly mixing



sequences, the best result known until now was that by Dehling and Philipp (1982), who obtained
the ASIP (1.1) under the condition: for 0 < § <1 and ¢ > 0,

E(| Xol|3) < 00 and  ax(n) = O(n~0F90+2/0)) (1.5)

Many new tools were developed by Dehling and Philipp in this seminal paper. Among them,
let us cite a covariance inequality for bounded strongly mixing Hilbert-valued random variables
(see their Lemma 2.2) which is based on a deep result from Banach space theory given in
Lindenstrauss and Tzafriri (1977).

To compare the condition of Dehling and Phillip (1982) with (1.3), note that (1.3) holds as

soon as .
E(||Xo[|37) < 0o for some § > 0 and Y k*’ay x (k) < o0,
k=1
which is weaker than (1.5), and is true without any limitation on §. In particular, if || Xo|lg < M
almost surely, we obtain the ASIP under the simple condition ), as x (k) < co.

In fact, we shall prove in Theorem 4 a much more general result than Corollary 1. The
condition is expressed in terms of a dependence coefficient which is much weaker than oy x and
can be computed for many non strongly mixing processes. In particular, our result also improves
on Theorem 3 in Dedecker and Merlevede (2006) for 7-dependent sequences (see Section 4.2).
In the bounded case (Theorem 2) our conditions are even weaker, and are expressed in terms of
conditional expectations, in the spirit of Corollary 2(d) in Dedecker and Merlevede (2003) for
the central limit theorem.

The starting point of this paper is the remark made by Merlevede (2008), that no coupling
techniques can lead to the result given in Corollary 3, because of a counter example given by
Dehling (1983), and that new tools have to be developed. She then proved a new Fuk-Nagaev
inequality by using a blocking technique and a martingale approximation of the blocks. As a
consequence, she obtained first a bounded law of the iterated logarithm with a precise upper
bound, which enables her to go back to the d-dimensional case, and to obtain the compact law
of the iterated logarithm.

However, at this stage, an essential argument was missing to obtain the ASIP: find under
the same assumption as for the compact law, a suitable martingale approximation of < S, x >
in order to use the equivalence between the ASIP and the compact law given in Theorem 3.2 of
Berger (1990). This point will be fully explained in Section 5.3.

We shall also prove a new Fuk-Nagaev inequality (Theorem 3), which improves on Theorem
1 in Merlevede (2008). The proof is more complicated than in Merlevede’s paper, for we only
control the dependence between the past o-algebra Fy and two points X;, X; through lipschitz
functions of the norms ||.X; + X;||x and || X; — X;m.
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2 ASIP: the bounded case

Our first result is a maximal inequality for partial sums of bounded random variables.

Theorem 1. Assume that | Xo|lmw < M almost surely for a M > 0. Let

1
6(n) = max {E([E(X, | Fo)llw), sup 37IIB(< X0, X; > [F0) = E(< X, X; )] .
(P e 1
. 2 n—1
For any x >0, r > 1, and s,, > 0 with s;, > nYy . |E(< Xo, X; >)|, one has
22

r°s x? 1 T
IP’( sup ||Sk|lm > 4:1:) < 4dexp (— 507 h (@>) + n{; + @}5([3:/TM]) :

where h(u) := (1 +u)In(1 + u) — u.
The next result is an almost sure invariance principle. We need the following definition.

Definition 1. A nonnegative self adjoint operator I' on a separable Hilbert space H will be
called an S(H)-operator if it has finite trace, i.e. for some (and therefore every) orthonormal
basis (e;);>1 of H, 2121 < Te, e >< 00.

Theorem 2. Assume that | Xo|lm < M almost surely for a M > 0. Assume that the two

following conditions hold

> E|E(X,|Fo)lls < oo, (2.6)
n>0
> sup |[E(< X, X; > [Fo) — B(< X3, X; >)|1 < 0. (2.7)
n>0 123Zn

Then

1. The following control holds

Z%P( sup ||Spllzg > A nln(ln(n)))) < 00,

n>0 kel1,n]

for A = 8V2(E(|[ Xo[12) + Tpog [E(< Xo, Xy, >))) >,

2. The operator I' defined for any x and y in H by

<, Ty>=) E(<Xo,z>< Xpy>)+ > E(< Xo,y >< X,z >) (2.8)
k=0 =1

is in S(H).



3. Assume moreover that T is P-ergodic, and that, for any z,y € H,

Z sup [|[E(< X;,z >< X,y > |Fo) —E(< Xj, 2 >< X,y >)|1 < o00. (2.9)

n>0 12iZn

Then, enlarging Q2 if necessary, there exists a sequence (Z;)icz, of iid H valued gaussian

random variables with mean Oy and covariance operator I' such that

’ S, — izi
=1

Remark 1. If H = R and T is P-ergodic, we obtain the ASIP for bounded random variables

under the simple condition

- o(v/nlIn(Iln(n)))), almost surely.

D IE(X|Fo)li < oo and Y sup [|E(X;X;]F) — E(X:X)|1 < oo

n>0 n>0 12120

This result is new, and is comparable to Gordin’s L!-criterion (1973) in the bounded case: the

central limit theorem holds as soon as » _ ||E(X,|Fo)||1 < oo.

3 ASIP: the general case

Before stating the results, we shall introduce some notations and definitions concerning the weak

dependence coefficients used in this section.
Definition 2. For any integrable random variable Y, define the “upper tail” quantile function
Qy by Qy(u) = inf{t > 0:P(|Y] >t) <u}. Note that, on the set [0,P(]Y| > 0)], the func-
tion Hy : ¢ — fox Qy (u)du is an absolutely continuous and increasing function with values in
[0,E|Y|]. Denote by Gy the inverse of Hy.

Definition 3. Let A;(H) be the set of functions from H to R such that |f(z) — f(y)| < ||z —y|m-
For any o-algebra F of A and any H-valued integrable random variable X, we consider the
coefficient 0(F, X) defined by

0(F, X) = S B (XO1F) = EG X)L (3.10)

We now define the coefficients y(n), f2(n) and A2(n) of the sequence (X;);ez.

Definition 4. For any positive integer k, define

02(n) = sup max{f(Fo, X; +X;),0(Fo,X; — X;)} and ~(n)=E(|E(X,|Fo)|m). (3.11)

i>j>n
Let now

Ao(n) = Oa(n) Vy(n). (3.12)



Our first result is a maximal inequality for partial sums.
Theorem 3. Let Q = Q”XO”H7 H = H”XO”H and G = GHXOHH' Let
R(u) = (min{g € N : \y(q) < H(u)} An)Q(u) and S(v) = R~ '(v) = inf{u € [0,1] : R(u) <v}.

For any x >0, r > 1, and s, > 0 with s2 > n> " fOW) Q o G(u)du, one has

2.2
n

2 2 24 S(z/r)
IP’( sup ||Sk|lm > 4x) < 4dexp g (2 —i—n{— + _x}/ Q(u)du,
1<k<n 212 rs? x  rs2l) Jy

where h(u) := (1 4+ u)In(1 4+ u) — u.

Remark 2. Since h(u) > wln(l + w)/2, under the notations and assumptions of the above

theorem, we get that for any x > 0 and r > 1,

2\ —r/4 S(z/r)
2 24
]P( sup ||Sk|lm > 4x> < 4 (1 + 1:_) —i—n{— + x}/ Q(u)du. (3.13)
0

1<k<n rs? r  rs?
The next result is an almost sure invariance principle.

Theorem 4. Let Q = Q) x,|x and G = G| xo|u- If

A2 (k)
Z/ Qo G(u)du < oo, (3.14)
0

k>0

then

> %P<kiﬁ% 1Skl = Amln(lnm)))) < o0, (3.15)

n>0

with A = 8v23°%, 07(1') Q o G(u)du, and the operator I' defined by (2.8) is in S(H).
Assume moreover that T is P-ergodic. Then, enlarging € if necessary, there exists a sequence

(Z)iez of iid H valued gaussian random variables with mean Oy and covariance operator I' such

that .
‘ S —->2,
=1

Remark 3. Using the same arguments as to prove Corollary 2(«) in Dedecker and Merlevede
(2003), we see that the condition (3.14) is true provided that (1.3) holds. This proves Corollary

1 given in the introduction.

L o(v/nn(Iln(n)))), almost surely. (3.16)



Remark 4. If H = R, then we have A\y(k) = 65(k) in (3.12). Hence, if T" is P-ergodic, we obtain
the ASIP under the simple condition

0a(k)
Qo G(u)du < 0. (3.17)

k>0 0

This result is new and is weaker than Rio’s result (1995), since (1.4) implies (3.17). Note that the
coefficients fy(k) can be easily controlled for many non strongly mixing sequences: see Section
4.2 below.

4 Applications

4.1 Cramer-von Mises statistics

Let Yy be a real-valued random variable with distribution function F'; and let u be some prob-
ability measure on the real line. Let Y; = Yy o T and X;(t) = 1ly,<; — F(t). On the space
H = L%(p), the sequence (X;);cz is a strictly stationary sequence of bounded random variables,
so that the results of Theorem 2 apply. Hence, if T is P-ergodic, we obtain the ASIP in L?(u)

for the empirical process
{n(F,(t) — F(t)),t € R} where n(F,(t)— F(t)) = in(t) - Z(lm — F(t)).

In particular, we obtain the ASIP as soon as ), a2y (k) < oo, where apy is the coefficient
defined by (1.2). But Theorem 2 also applies to non strongly mixing sequences. More precisely,

define the random variables

bi(t) = E(ly,«|Fo) — F()
bij(s,t) = E((lyi<s — F(5))(1y;<e — F(1)[Fo) — E((ly;<s — F(5))(Ly; <0 — F(1))) -

Clearly, the two conditions (2.6) and (2.7) will hold as soon as

ZE(/ (dt)) ? oo and > sup E‘/ by (t, t)p(dt)

i>0 z>g>n

and the condition (2.9) holds as soon as

>~ sup B( [ (y(s0Pnlasyutan) < oo.

n>0 12iZn



As in Dedecker and Prieur (2007), define the coefficients B2(k) by:

B2(k) = max {]E(sup |bk(t)|>, sup E( sup |bm-(s,t)|>} .

teR i>i>k s,teR

Clearly the three conditions (2.6), (2.7) and (2.9) of Theorem 4 hold as soon as

> k) < o0, (4.18)
k>0
and consequently, the ASIP holds as soon as (4.18) is satisfied. Many examples of non strongly
mixing processes for which (3(n) can be computed are given in Dedecker and Prieur (2007).
As a consequence of the ASIP, we obtain the following almost sure result for Cramer-von
Mises statistics: if (4.18) holds, then

lim sup (Fo(t) — F(t))*u(dt) = sup < x,T'z > almost surely, (4.19)

n—00 mmmm»/ lzllm<1

where I' is defined in (2.8). From Dedecker and Merlevede (2003) we also know that
n/(Fn(t) — F(t))*u(dt) converges in distribution to /(G(t))Qu(dt) , (4.20)

where G is a gaussian random variable with values in I.?(u) and covariance operator I'. Note
that the asymptotic results (4.19) and (4.20) cannot be directly used for testing goodness-of-fit
(even with the usual choice p = dF), because the law of the limiting distribution depends on
the covariance terms (E(< Xo,x >< Xj,y >))r>0 which appear in the definition of the operator
['. Starting from the limiting result (4.20), an interesting and non-trivial problem is then to find
a statistical procedure for testing goodness-of-fit, maybe by estimating some of the eigenvalues

of the operator I'.

4.2 7-dependent sequences

Let Yy be a random variable with values in a separable Banach space (B,| - |g), such that
E(|Yy|s) < co. Let Y; = Yy o T For any a €]0, 1], let A;(B, «) be the set of functions f from B
to R such that

[f(@) = Fy)l < |z = ylg -
Let A1(B? a) be the set of functions f from B? to R such that

1 1
|f($1>y1) - f(952,y2)‘ < _|$1 - yl’% + _’952 - y2‘%-
2 2



Define the dependence coefficients 71 , and 7, of the sequence (Y;);cz by

nalk) = || sw [BGODIZ) - BUOD]]
Toa(k) = maX{Tl,a(k),'Sup sup |E(f(Y;,Y)[Fo) — i, Yj) H’}
i>j>k ! feA;(B2,a)

Starting from Theorem 4 one can prove the two following corollaries. Let ¢ be any concave
function from R to RT, with ¢(0) = 0. Let L. be the set of functions f from B to H such that

IIf(x) = f(y)|ln < Kc(|Jz —ylp), for some positive K.

If ¢(z) = x“ for some « €]0, 1], then L. is exactly the set H, of a-Hdlder functions from B to H.

Corollary 2. Let f € H,, and let X, = f(Y}) — E(f(Yz)). Assume that Xy is in L*(H), and
let @ = Qxolu, and G = Gyxgl- If

Z/TM u)du < 00,

k>0

then the conclusion of Theorem 4 holds.

Corollary 3. Let f € L., and let Xi, = f(Y3) —E(f(Yz)). Assume that Xy is in L?(H), and let
Q = Qxofss and G = Gyxliy- If

Z/ . (u)du < oo,

k>0
then the conclusion of Theorem 4 holds.
Note that Corollary 3 improves on Theorem 3 in Dedecker and Merlevede (2006). Many
examples of stationary processes for which the coefficient 75; can be easily computed may be

found in Dedecker and Merlevede (2006, Section 3).

Let us give another example here.

4.2.1 H-valued Markov chains for randomly forced PDE’s

We consider the class of H-valued auto-regressive process described in Section 3 of the paper by
Masmoudi and Young (2002):
Zni1=S(Z,) + 0, (4.21)

where (1;);ez is a sequence of iid H-valued random variables with marginal distribution v and

independent of Z,, and S : H — H. The map S and the measure v are assumed to satisfy

9



the assumptions (P1) — (P4) page 466 and (C) page 467 in Masmoudi and Young (2002).
Under these assumptions there is an unique invariant probability measure p, which is compactly
supported.

Let then (Y;);>o be the stationary solution of (4.21). The chain (Y;);>¢ is 72,1-dependent with
an exponential decay of the coefficients. More precisely, following the proof of Theorem A(2)
given pages 470-471 in Masmoudi and Young, one can see that if f € A;(H?, 1) and = € supp(u),
there exist C' > 0 and p < 1 such that

for any i,j > n, [E(f(Y;,Y;)|Yo = ) - / E(f(Y; Y;)[¥o = )u(d)| < Cp"

which implies that 7 ;(n) < Cp".

Applying Corollary 3, we infer that the ASIP holds for X, = f(Yx) — E(f(Y%)) as soon as
f € L., with >, ¢(pF) < co. This last condition on ¢ is equivalent to fol t~te(t)dt < oo, and
is satisfied as soon as ¢(t) < D|In(t)|™ for some D > 0 and v > 1. In particular, it holds for
any Holder function f from H to H.

Such H-valued auto-regressive processes appear when studying a class of dissipative partial
differential equations (PDE’s) perturbed by a random kick-force. More precisely, let S; be the
resolving operator (or semigroup) of a PDE with initial condition ug, that is Si(u(0)) = wu(t),
where u is a solution of the (non random) PDE with initial condition «(0). The Markov chain
is defined by Zxi1 = S1(Zk) + mk, where n is a random kick force, that is an iid sequences of
H-valued random variable of the form »7°°, b;¢; ve;, where Y. (b7 < 0o and ;. is a real-valued
random variable with a compactly supported density. In particular the resolving operators Sy of
the Navier-Stokes or Ginzburg-Landau equations are shown to satisfy the conditions (P1)—(P3)
mentioned above (the condition (P4) is a condition on the distribution of 7).

Note that exponential mixing for lipschitz functions of such Markov chains was proved in-
dependently by Kuskin, Piatniski and Shirikyan (2002), with applications to dissipative PDE’s
perturbed by a random kick-force. See also the paper by Shirikyan (2006) for the law of large
numbers and the central limit theorem in the non-stationary case (i.e. starting from an arbitrary
point Zy = z in H). In this paper (Shirikyan (2006)), it is also proved that such Markov chains

are in general not strongly mixing (see the example 1.3 page 224-225).

5 Proofs

5.1 Proof of Theorem 3
Let M > 0. For ¢ > 0 define the variables

Xi=Xiljx,e<m and X[ = X;ljx, o -

10



Let S;, => " X/ and S/ =" | X/". Let q be a positive integer and for 1 < i < [n/g|, define
the random variables U} = 5] — 5], _ and U/ = S;, — Sii . With these notations, the following

19—q ? 1q—q-
decomposition is valid

max || Sl < | max HZU’HHJquJrZHX”HH (5.1)

1<k<n 1< i<[n

Setting now for all i > 1, FV = o(X;,j < iq), we define a sequence (U;);>; as follows: for all
i 21, Uyiy = U,y — B(US, | Fy;_yy_,) and Uy = Uj, — E(U3,|FY,_y)) - Notice that (U;);1 is
a sequence of martingale differences with respect to (F”). Substituting the variables U to the

initial variables, in the inequality (5.1), we derive the following upper bound

max |Skllm < ¢M + max
1<k< 2<25<[n/q]

ZU21 1

n/ ql

+Z||U' U||H+Z||X . (5.2)

ZU H max
1<25-1<[n/q]

Since ||U!||lm < gM almost surely, it follows that ||(~]ZHH < 2¢M almost surely. Then applying
Lemma 1 of the appendix with y = 252, we derive that

> x) < 2exp ( Q(qu/[)zh (xz;l\/[) )

[[n/q]/2]

P( |30
e Z%

+P( > E(0alfi pZ2s2). (53)
Now notice that
E(|02llftlF5-1y) = E(IUslIEIF56-1) — IEUsil Faii_n)) e
< E(|UlIEFa-1)
2iq 2iq

IA

Z Z E(< X}, X; > [Faii-1)q) »

=(2i—1)g+1 j=(2i—1)g+1

and that by Inequality (3.33) in Dedecker and Merlevede (2003), we have that

[In/q]/2] 2iq k—1 qg—1 7(i)
Z > (IE(< X, Xp>)+2 > E(< X}, X, >)) < nZ/ Q o G(u)du
=(2i—1)g+1 j=(2i—1)g+1 i=0 V0
< s

n-

11



Hence

/a2 in/al/2) (n/al/2)
Z E(HUQZ'H]IZ-H’Fg(i—l)) < s+ Z Ay + Z Ag i,
=1 =1 =1
where
2iq 2iq
Ay o= Y > (B X)X > Fang) - B(< X, X >))
k=(2i—1)q+1 j=(2i—1)g+1
2iq k—1
Ay; = ( 3 (E(< XL Xp-Xe>)+2 Y E(< XLXL - Xy >)>‘.
k=(2i—1)q+1 j=(2i—1)g+1

Applying Markov inequality, and noting that
E( < X}, Xf— X > )| < ME(|Xolla Tjxofionr)

we infer that

[ln/q]/2]
nqg
p( > E(aliF )= 22) < oL sup [B(< X)X > |F) — B(< XJ, X[ >)]l

2s2 j>k>q
+2—2ME(HX0HH]IHXOHH>M) :
Notice now that for any x € H and y € H,
d<zy>= |z +yli—llo—yli.

Also for any x € H and y € H,

T ae<nr + yXpypaen |l — 2 + YL o ryu<em
< NPy pe<ns N> + 121 T ar Ty ar + 112+ 1P Tjapyfe<on Do

o+ ylP Loty a<em Liypasar + 12 + Y1 Loty pu<en Ljafus Ljyasnm
< 5M2]I||x||H>M + 9M2]I\|y||H>M . (5.4)

In addition setting for any real « > 0 and any T > 0, g7(u) = u* A T?, we have
2+ Y2 D satcns — gar (I + ylle) | < A2 Tpasysons
Using these inequalities and the stationarity of (X;);ez, it follows that

sup [|4 < X, X5 > —gonr (X + Xall) + g2ar (1K — Xillew) Il < 44 x ME(||XollmLx, 1) -

jzk=>q

12



Hence

[ln/ql/2] 23nq
P( 3 BB > 20) < 5

ME(|| Xo|lu1yjxq)ju>nr)

n

ng
+ g5z Sup HE(92M(|\X + Xille)|Fo) — E(gans (1X; + Xillw)) 11

+ < sup [[E(ganr(I1X; — Xillw)|Fo) — E(garr (1X; — Xillew)) 1.

8 2 n j>k>q

Since g9y is 2M-Lipschitz, it follows that

sup ||E (ganr ([1X; + Xillm)| Fo) — E(g2nr (11X + Xillar)) 1 < 2M02(q) .

Jj>k>q

and the same holds true with ||.X; + Xj||m in place of || X; — Xj|lu. Consequently

[[n/q]/2]
~ ng 23nq
P( > E(I0lEIF ) = 252) < 55 MOx(0) + 55 ME(| XollaTjxopesnr) - (5:5)
=1 n n

Now by using Markov’s inequality, we get that

[n/q] 1 [n/q]

P(Z i - UHH+Z 1X7 i = ) < —(ZEHE UMl + S EIXE]).
k=1
Since for every i > 1, U/ = U; — U/, we get that

E[E(U;IMi-2q) e < EIEUi| Mi-2)9) [l + ElU} ||z -

Consequently, by stationarity,

[n/q]

IP’(ZHU’ UIIH+ZHX e =) < = (v(0) + EQXolaTpxosnr)) - (5:6)

Starting from (5.2), if ¢ and M are chosen in such a way that ¢M < z/r < z, we derive from
(5.3), (5.5) and (5.6) that

1262 [ 42 n
> < S . _
P(f?z?x ISella 2 4¢) < 4eXp< 502 <r82)> + Sn92( 4) + —(q)
n  23nz
(5 T rs? VE(1X0 e L) x>0 - (5.7)
Now choose v = S(z/r), ¢ = min{g € N : A(q) < [ Qu)du := H(v)} An and M = Q(v).

Since R is right continuous, we get that
gM = R(v) = R(S(z/r)) <z/r <.

13



Note also that v
(X0l Byt < / Qu)du. 58)

If ¢ < n then the choice of ¢ implies that A\y(q) < fo u)du. It follows that the inequality is
established by also taking into account (5.8) in (5.7). Now if ¢ = n we may have A2(q) > v.
However since max<g<y, |Sk| < ¢M + >, |X}| and ¢M < z we have

P( max [[Sym > 4z) < JE (X0l Ly s

1<k<

which implies the desired inequality by using (5.8).

5.2 Proof of Theorem 1

We only sketch the proof since it follows closely that of Theorem 3. We keep the same notations
as in the proof of Theorem 3. Since || Xo|lg < M, we have X! = X; and X/ =
We start from the decomposition (5.1), and we still have the upper bound (5.3). Taking
sE>ny ' [E(< X, X; >)|, we obtain the upper bound

[[n/ql/2]
p( > B0l ) 2267) < 55 M), (5.9)

2
where d(n) has been defined in Theorem 1. Since U; = U/, instead of (5.6), we have

[n/q]
~ n
1@( S U - Uil > x) < 24(q). (5.10)
=3

From (5.3), (5.9) and (5.10), we obtain

IP’( max || Silla > 491:) < dexp ( (53 ot (qu)) + {on + E}5(q). (5.11)

1<k<n 2(qgM 52

n

Taking ¢ = [z/rM], the result follows.

5.3 Proof of Theorem 4

Let us first prove the inequality (3.15) with 4 = 8v/2( Y57, fOW) Qo G(u)du)l/z. We follow the
proof of Theorem 6.4 page 89 in Rio (2000), and we use the same notations: Lz = In(x V e) and
LLz =1In(In(z Ve) Ve). We apply Inequality (3.13) with

r=r,=4LLn, x=w,=(AVnLLn)/4 and s, =x,/V2r,.

14



We obtain

1 1 1 fSGn/rm)
Z#P’( sup |Sk| EA\/nLLn> §4nz>om+50nz>ox—n/o Q(u)du .

n>0 Isk=n

Clearly the first series on right hand converges. From the end of the proof of Theorem 6.4 in Rio
(2000), we see that the second series on the right hand side converges as soon as (3.14) holds.
This completes the proof of (3.15).

To prove the almost sure invariance principle, we first prove that

there exists a mean zero gaussian measure v with covariance function I, (5.12)
and that
the sequence {S,/vnLLn,n > 1} is almost surely relatively compact in H. (5.13)

According to Corollary 2(3) in Dedecker and Merlevede (2003), the condition

Z/ Q o G(u)du < oo, (5.14)

k>0

(which is clearly weaker than (3.14)) implies that the sequence n~'/2S,, converges in distribution
to M (0,T") where the operator I' € S(H) is defined by (2.8). This proves (5.12).

We turn now to the proof of (5.13). With this aim, we argue as page 698 in Dehling and
Philipp (1982, proof of their Theorem 1), with the help of (3.15). Let {e;,i > 1} be a complete

orthonormal basis for H. We write for each k € Z

Z<Xk,€@>€z and Py(Xjy) = Z<Xk,el>ez.

i>1

Applying (3.15) to the sequence { Xy — Py(X%), k € Z}, we get that with probability one

Y (Xk — Pn(X
imsup LZAe1 O = PrCXE)l

AN:8\/_ Z/

with Qn = Q)u—ry)(Xo)ln» Hn (@) = [ Qn(w)du, Gy = Hy', 7w (i) = E||E((I — Py )(X;)|Fol |-
Note that yn (i) < (i), Qn < Q, and G > G. Hence, since @)y is non increasing,

Ay < 8\@(50: /07(2') QN o G(u)du> 1/2.
i=0

< Ay, (5.15)

where
N (3)

Qn o Gn(u)d )1/27

15



Since for any u € [0,1], Qn(u) < Q(u) and limy_o @n = 0, we get by using (3.14) and the
Lebesgue dominated convergence theorem that for each p > 0 there is an integer Ny(p) such
that for all N > Ny(p), we have Ay < p. Hence with probability one,

v (X — Pn(X
imnp LZke1 (X = Pl

Now applying again (3.15), we get that the sequence

{ > i1 Pro(o) (Xk)
vnLLn

is with probability one relatively compact. This fact combining with (5.16) establishes (5.13).

<p. (5.16)

,nZl}

To finish the proof of Theorem 4, we shall use a variant of Theorem 3.2 in Berger (1990).
In this theorem, it is proved that if (Xj, Fy) has the weak My property then (5.12) and (5.13)
together are equivalent to the almost sure invariance principle (3.16). In the context of Hilbert

spaces the weak My property means exactly that: for any x € H
< Xo,x >=dy(x) + Zo(x) — Zo(x) o T, (5.17)

where E(Z2(z)) < oo, E(d%(z)) < oo, dy(z) is Fp-measurable, and E(dy(x)|F_1) = 0. Since

Zo(z) is in L2, then
Zy(x)oT™

NG
and the almost sure limit behavior of < S,,,z > /y/nIn(In(n)) can be deduced from the almost
sure limit behavior of M,,(z)/v/nIn(In(n)), where M, (z) is the martingale defined by M, (z) =
> i do(x) o T".

In fact, Berger’s proof works perfectly if instead of the weak My property we have the following

converges to 0 almost surely,

decomposition: for any z € H
(5.17) holds with E(d3(z)) < oo, do(x) is Fo-measurable and E(dy(z)|F_1) = 0, (5.18)

and Zy(x) o T™ is such that
Zo(x) o T
vnLLn
Hence, the proof of the almost sure invariance principle will be complete if we can prove
(5.18) and (5.19).
We first prove (5.18). In 1973, Gordin (see also Esseen and Janson (1985)) proved that, if T

is ergodic and

converges to 0 almost surely. (5.19)

STIE(< Xy x> [ Fy)lh < o0, (5.20)

k>1
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and

lim sup —E(‘ Z < Xg,x > D < 00, (5.21)

n—oo

then (5.18) holds with E(d%(z)) < co and E(|Zo(x)]) < co. Now
[E(< Xk, 2 > [Fo)lly < E(IE(Xx|Fo)||m) = (k) .

Hence (5.20) holds as soon as >, ,7(k) < oo, which is true under (3.14). Now clearly (5.21)
holds as soon as Y -, |Cov(< Xg,z >, < Xj,x >)| < co. But this again follows from (3.14)
by applying inequality (3.33) in Dedecker and Merlevede (2003). This completes the proof of
(5.18).

It remains to prove (5.19). According to the lemma page 428 in Volny and Samek (2000),
we have either (5.19) or

P(hmsu —zoo) =1. 5.22
n—%mp v?%Llﬁl ( )
From (5.18), we have that

< Sp,x >= My(2) + Zo(x) o T — Zo(x) o T" . (5.23)

Using the decomposition (5.23), the fact that M, (z) satisfies the law of the iterated logarithm
and that S, satisfies (3.15), it is clear that (5.22) cannot hold, which then proves (5.19). The
proof of (3.16) is complete.

5.4 Proof of Theorem 2

We only sketch the proof since it follows closely that of Theorem 4. We keep the same notations
as in the proof of Theorem 4.

To prove item 1, we take the same values for z,, 7, and s, as in the proof of Theorem 4. We
obtain that

Zl ( sup | Syl >A\/nLLn> <4Z 3LLn +1 Z% J— 5([Av/n/16MVILn)),

n
n>0 1<k<n

and the second series on right hand is finite as soon as ), _,d(k) < oo, which is equivalent to
(2.6) and (2.7).

Item 2 follows by noting that, in the bounded case, (5.14) holds as soon as (2.6) holds.

To prove Item 3, we first prove (5.16). Note first that (2.7) and (2.9) together imply that
that, for any positive integer N,
Z sup [|[E(< X; — Py(X:), X; — Pn(X;) > |Fo) —E(< X; — Pnv(X3), X; — Pn(X;) >)|h1 < 00.

n>0 i>j>n

(5.24)
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This means that item 1 hold for the sequence (X; — Py (X}))iez, so that (5.15) holds with

Ay = 8\/§<E(||Xo = Py(Xo)lf) + ) [E(< Xo — Pn(Xo), Xy — Pn(X}) >)I)1/2

k>0

IA

sV2(M Y E(E(X — Pu(X)IA) )

k>0

Since E(||E(Xx — Pn(X%)|Fo)llm) < E(||E(Xk|Fo)||m) and since (2.6) holds, it follows from the
dominated convergence theorem that Ay tends to zero as N tends to infinity, so that (5.16) is
satisfied.

Starting from (5.16), the end of the proof of Theorem 2 is the same as that of Theorem 4.

5.5 Proof of Corollaries 2 and 3

Let Xy = f(Yr) — E(f(Y%)). In both cases, we have to check (3.14). Applying the coupling
result given in Dedecker and Merlevede (2006, Lemma 1) (see also Proposition 4 in Riischendorf
(1985)), we infer that there exists Y,, distributed as Y;, and independent of F such that

E(|Y, — Val2) = mia(n) < 7aa(n).

In the same way, for n < i < j there exists (¥;*,Y}") distributed as (V;,Y;) and independent of
Fo such that

1 * | o * |
SE(Y: = YUlg + 1% - Y719) = |

E(f(Y ¥)IF0) = BV < 72ali) < maalm).

sup
fem(B2,a)

Clearly
v(n) = E(|E(f(Ya)|Fo) — E(f (Vo)) < E(1f(Ya) = F (Vo) llm) -

Consequently, if f € H,, one has v(n) < KE(|Y,,—Y,|3) = K71 4(n). Now, ifa =1 and f € L.,
one has
v(n) < KE(c(|Yn — Yalg)) < Ke(E(|Y, = Yalp)) = Ke(ri1(n)).

In the same way, if ¢ is in A;(H),
IB(g(X: + X;)[Fo) — E(g(Xi + Xj)lly <E(SYi) = f) e + 1Y) = FG) ) -
Hence, if f € H, and n <1 < j,
IE(g(Xi + X;)|F0) = E(g(Xi + X;))[1 < 27m2.0(n),
and if « =1 and f € L.,

IE(g(Xi + X;)[Fo) — E(9(Xi + X;))[[1 < 2Ke(maa(n)).
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Note that the same inequalities hold with X; — X instead of X; + X.

As a consequence, we obtain that:
1. If f € H,, then A\y(n) < 2K74(n).

2. If f € L., then A\y(n) < 2Kc(1a1(n)).

Corollary 2 follows from item 1, and Corollary 3 follows from item 2.

6 Appendix

In this section, we recall the following consequence of Theorem 3.4 given in Pinelis (1994).

Lemma 1. Let (H, | - |m) be a real separable Hilbert space. Let {d;, F;};>1 be a sequence of
H-valued martingale differences with ||d;||m < c. Set M; = 37_ d;. Then for all z,y > 0,

- xrc
P<sup ||Mj||HZas,Zdejn%ﬂm_l)s.y) < z2em (- 40(%)).

1<j<n o Yy

where h(u) :== (1 4+ u)In(1 4+ u) — u.
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