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CONVERGENCE TO INFINITELY DIVISIBLE DISTRIBUTIONS WITH FINITE
VARIANCE FOR SOME WEAKLY DEPENDENT SEQUENCES

JEROME DEDECKER! AND SANA LOUHICHI?

Abstract. We continue the investigation started in a previous paper, on weak convergence to infinitely
divisible distributions with finite variance. In the present paper, we study this problem for some
weakly dependent random variables, including in particular associated sequences. We obtain minimal
conditions expressed in terms of individual random variables. As in the iid case, we describe the
convergence to the Gaussian and the purely non-Gaussian parts of the infinitely divisible limit. We also
discuss the rate of Poisson convergence and emphasize the special case of Bernoulli random variables.
The proofs are mainly based on Lindeberg’s method.

Résumé. Nous poursuivons notre étude, commencée dans un article antérieur, sur la convergence
faible vers les lois infiniment divisibles de variance finie. Dans cet article, nous étudions ce probléeme
pour une classe de variables aléatoires faiblement dépendantes, qui contient en particulier les variables
associées. Nous obtenons des conditions minimales qui s’écrivent en fonction des variables individuelles.
Comme dans le cas iid, nous étudions la convergence vers les parties gaussiennes et purement non
gausiennes de la loi limite. Nous donnons aussi des vitesses de convergence vers la loi de Poisson, et
nous appliquons ces résultats aux variables de Bernoulli. Pour démontrer ces résultats, nous appliquons
a plusieurs reprises la méthode de Lindeberg.
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INTRODUCTION

Infinitely divisible distributions play a fundamental role in the area of limit theorems of probability theory.
This role is described by the following result due to Khintchine: let (X, ,)i<j<n be a triangular array of
ii.d. random variables such that Xy, converges in probability to zero as n tends to infinity. Then the set of
distribution that are limits (in the sense of weak convergence) of the distribution of Z;’:l X n coincides with
the set of all infinitely divisible distribution (see for instance [25]).

A probability measure p on IR is infinitely divisible if, for any positive integer n, there is a probability measure
trn on IR such that p = p)), where v denotes the n-fold convolution of the probability measure v with itself.
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Since 1930, we know that the the characteristic function 4 of any infinitely divisible distribution w is given by
the formula

1 )
fi(z) = exp (—20222 +ivz 4+ /(e’” -1- izx]I{|x51}(ac))V(dx)> , forany zelR, (0.1)
where o, 7 are real numbers and v is a positive measure on IR such that
v({0}) =0 and /(x2 A v(dz) < +oo.

This representation of fi by the triplet (o2, v,~) is unique. The formula (0.1) is known as the Lévy-Khintchine
representation and (02, v,7) as the generating triplet of u. The quantities 02 and v are called, respectively, the
Gaussian variance and the Lévy measure of p.

If fle z?v(dz) is finite, then so is [ @?u(dz). If moreover [zu(dx) = 0, then we have the representation

by the couple (o2, v)

f(z) = exp (30222 + /(ei” -1- zzx)y(dx)) , forany zelR, (0.2)

which is equivalent to

fi(z) = exp (/(ei” —-1- izx)%dF(x)), for any z € IR, (0.3)

where F' is the distribution function of some finite measure (i.e. F' is bounded, nondecreasing, F(—oo) = 0
and F(co) is finite). The distribution function F is called Kolmogorov’s spectral function. Let pl. denotes the
probability measure with characteristic function given by (0.3) and define for any positive real ¢ the probability
ph = pip. The distribution pf. has mean zero and variance ¢F(0o) and satisfies the equation uf x pu3 = u?s.

The connection between F and the generating couple (02,v) is given by

F(z) = /I v (dt) + 01 4 oo (2)

— 00

Clearly F(oo) = [t?v(dt) + 0 = [2?u(dz). The Gaussian variance o? is related to F via the relation

li_r% (F(e) — F(—¢€)) = 0*.

Hence the continuity of F' at zero ensures that o = 0. In such a case p is called purely non-Gaussian. Examples
of centered infinitely divisible distributions p with finite second moment are then given by the function F' or
equivalently by the generating couple (02,v). The Gaussian measure is obtained when the Lévy measure v
is zero i.e. when F = 021[07+Oo[. The infinitely divisible distribution p is Poisson if 0 = 0, and v = \é; or
equivalently when F' = Ay ;. More generally, the Coumpound Poisson measure is obtained when a2 =0
and v = Ap, where p is a probability measure on IR such that p({0}) = 0. In that case F(z) = A [ t?p(dt).
Other examples of infinitely divisible distributions on IR can be found in [28].

Let (Xjn)1<j<n be a triangular array of stationary centered random variables such that E(X3,,) converges
to zero as n tends to infinity. Suppose that for each n, (X;,)i<i<n are ii.d. From Theorem 2 of Chapter 4
in [12], we know that Sy, (t) = X1+ - -+ X[py),n converges in distribution to u% if and only if, for any continuity
point z of F,

lim nE(X§,Ix,, <o) = F(z).

n—oo

In this paper, our aim is to extend the result of Gnedenko and Kolmogorov to certain dependent sequences.
When it is relevant, we also study the convergence of the Donsker line {5, (t),t € [0,1]} to a Lévy process in
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the space of cadlag functions equipped with Skorohod’s distance. A stochastic process {X;, t > 0} on R is a
Lévy process if the following conditions are satisfied.
(1) For any choice of n > 1 and 0 < tg < #1 < ... < ty, the random variables Xy,, X;, — Xt,, Xt, — Xt,,
.., Xt, — Xy, , are independent.
(2) XO =0 as.
(3) The distribution of X;, s — X, does not depend on s.
(1)
(

5) Almost surely, X;(w) is right-continuous in ¢ > 0 and has left limits in ¢ > 0.

2

It is stochastically continuous.

The only Lévy process with almost sure continuous paths is the Brownian motion while the only Lévy process
with almost sure count paths is the Poisson process (a count path is a nondecreasing cadlag function which
takes integers as values and has jumps of exactly 1 at its point of discontinuity).

Our paper is organized as follows. In Section 1 we study the problem of convergence to infinitely divisible
distributions for sequences having an independent asymptotic representation (cf. Condition (1.1)). Under this
condition convergence in distribution to pug is equivalent to

lim limsup |pE ( Z(l/p)][sn(l/p)gm) —F(z)|=0
P—%0 n—too
(cf. Theorem 1, Section 2). To prove this result we adapt Lindeberg’s method with increasing blocks in place
of individual variables. The main idea is to split S, (1) into p blocks distributed as S, (1/p) and to replace them
step by step by blocks of i.i.d variables with law ul/ ",
Once the convergence of S, (1) to pp is guaranteed, it remains to describe the sequences constructed from
the original one, that approximate the Gaussian and the purely non-Gaussian parts of the infinitely divisible

law pp. For this, we consider the truncated random variables

Xin(m) = fo(Xin) = E(fy(Xi)) and X = fO(X,,) — E(f7 (X)),

where the “decoupling” functions f,, and f are defined by f,(z) = (n Ax)V (—n) and f(z) =z — f,(z). In
Propositions 1 and 2 we prove that, under a “Lindeberg-type condition” (cf. Condition (C;) of Proposition 1),
the small sum (i.e. the sum of the random variables which are small by truncation) is approximately normal
with variance asymptotically equal to the jump of F' at 0. While the essential sum (i.e. the sum of the essential
parts of the variables) is approximated by a purely non-Gaussien distribution, provided that the quantity

[n/p]

((ZX ) |30 /P]X<">|<)

i,n

is sufficiently small (cf. Condition (Cs) of Proposition 1). The total sum behaves as a convolution of the normal
and the purely non-Gaussian distribution (cf. Proposition 2). For i.i.d. sequences this result is a consequence
of the so-called “découpage de Lévy” method (see for instance Lemma 3-1 in [1]). The key for the proofs of
Propositions 1 and 2 is Lemma 4 which reduces the behaviour of the total sum to that of the essential sum, as
soon as the small variables obey a “Lindeberg-type condition”.

In Section 2, we apply the results of Section 1 to associated random variables. This notion of positive
dependence comes independently from physics (mostly through the FKG inequality, cf. [11]), reliability and
statistics [3], [10]). In Theorem 2 we give sufficient conditions on the individual random variables (or at least on
some finite sums of the random variables) for the finite dimensional distributions of Sy, (¢) to converge to those
of a Lévy process. More precisely the main conditions are: the sequences VarS, (1) and VarSff’)(l) converge
respectively to some positive constants F(o0) and G(c0), and for any positive integer N

lim hmsupn[ (S](Vn SO <a ) (51(\7)217] S Sw)} = Fn(x), (0.4)

n—0 n—-4oo
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where Fy is a bounded variation (BV) function. If so Fy converges weakly to the distribution function G of
some finite measure. The sum S, (1) is then approximated by the convolution of the normal law with variance
F(o0) — G(00) and pg (see Theorem 2 for more details). In Section 2.2, we study the convergence to Lévy
processes (cf. Theorem 3 and Proposition 3). We then deduce sufficient conditions for the convergence to
Wiener or Poisson processes (cf. Corollaries 3 and 4). In Section 2.3, we consider the special case of Bernoulli
distributed random variables. Let (Y;,) be an array of associated and Bernoulli distributed random variables
with parameter p, such that np, is bounded. We suppose that the variance of the corresponding sum S, ,,(Y")
converges and that (0.4) holds for Sy, (Y). We prove that the limiting law is integer-valued coumpound
poisson. When Cov(Xg,,X;,) = 0 for ¢ > m + 1, the conditions that we impose are comparable to the
necessary and sufficient conditions obtained by [15] for m-dependent Bernoulli-distributed arrays (cf. Corollary
5 and the remarks below for more details). Finally, we give a bound for the Dudley distance between a sum of
Bernoulli random variables and the Poisson distribution by using Lindeberg’s method once more (see the proof
of Proposition 4). Those results apply to stationary and Gaussian sequences with positive correlation function
and provide upper bounds for the number of exceedances close to that obtained by [13].

In Section 4, we give the proofs for weakly dependent sequences. In particular, we give useful bounds for
Conditions (C1) and (C3) (cf. Lemmas 5 and 6 respectively). In Section 5, we give the proofs for associated
sequences. The rates for the convergence to the Poisson distribution are proved in Section 6 (cf. Theorem 4).

1. WEAK CONVERGENCE TO INFINITELY DIVISIBLE DISTRIBUTION FOR SOME DEPENDENT
SEQUENCES

In this section we give an analogue of Theorem 1 in [8] for some sequences satisfying other type of dependence.
More precisely, our dependence assumptions are comparable to Condition B in [16] and [17] (cf. Condition
(1.1) below). This Condition suggests an asymptotic independent representation of the sum S, (1) by blocs of

independent random variables: there exists an i.i.d. sequence (U; ) with marginal distribution S, (1/p,), such
that the sum S,, = o f]m and S, (1) have the same limiting behaviour under suitable conditions on p;,.

Theorem 1. Let (X;,)icnnen be a stationary array of square integrable and centered real-valued random
variables and define S, (t) = X1 + - + Xjpe)n- Suppose that E(Xo%n) tends to zero as n tends to infinity.
Assume that, for any z € R and any t € [0, 1],

lim limsup |Eexp(izS,(t)) — (E exp(izS[nt](l/p)))p| =0. (1.1)

p—+00 ntoo

Let F be the distribution function of some finite measure. The following statements are equivalent
(i) For anyt € [0,1], the sequence (S, (t))n>0 converges in distribution to the probability pb..
(ii) For any continuity point x (including +o0) of F,

lim lim sup ’p}E (Si(l/p)][sn(l/p)gz) — F(ac)‘ =0. (1.2)

P—X® n—os+too
Note that the nature of condition (1.2) is very close to that of condition LD in [17]. In both cases, the idea is

to calculate the parameters of the limiting distribution on the base of properties of distributions of finite sums.

Remark. Let Sy, ,, = X1, + -+ X, ,, and define the set £ of all positive integers m such that

v2eR, VEe(0,1),  lim [Bexp(izSa(t) - (Eexp(izSn)"™| = 0. (1.3)
Let mo(X) be an element of the set &, with the convention that mg(X) = +oo if &€ = 0. The term
limy,, o (xy f(m) will designate either f(mg(X)) if mo(X) is finite, or the usual limit if mg(X) = oco. In-
stead of (1.1), we can suppose that the sum S, (¢) admits an asymptotic independent representation by a sum
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of i.i.d. blocs with length m independent of n:

lim limsup |Eexp(izS,(t)) — (E eXp(iszm))[["t]/m]’ =0. (1.4)

m—mo(X) n—+oo
If we assume moreover, instead of (1.2) that there exists a distribution function F' such that for any continuity

point z (including +o0) of F,

lim  limsup %E (52,1, . <2) — F(m)‘ =0, (1.5)

m—mo (X) n—4+oo

then the conclusion of Theorem 1 still holds. An interesting case arises when 1 belongs to £. In such a case the
sequence behaves as its independent version, as shown in the following corollary.

Corollary 1. Let (X; ) be as in Theorem 1. Suppose that for any z € R, and any t € [0,1]

lim ‘Eexp(izSn(t)) —(E exp(iZXo,n))[m]

n—-+oo

= 0. (1.6)

Let F be a given distribution function. Then the statement (i) of Theorem 1 is equivalent to the following : For
any continuity point x (including +oc) of F,

lim nE (X, 1Ix,,<s) = F(). (1.7)

n—-+oo

We shall justify this remark in the proof of Theorem 1.

We now discuss an equivalent statement for (1.2). For n > 0, consider the two 1-Lipschitz functions f, and
f defined by f,(z) = (n Ax)V (-n) and f(z) =z — f,(z). Set

Xin() = fo(Xin) —E(fy(Xin) and X = X, — X, .0(0)

and define for any ¢ € [0, 1]

[nt] [nt]

SO =" X" and  Spy(t) =D Xin(n).
=1

i=1

Clearly S, (t) = Sim (t) + Spn(t). For sufficiently small 7, the random variable X ,,() represents small values,
while Xf’zz is the essential part of X;,. Under a “Lindeberg-type condition” on the small sum S, ,(t), the

behaviour of the original sum S, (¢) is described by its essential part s (t) as shown in the following proposition.

Proposition 1. Let (X; ;) be a stationary array of square integrable and centered real-valued random variables.
Consider the three conditions

(C1) For any e >0 lim limsup lim sup pE (5721,77(1/]9)][\3,”,,,(1/;7)\26) =0.

n—0 p——+00 n—-+oo

(C2) The four sequences (nEXZ,.), (Va(p)) = (p0VarS,(1/p)), (Van(p)) = (pVarS,.,,(1/p)) and (Vi (p)) =
(pVarSﬁL")(l/p)) are uniformly bounded over n, p and 7.

(Cs) lirr(l) lim sup lim sup lim sup pE(S™?(1/p)1

) =0
n—0 p——+oo n—+oo —e< Sy (1/}7)S5)

If C1, Co and Cs hold, then (1.2) is equivalent to: for any continuity point x of F

lim lim sup lim sup ’pE (57(1’7)2(1/p)]IST(:,>(1/p)Sx) — F(x)+ 1,50 (Vn(p) —ym (p))‘ =0. (1.8)

n—=0 pstoo n—+oo
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In particular, letting o® = lim (F(¢) — F(—¢)), then (C1), (C2), (C3) and (1.2) ensure that

e—0

lim lim sup lim sup |V, (p) — V. (p) — 0| = 0. (1.9)
N0 p—stoo n—+oo
In Sections 3.4 and 3.5 we give useful inequalities in order to check Conditions (C;) and (C3). We suppose
now that Conditions (1.1), (C1), (C2), (C3) and (1.2) are all satisfied. Our main task in the following proposition
is to describe the sequences constructed from (X; ,) that approximate respectively the Gaussian part and the
purely non-Gaussian part. Let (U;.,,), (Uin(n)), ((NJI(Z)) be three sequences of i.i.d. r.v’s distributed as S, (1/p),
Sp.n(1/p) and SS7(1/p), respectively. Define

p p p
Sn = Z Ui,nv 51(177) = Z Ui(,:]L)7 Sn,n = Z ~i,n(77)~

i=1 i=1 i=1

The following proposition shows that for small n, the distribution £(S,(1)) of the partial sum S, (1) is well
approximated by the convolution of E(S,(f’)) and £(S,,). The two distributions E(Sy(,,n)) and £(S,,,) are
respectively approximated by a purely non-Gaussian distribution and a Gaussian distribution.

Proposition 2. Let (X, ,,)iennen be as in Theorem 1 and define the functions G%’Z}g by the equality G;";,(x) =
F(z) — Iy>0(Vo(p) — ) (p)). If (1.1), (C1), (C3) and (C3) are all satisfied, then the statement (i) of Theorem
1 (with t = 1) is equivalent to:

B 2
lim lim sup lim sup |E (exp(izSn’n)) — exp(—an,n(p))’ =0. (1.10)
n—0 p—+0o0 n—+4o0 2

B izx __ 1—3
lim lim sup limsup |E (exp(izS,(L”))) —exp </ GQZZCEngL”I),(x)> ‘ = 0. (1.11)
n—0 p——4o0 n——4oo x ’
lim lim sup lim sup pCov (S,(l")(l/p)7 Sn’n(l/p)> =0. (1.12)
N—=0 pstoo n—+too
lim lim sup lim sup |E (exp(izS,) — E (exp(izgnm)) E (exp(izg,(f’)))‘ =0. (1.13)
n—0 p—toco n—+oo

Remark. Let G(z) = F(x) — I;>0 (F(07) — F(07)). This function inherits all the properties of F' and is
continuous at 0. To summarize, Conditions (1.1), (C1), (C2), (Cs) and (i) of Theorem 1 prove that the distribution
of (5',(;7)) is approximated by the purely non-Gaussian Lévy distribution pg while the distribution of (S'nn) is
described by the Gaussian distribution with variance F(07) — F/(07) (also equals to F(+00) — G(+00)).

2. CONVERGENCE TO LEVY PROCESSES FOR ASSOCIATED VARIABLES

We now apply the results of the previous section to stationary arrays fulfilling a condition of positive depen-
dence called association. We also discuss convergence to Lévy processes for such sequences.
Let (X n)iennen be as in Theorem 1. It is an array of associated random variables if for every n:

COV(h(XZ‘J“i S A),k(Xi’n,Z’ S B)) >0,

where h and k are coordinatewise nondecreasing real-valued functions and A, B are finite subsets of N (we refer
to [10], [3] and the references therein for more details on associated random variables).

Up to our knowledge, the convergence to infinitely divisible distributions for arrays of associated variables is
studied separately in the case of Gaussian or Poisson distributions (cf. [22] for an overview). For a stationary
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sequence (X;) of square integrable random variables, the Gaussian limits are obtained as soon as the Cox-
Grimmett coefficient (cf. [7])

+o00
Un):=2 Y Cov(X1,X;)
j=n+1
tends to zero as n tends to infinity. Poisson limits, or more generally convergence results for triangular arrays
of independent variables, are extended to associated variables provided that

lim Y Cov(X;nXkn) =0, (2.1)

n—-+4oo

1<j<k<n

(cf. Proposition 1 in [23]). In order to get a more general result containing both Gaussian and Poisson limits,
we generalize the Cox-Grimmett coefficient: let

R,(N)=limsup n Z Cov(Xo,n, Xrn)

n—-4o0o =N

Let Ny o(X) =inf{N, R,(N) =0} (N4 o(X) may be infinite). The main assumptions are

lim limsup n Cov(Xon, Xrn) =0 and 2.2

N—Ng,0(X) nHJrcxI)) 7;\] ( 0, ’ ) ( )
N-1

lim lim sup |nE in + 2n Cov(Xomn, Xrn) — F(c0) =0, 2.3

ol msup B )+ 20 3 Cov(Xo Xe) — Floc) (23

where F(c0) is some nonnegative number. For stationary arrays of associated variables, Condition (2.2) with
Noo(X) =1 is exactly (2.1).

2.1. Convergence of the finite dimensional distributions

We introduce the analogue of Condition B(V) defined in [8].
B’(N): There exists a BV function F such that for any continuity point = of Fly,

lim limsupn [E (SI(\Z)nZ]IS,(;’) SI) —-E (5%7)721’71][85;,11 Sm)} = Fn(z).

n—0 n—-+oo

As for (X; ), define

R@W(N) = limsuplimsup n Z COV(X(S?) XT(’Q) (2.4)

)
n—0 n—-4oo —N "

and Né“)(X) = inf{N, R@(N) =0}. We make the same assumptions on (Xz(zz))z as we make on (X ,), that
is

lim  limsuplimsup n Z Cov(X{M, XMy =0 and (2.5)
N‘PN(SQ>(X) n—0 mn—+oo et ) B

N-1
lim  limsuplimsup nE(X((fQQ) +2n Z COV(X((;Q, XM - G(o0)| =0, (2.6)
N—»Néa)(X) n—0 n—+4oo ’ —1 ’ ’

where G(00) is some positive real number.
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Theorem 2. Let (X;.)iennen be a stationary array of associated square integrable and centered real-valued
random variables. Suppose that E(X3,,) tends to zero as n tends to infinity. Assume that Conditions (2.2),
(2.3), (2.5) and (2.6) hold. Assume moreover that there exists a nondecreasing sequence of positive integers
(Ni)ien+ converging to Néa) (X) such that B'(N;) holds for any i in N*. Then there exists a distribution function
G such that, for any bounded and three times continuously differentiable function g with compactly supported
derivatives

lim( ) gdFy, = /gdG. (2.7)
NiHNOu'

If moreover G is continuous at 0, then the finite dimensional distributions of the process {Sy(t), t € [0,1]}
converges in distribution to those of the Lévy process of law pp, where F is given by

F(z) = G(z) + To<q (F(00) — G(o0)).

Recall that F(00) and G(00) have been defined in (2.3) and (2.6).

Remark. Suppose that, for each fixed N, the BV function Fy, given in B/(N) is of the form Fy(z) =

Zjvzl Aj nIj<q, where (A n) is a sequence of real numbers. Suppose moreover that the requirements of Theorem

2 are satisfied. Then the distribution function G, whose existence is guaranteed by Theorem 2 satisfies G(z) =
(a)

Z;V 1 X\ j 1<z, where the positive numbers A; are the limit of A; ;. In this case the limit law is given by its

characteristic function

N (X)

a(z) = exp(—(F(oo) - % + Z: (e — UZ)]%)

This law is the convolution of some Gaussian distribution with some integer-valued Coumpound Poisson distri-
bution.

2.2. Convergence to Lévy processes

Let D([0,1]) be the space of cadlag functions equipped with Skorohod’s distance d. Convergence in the
Skorohod topology is somewhat restrictive: for instance if z,, = 11 /2,1) and y, = 1j1/2_1/n,1], both sequences
converge in (D([0,1]),d) but x, + y, is not even relatively compact in that space. It means that for the
convergence in (D([0,1],d)), two jumps of given size cannot become closer and closer. Hence, to obtain the
weak convergence of {S,,(t), ¢t € [0,1]} in (D([0,1]),d), it is necessary to impose additional conditions on (X ;)
(see Remark 8 in [8] for more details). Since the sample paths of the Wiener process are continuous, it is natural
to make these assumptions on the array (X Z(ZL)) only.

Theorem 3. Let (X;.)iennen be a stationary array of associated square integrable and centered real-valued
random variables. Suppose that E(XG ,,) tends to zero as n tends to infinity. Assume moreover that Conditions
(2.2) and (2.3) hold and that

lim lim bupnz Cov ( én) X ) 0. (2.8)

n—0 n—-4oo " o

Suppose that there exists a distribution function G, continuous at 0, such that for any point of continuity x of

G
lim lim sup nE (X(g,z ][X<"’)<a:) = G(x).

N—0 n—tco

Then the sequence {S,(t), t € [0,1]} converges in distribution to the Lévy process of law pr in the space
(D([0,1]),d). The function F is given by F(z) = G(z) + I;>0 (F(00) — G(0)) .
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Remark. Conditions (2.2), (2.3) and (2.8) imply the tightness of the sequence of process {Sy,(t), t € [0,1]} in
the space (D([0,1]),d).
Remark. If N,o(X) = 1, then Néa) (X) =1 (cf. Section 5, the inequality (4.6) for a justification). In this
case, the sum S, (1) admits an asymptotic independent representation by blocs of length 1. In other words, if
Noo(X) =1 then the set £ defined in (1.3) is nonempty and equals to N* (we refer the reader to Corollary 2
below and to its proof for a justification of this remark), hence one may expect a limit theorem under conditions
close to that obtained for independent sequence. Those ideas were first mentioned by [23] in order to prove the
convergence in distribution of S, (1).
Corollary 2. Let (X; ,)iennen be as an in Theorem 3. Suppose that

lim n) Cov(Xgn,X,n)=0. (2.9)

n—-+o0o
r=1

Let F be the distribution function of some finite measure. Then the following statements are equivalent

(i) For any continuity point x of F' (including +o00)

lim nE (X3, 1Ix,,<z) = F(). (2.10)

n—-+4oo
(i1) The sequence of process {Sy(t), t € [0,1]} converges in distribution in D([0,1]) to the Lévy process of law
KFE

Theorem 3 contains both the Gaussian and the Poisson limits as shown in the following proposition (we omit
the proof, which follows immediately from Theorem 3).

Proposition 3. Let (X, )iennen be as an in Theorem 3. Assume that Conditions (2.2), (2.3) and (2.8) are
satisfied. Suppose moreover that there exists a positive real number A such that

lim lim sup nE (Xé"f][x<n)< ) =A<y, (2.11)
, o < =

n—0 n—-4oo

for any x # 1, including +00. Then the sequence of processes {Sn(t), t € [0,1]} converges in distribution in the
space (D([0,1]),d) to the Lévy process of law pp. The characteristic function i of up is given by

1 .
fi(z) = exp (—2022'2 +A(e”—1— zz)) ,

where 02 = F(o0) — X and F(00) is the positive constant defined in (2.3).

Remark. Clearly o2 fulfills
o? = lim lim sup (VarSn(l) — nIE(Xé’ )2)) . (2.12)

n=0 n—too "
2.2.1. Convergence to Wiener processes

Corollary 3. Let (X;n)iennen be a stationary array of associated square-integrable and centered random
variables. Suppose that E(X3,,) tends to zero as n tends to infinity and that Conditions (2.2) and (2.3) are
satisfied with F(oco) = 1. If moreover

lim nE (X3, Ix,,>) =0 for all €>0, (2.13)

n—-+4oo

then {S,(t), t € [0,1]} converges in distribution in (D([0,1]),d) to the standard Wiener process.

For stationary and centered associated sequence with > >~ Cov(Xp, X,) < 400, Corollary 3 applied to the
arrays X; , = X;/v/VarS,, leads to the CLT theorem already proved in [24].
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2.2.2. Convergence to Poisson processes

Corollary 4. Let (X;)iennen be a stationary array of associated square-integrable and centered random
variables. Assume that E(Xg’n) tends to zero as n tends to infinity and consider the limits
lim nE (X§n(1A|X0, —1))) =0 and lin nE(Xg,) = . (2.14)
(1) If (2.2), (2.8) and (2.14) hold, then (2.9) holds.
(2) Suppose moreover that Condition (2.9) holds. Then, the process {S,(t), t € [0,1]} converges in distrib-

ution in (D(]0,1]),d) to the centered Poisson process {P(At) — At, t € [0,1]} (i.e the Lévy process with
distribution function F' = Ny _yoop) if and only if (2.14) holds.

The convergence in distribution of S, (1) to a Poisson limit was established in [23], under the conditions (2.9)
and (2.14).

2.3. On the convergence of Bernoulli random variables

Let (Y;,,) be an array of Bernoulli distributed random variables with parameter p,, such that np,, is bounded
and define the centered triangular array X; , by X; , = Y; ,, —p,. We are interested in the asymptotic behavior
of the process S, (Y,t) = Sy (t) + [nt]pn = Yin + -+ + ¥Y[ny),n, in the context of association.

For n sufficiently small, we can choose n large enough such that

f(n)(_pn) =0, f(ﬂ)(l - pn) =1-p, — m, f(n) (XO,n) = (1 — Pn — 77)5/0,n- (215)

We first deduce from those estimations that N, o(X) = Noa) (X) = No(Y). Let us now describe the conditions
on the sequence (Y; ;) under which the requirements of Theorem 2 are satisfied. From (2.15), we infer that
(2.2), (2.3), (2.5) and (2.6) are satisfied as soon as

N-1
lim limsup [nVar(Yy ) + 2n Cov(Yon,Yrn) — F(oco) =0 2.16
i, lim sup (Yo,n) ; (Yo,n: Yrn) — F(0) (2.16)
and lim limsupn Cov(Yon,Yrn) =0. 2.17
NoNo(Y) s ;v (Yo, Yrn) (2.17)

Suppose moreover that, there exists a BV function Fly such that for any x, point of continuity of Fy,

Jim nE(SR (Y, DIsy  (viy<e) — "E(SX 1, (Y. DIsy L (viy<a) = Fn (), (2.18)
then some elementary estimations based on (2.15) show that Condition B’(N) holds. Moreover 0 is a continuity
point of Fiy since Sy (Y, 1) is integer-valued. Combining these remarks with Theorem 2, we obtain the following
corollary.

Corollary 5. Let (Y;,) be an array of Bernoulli-distributed random variables with parameter p, such that
npy s bounded. Assume that (2.16) and (2.17) are satisfied, and that there exists a nondecreasing sequence of
positive integers (N;)ien+ converging to No(Y') such that (2.18) holds for any N;. Then the finite dimensional
distributions of the process {S,(t), t € [0,1]} converges in distribution to those of the Lévy process of the purely
non-Gaussian law pg, where G is the weak limit of (Fy,) in the sense of (2.7) and G(c0) = F(00).

Remark. Assume that np, converges to some positive constant A. Then under the assumptions of Corollary
5, S, (Y, t) converges to X; + A where X; has law pl,. From (3.19), it is clear that G is piecewise constant with
jumps at integer points, so that the limiting distribution of S,,(Y,t) is necessarily integer-valued coumpound
Poisson.
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Remark. For m-dependent arrays, necessary and sufficient conditions for the convergence of S, (Y, 1) are given
n [15]. Using our notations, these conditions are equivalent to: there exists a distribution function F,, 41 such
that

lim nE(Sz 1, (Y, DIs, .\ (viy<e) — nE(SZ, (Y. DIg, | (viy<s) = Fny1(2). (2.19)

If No(Y) = m + 1, we obtain the same condition as in the m-dependent case. In that case the distribution
of the variable S, (Y,1) is the law of the sum Vj + --- + Vv where N is Poisson distributed with parameter
A= N (Fy (i) = Fruga (i — 1)) /3% and is independent of the sequence (Vi )p>1 which is i.i.d. with marginal

distribution P(Vy = i) = (F41(i) — Fyuy1(i — 1)) /(Xi%). See Theorem 1.1 in [20] for more details.

Remark. Under the conditions of Corollary 5, we can establish the joint convergence of (S, (t1),...,Sh(tx))
for any k-tuple (t1,...,tx) (cf. Section 4.2 and Lemma 15). Therefore, there is also convergence for the point

process Sy, (Y, A) = >, 4 Yin indexed by Borel subsets of [0, 1] (see Theorem 4.2 in [19]).

We now discuss the number of exceedances under association (note that the method of the proof can be
extended to other dependent variables). We refer to [14] for the importance of the exceedance process in
extreme value theory. Let (X;)1<i<n be a collection of random variables and let S,, counts for how many 4’s
X, exceeds z;, where the levels (z;)1<i<, are any real numbers. A poisson approximation for the law of S, is
appropriate whenever the probabilities of exceedance are small, as shown in the following proposition.

Proposition 4. Let (X;);en be a stationary sequence of associated real-valued random variables, and B3 (IR) be
the set of three-times continuously differentiable real-valued functions for which ||h"||se < 1 and ||h®)||o < 1.
Let (2;)ien be real numbers and define p,, = P(X1 > z,,) and A\, = np,. Then

n n—1
sup [Eh (Y (Ix,5z, —pa) | = s, ()| < 9npl 420y Cov (Ixgsa,s Ix,>2,)
he B} (R) i=1 r=1

where py 5, denotes the centered Poisson law P(Ap) — Apn.

Proposition 4 is based on Lindeberg’s method. Poisson approximation for dependent trials was discussed by
Chen since 1975 (cf. [6]). Chen’s method is the adaptation to the Poisson distribution of Stein’s differential
method for the normal distribution (cf. [29]). We refer to the monograph [2] Barbour for the Stein-Chen method
as well as for the wide applicability of the Poisson approximations.

Let (X;);en be a standardized stationary associated normal sequence, which means that the function r(k) =
Cov(Xo, Xi) is always positive (see [26]). Let (z,,) and A, be real numbers such that A, = n(l — ®(z,)),
where ® is the distribution function of the standard normal law. Suppose that sup,, A, < co. An estimation of
’Cov (Ix,>2,, ]IXJ.>Z”)‘ as it is done in [13] together with Proposition 4 leads to the following : If 7(k) > 0 for
each k and r(k) < C/Ink for k > 2, then

n

L (> (Ixsz = pn)) = o, (B)

i=1

sup
heB3(IR)

Inn —
— 0O | n=+m/0+r) (] —p/(1+p) . HT L
(n (tnn)~#/40) 4 S ) )

k=1
where p = max(r(1),7(2),...). Similar results are contained in [13], but their approach is different from ours
(see also [21]).

3. PROOFS FOR WEAKLY DEPENDENT SEQUENCES

3.1. Proofs of Theorem 1 and Corollary 1

We first recall a technical result which is the main tool for the proof of Theorem 1.
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Lemma 1. Let (Y; ,,)ien nen and (€ n)iennen be two independent arrays of i.i.d and centered real valued random
variables, such that lim,, o E(Y,) = lim, 4o E(€§,,) = 0. Let K,, be a positive integer. Let o < ... < ay
be a finite grid and define f;(t) = t2][zj<t§1j+l. Then, for any function h three times differentiable with
A" |lso < 00, [|M)]|0e < 00, we have

EO&ffnm)—wffqa)'g e 3 1B, (Vi) ~ B (e1 )
i=1 i=1 j=0

+ ”hHHOOK E(Y12n][y1 7L€]w0111\7]) + Hh'”HOOK’VI]E(ein][eLnﬂIOJN])
)

£ K S (fylenn) [I00o A clern — 2,1]). (3.1)
j=0

+ Ka Y E(£010) [I0 e AMIAD el Vi — 25
7=0

2

Proof of Lemma 1. Let g < ... < xy be N + 1 fixed real numbers. Let g be a bounded function with
bounded first derivative. Clearly

N—-1 N-1
E(}/;?ng()/;,n)) = E(an (g(YVZ,H) - g('rj)) I[ZI?j<Yi,n§wj+1) + Z E(Y;?ng(xj)le<3ﬁ,n§1j+1>
j=0 3=0

+ E(}/i?ng(}/;7ﬂ)]ln,n§z]xo,$N] )

According to the properties of the function g, we deduce from the last equality together with the analogous one
for (e} ,,9(€in)) that

N-1
[B(Y2,9(Yin) —E(] ng(ein))| < llglloo Y IB(f; (Vi) — E(f; (€in))]
=0
+ ||g||OOE(Y2 ]IY1 nélzo, IN]) + ||g||00 ( €3, n][él nélxo, $N])

+ ZE Yin) 2llgllcc AN oo |Yiin — ;1)

Zb
,_.o

+ E (fj(€in) 2lglloc A lg'llscl€in — 251]) (3.2)

<.
[}

Define the random functions A} ; ;. (z) = M’ (Yin + ...+ Yicin + 2+ €41 + ... + €k, n) and gi(z) =
fo (1 —=t)hi_y ;1 (tz)dt. From Lindeberg’s decomposmon and the independence of (Y; n) and (€;,), we obtain

that
K, K,
(4(3750)) - E(1( ) = X BOZ0050) - Y Bl 3)

Clearly g; is bounded by 1/2]|h” || and is 1/6Hh(‘3)||oo—hpsch1tz. Lemma 1 follows from (3.2) and (3.3).

Proof of Theorem 1. We now prove Theorem 1 and the remark below. We suppose without loss of generality
that ¢t = 1. The direct parts of Theorem 1 and Corollary 1 follow by adapting the arguments of the proof of
Theorem 1 in [8]. So we only prove the second implication. Let (¢; ,)ien be an i.i.d. array of independent and
centered random variables with marginal distribution u;/". For two positive integers p and ¢ such that pg < n,
define

Ui,n(q) = Xiq—q+1,n 4+ ...+ Xiq,na %,n(q) = Ul,n(q) + ...+ Ul n(Q)

s
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Az’,n(‘]) = €ig—q+1,n T - - T €ign,s Fi,n(p) = Ai,n(Q) +...+ Ap,n(‘])

Sq,n:Xl,n+~~+Xq,n7 Sn=€nt...+t€en

A collection of random variables V = (V1,...,V,,) is a coupled version of U = (Uy,...,U,) if the members of
V are independent and if the random variables U; and V; have the same distribution for each 1 < i < n. We
consider (U} ,,(q); - - -, Up.n(q)) a coupled version of (Uy ,,(q), ..., Upn(q)) and we define

Vo (@) = Urn(a) + ...+ Upn(a)-

In order to prove Theorem 1, we take ¢ = [n/p] where p is a fixed integer. For the proof of the remark following
Theorem 1, ¢ will be equal to a fixed integer m and p = [n/m]. Clearly

|E exp(itSn,n) — Eexp(itsy)| < T1n(q) + Tom(q) + T3,n(q) (3.4)
where
T ,(q) = ‘]E exp(itSy.n) — Eexp(iﬂ?p)n(q))‘
Ton(@) = [Eexp(itVyn(a)) — Eexp(it(Tyn(p))]
Ts5n(q) = [Eexp(it(T1,n(p))) — Eexp(itsy)] .

Control of T} ,,(q)

Clearly Eexp(itV, ,(q)) = (Eexp(itSy,))P and Ti,(¢) = [Eexp(itSn.,) — (Eexp(itSy.,))"|. Condition (1.1)
(resp. (1.4)) leads to (3.5) (resp. (3.6)) below

lim limsup Ty, ([n/p]) = (3.5)
P—+00 ntoo
lim limsupTi ,(m) =0 (3.6)

m—mo(X) n—+oo

Control of T3 ,(q)

In order to control the quantities T5 ,(¢q), we use Lemma 1 with a suitable choice of the grid zo < ... < ay.
Let € > 0 be fixed and choose an integer N = N, and a subdivision zg < z1 < ... < xy of continuity points of
F such that

|z; — 11| <€, F(xo) <€, F(oo)—F(ay) <e (3.7)

We apply Lemma 1 with K,, = p and h(z) = exp(itx) (more precisely h(zx) is either the real or the imaginary
part of exp(itx)).

B(h(3 00 @) ~h(380@))| < o 3 1B U10(0) ~ B (A1)

i=1 i=1 =0
+ pPEUT () 1y, (o) dJwo,on])
+ th]E(A? 2 DIa, (@) @zo.en])

IA

+ pZE FiUrn(@) [t A 1P U1 (@) — 24]])

N—-1
+ Y E(fi(Ara(a) [ A[EP1ALA () — 7)) -
j=0
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The last bound together with the choice of the grid zg,z1,...,z N leads to

P P N—-1
B(A(Y Uin@) = h(O- Ainl@)| = 22 S [B(S; (U1n()) — B(; (A1a(a)
i=1 i=1 j=0
+ pt2E(U12,n(q)I[U1,n(Q)€]xo,acN])
+ pt’E(AT, (@) 1Ay, () @eoen])
+ [tPpeE (UF (@) + [¢P°peE (AT ,.(q)) - (3.8)

We now use the following lemma, that we prove at the end of this paragraph.

Lemma 2. Under Condition (1.2) and the previous notations, we have that

limsup limsup pE (U}, ([n/p])) < +o0 and limsuplimsuppE (A7, ([n/p])) < 400
p——+00 n—-+oo p—+00 n—-+o00

lim sup limiuppE(Uﬁn([n/p})JIUI,,L([n/pJ)e}zo,mN]) < 2

p——+oo n—+oo

lim sup lim suppE(Ain([n/p])][Alyn([n/p])g]xowm) < 2¢

p—+0o0 n——+oo

lim limsupp |E(f; (U1n([n/p])) —E(f; (A1 n([n/p])))] =0, for0<j<N-—1.

P—+00 ntoo

Under Condition (1.5) and the previous notations, we have that
limsup limsup [n/m]E (U7,,(m)) < 400 and limsup limsup [n/m]E (A}, (m)) < +oo
m—mg(X) n—+oo m—mg(X) n—-+oo

lim sup 1imsup[n/m]IE(Uin(m)]IUl,n(m)g]m@N]) < 2e¢

m—mg(X) n—+oo

limsup limsup [n/m]E(Ain(m)][AM(m)g]xo’zN]) < 2¢

m—mg(X) n—+0oo

lim limsup [n/m] |E(f; (U1,n(m))) —E(f; (A1,n(m)))] =0, for0<j<N-—-1.

m—mg(X) n—+oo

Since € is arbitrary, Lemma 2 together with the bound (3.8) leads to

lim limsup Ty, ([n/p]) =0 (3.9)
P—+00 s too
lim limsupTs,(m) =0, (3.10)

m—mg (X) n—-+oo

as soon as conditions (1.2) and (1.5) hold respectively.

Control of T3 ,,(q)
Clearly |E(h(sn) — h(T1,n(p)))| < |t|(n—pq)E |€1,,| (here h(z) = exp(itz)). Since n—pn/p] < p, n—m[n/m] <m
and lim,, 4 o E(e7 ) = 0, we infer that

lim_ T3, (n/p]) = . (3.11)
hr—? T3 n(m) =0. (3.12)

Theorem 1 (respectively the remark below Theorem 1) follows by combining (3.5), (3.9), (3.11) (respectively
in (3.6), (3.10), (3.12)) and (3.4).

Proof of Lemma 2. In order to prove Lemma 2, we need the following result (which is proved exactly as
Lemma 1 in [8]).
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Lemma 3. If (t,) is a sequence decreasing to 0 as n goes to 400, then, for any x point of continuity of F, we

have
im L[ F
Jim = [P ) = F).
We now continue the proof of Lemma 2. The distribution function of A; ,(q) is /L}I;/ ". This fact together
with Lemma 3 yields, for any x point of continuity of F,

lim K (A% n(m)][Al,n(m)gz) = F(z) and

n—+oo m

lim limsu ‘—]E(A2 ([n/p]))]IAl,n([n/p])éx> —F(x)‘

P—+ 1 too
Those facts together with conditions (1.2) and (1.5) imply Lemma 2.

3.2. Proof of Proposition 1

Let F¢ be the class of three-times continuously differentiable functions f from IR to IR such that f(0) =
F0) =0 and ||f"']|ec < C, || f"]|loc < C. The following lemma reduces the behaviour of f(S,(t)) to that of
f(ST(L")(t)) and f(Sn,,(t)) for any functions f in Fe.

Lemma 4. Let (X; ) be a triangular array of stationary and centered real valued random variables. Suppose
that E(Xg)n) < 4o00. Let f be any function of Fc. Then, for any positive integer p and positive real numbers €
and n, the term

/0
2

PE (Sa(1/p)) = pEf (S57(1/p)) — p(Varsna/p)Vars,sm(l/p))'

18 smaller than

200E (52,1 /D)5, 1/m15¢) + 3Ce (Vaon(B) + VP (0)) +2C BB (82, (1) s, cmis)) (V@)

recall that V,, ,(p) = pVarS,, ,,(1/p) and v, (p) = pVarSfJ')(l/p).

We prove this lemma at the end of this section and we continue the proof of Proposition 1. Let z be a fixed
point of continuity of F'. We first suppose that z # 0. Let v > 0 be small enough (v < |z|), in such a way that
z, * — v, © + v have the same sign. Define f, ,+(y) = y?h,,+(y) and f, - (y) = y*h, - (y). The functions
hy ,+ and h, ,— are both positive, bounded by one, three times continuously differentiable, h, ,+ (resp. h; ,-)
is equal to one on ] — 00, z] (resp. | — oo,z — v]) and to zero on [v + v, +00[ (resp. [z, +o0[). Clearly f, ,+ and
fo— belong to Fe, f)) 1 (0) = 2h, ,+(0) = 2Lg<, and f),(0) = 2Lo<,.

Applying Lemma 4 to the function f, ,+, and using (C;) together with (C), we obtain

lim lim sup lim sup p]Efac vt ( n(l/p)) - pEfa:,u+ <Sr(l'fl)(1/p)) - ]IO<a: (Vn(p) - V’rgn) (p))‘ =0. (313)

=0 p—too n—+oo
We first prove that (1.2) follows from (1.8). The limit (1.8), the expression of f, ,+ and the fact that z is a

point of continuity of F', ensure that

lim lim sup lim sup lim sup ‘pIEfw)l,Jr (Sr(ﬁ)(l/p)) — F(z) + To<, (Vn(p) — VTE") (p)) ‘ =0. (3.14)

v=0 -0 p—otoo n—+too

Collecting (3.13) and (3.14), we obtain that

lim lim sup limsup [pEf, .+ (S»(1/p)) — F(z)| = 0. (3.15)

v—0 p—+0o0 n——+oo
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This limit together with the analogous one for f, ,- proves (1.2), for any x point of continuity of F' not equal
to 0. Conversely, the limit in (1.2) gives (3.15) for any z point of continuity of F', which together with (3.13)
proves (3.14). The limit in (3.14) and its analogous for f, ,- instead of f, ,+ proves (1.8) from (1.2). Hence
(1.2) and (1.8) are equivalent for any x point of continuity of F' not equal to 0 (under (C;) and (Cz)).

Let us prove the limit in (1.9). We suppose, from now until the end of the proof of this proposition that (1.2)
(or equivalently (1.8)) holds for any x point of continuity of F not equal to 0. Let v > 0 be such that v and —v
are points of continuity of F. From (1.8) and the fact that lim._o(F (¢) — F(—¢)) = o2, we infer that

lim lim sup lim sup lim sup ‘pIE (Sﬁbn)2(1/p)]]:—y<5£")(1/p)<u> —o%+ (Vn(p) - V,g”)(p))‘ =0.

v—0 n—0 p—+4oo n—+oo
The limit in (1.9) is proved from the last limit together with Condition (C3).

We now discuss the case when 0 is a point of continuity of F. This fact together with (1.9) ensure

lim lim sup lim sup (Vn(p) - V,S”)(p)) =0. (3.16)

N—0 pstoo n—+oo

Let v > 0 be such that v and —v are points of continuity of F', and consider the functions fy ,+, fo,- (those
functions are in Fo and fi ,(0) =2, f{',-(0) = 0). Arguing as in (3.13) and using (3.16), we obtain

limy lim sup lim sup [pEg (S5 (1/p)) — pEg (Su(1/p))| =0, for g € {fours fo}- (3.17)

N—=0 pstoo n—+oo

Suppose that (1.2) is true, then the limit in (3.15) still holds with « = 0, this fact together with (3.17) ensures

lim lim sup lim sup lim sup ‘pEfO,ﬁ (S,(L”)(l/p)> — F(O)‘ =0. (3.18)

v—=0 50 p—otoo n—+oo

The last limit together with the analogous one for f, - instead of fy ,+ proves the limit in (1.8) for z = 0. By
similar arguments, we prove that (1.8) still ensures (1.2), whenever z = 0 is a point of continuity of F'.

Proof of Lemma 4. Since f € F¢, Taylor’s formula yields, for any real numbers = and y

1)~ @) - 500 - = e [ 1) - 1O

by / (= )"+ ty — ) — f"(O))dt

The last decomposition together with S, (t) = S (t) + Spp(t) and || f"||cc < C, || f"]loo < C implies that

p[Er s/~ (1 (s0/m)) = T2 (vars, /) - Vars(1/)
is smaller than

2CE ([S0.(1/)]

SO (/)| 1A

s /)|])

+20pE (82,,(1/p) [1 A (1800(1/p)] +

s@a/m))]). 619)

Let € > 0 be fixed. Clearly

E (52,0/0) [11 (100001 + [ 0/m)])])

€
< PE (S2,(1/) s, ,a/mizd) + 5 (3pVarsn,,,(1 /p) + pVarS (1 /p)) . (320
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Analogous estimations yield

PE (18w (1/0)l| S (1/p)| [1 1 |5 (1/0)]])
1/9 1/2
< (pE ( nn(l/P)]I|sM(1/p)|>e)) / (Pvarsﬁln)(l/p)) +epVarS(1/p). (3.21)
Lemma 4 is proved by collecting (3.19), (3.20) and (3.21).

3.3. Proof of Proposition 2

We only prove the direct implication, the second one being straightforward.

Proof of (1.10). Using that

m
@1 T = 1Y D | — il for gy € € ], Jyil <1, (3.22)
i=1

together with the stationarity of the sequence, we infer that
2

Va0 < 0 |Exp(iz8,,,(1/0) ~ expl- S Vars (/)| < T+T (329

E exp(i2Sn,,) — exp(— 5

where
ZQ
I= p|EexplisSug(1/n) - 1+ S ES,(1/0)
22 2'2
T = p[r= B0/ - exp(- G VarS, . (1/)

Control of I. Since ES,, ,,(1/p) = 0 and

2

eV —1—iy+ % <y*Alyl®, foranyycR (3.24)

we infer that

IN

b [Eexp(iz8,0(1/0) 1+ SES2, (/)| < e (52,(1/0) 015,010

> Czp]E (Si,n(l/p)]I|Sn,n(1/p)\25) + Czepvarsn,n(l/p) )

A

for any € > 0 and ¢, = max(z2, |2|?). This bound together with (C;) and (Cz) ensures that

- , : 22
lim lim sup lim sup p ’E exp(izSn n(1/p)) — 1+ 2IES?%n(l/p)‘ =0. (3.25)

N—=0 pstoo n—+oo

Control of J. We deduce from

le* —1— x| < z%el®l] for any z € R (3.26)
that ) )
z z
P ‘1 — ?]ES’Em(l/p) — exp(—QVarSnm(l/p))‘ < pzt (\/arS’m,,(l/p))2 exp (zQVarSn)n(l/p)) .

The last bound together with (Cz) ensures that

- , 22 2’
lim lim sup lim sup p ’1 - E]ES?z,n(l/p) - exp(—;VarSnm(l/p)) =0. (3.27)

n—=0 p—too n—+oo
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The limit in (1.10) follows by collecting (3.23), (3.25) and (3.27).

Proof of (1.11). In view of (1.1) and the statement (i) of Theorem 1, it suffices to prove that

2

Eexp(iz3M) — exp <22(Vn(p) —ym (p))> Eexp(izS,)| = 0. (3.28)

lim lim sup lim sup
n—0 p—+00 n—-+oo

Let AVn(z,) = VarS,(1/p) — VarS,(Ln)(l/p). From (3.22) and some elementary estimations, we infer that

(&)

Eexp(izS{) — exp (Z(Vn(p) —ym (p))) Eexp(izS,)

2
<p ‘Eexp(izSﬁﬁ)(l/p)) — exp <ZAVTEZD)> Eexp(izSn(l/p))‘ <L+L+I3 (3.29)

2
where
2
L = p[Eexp(izS" (1/p)) - Eexp(izSa(1/p)) — S AV,
22 )
I, = 2y ‘AV,%) |1 — Eexp(izSn(1/p))|

2'2 22
Is = plexp <2AV752;)> — <1 + QAVTS,ZJ))‘ .
Control of I,. Applying Lemma 4 to the function h(z) = exp(izz) — 1 — izz (more precisely to its real and
imaginary parts) and using (C1) and (C3), we obtain that

2
lim lim sup lim sup p ‘Eexp(izs,(ﬁ)(l/p)) — Eexp(izS,(1/p)) — %AV,EZD) = 0. (3.30)

n—0 p—+0o0 n——+oo

Control of I. Proceeding as in (3.24), we obtain that

22 ) 2|3
P [AVI| 11— Eexp(iz5,(1/p))| < %p (VarS,(1/p) + Vars{(1/p) ) (VarSa(1/p)"*.

This bound together with (Cz) implies that

- 2 :
lim lim SUp p—- ’AV;Z,}’ |1 —Eexp(izSn(1/p))| = 0. (3.31)

pP—+00 n—-4oo

Control of Is. From (3.26) and Condition (C3), we infer that

lim limsupp
P—=+0 ptoco

2 2
w(fo) (opua)e e

Collecting (3.29), (3.30), (3.31) and (3.32), we obtain (3.28). Now (3.28) together with Theorem 1 implies
(1.11).

Proof of (1.12). Clearly

p|Cov (SO /p), Sun1/p))| < 2B (|ST01/D)S0n(1/0)| Tis, /1150 ) (3.33)
+ pE ( Sﬁﬁ)(l/p)‘ L5 (1 py 3 [Snn(1/P))] 11|sn,n<1/p>\92)

2 (S50 1y s 1< 1m0 By mien) -
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Applying Hoélder’s inequality, we obtain that

1

1/2
PE (|89 (1/0)Sun(1/p)| Nis, 1 /misve ) < (0B (S9201/0)) " (0 (S2,(1/) s, 1/ 102))

The last inequality together with (C;) and (C3) implies that

lim lim sup lim sup pE (‘Sfl”)(l/p)Snm(l/p)‘ ]I|S”7"(1/p)‘>l,2) =0.

n—0 p——+0o0 n—-+o0

Some elementary estimations lead to

pE(

Sgl")(l/p)‘ ][|S£")(1/p)|2u |Sn7,7(1/p)| ][|Snm(1/p)|§,jz) < Up]EST(Ln)Q(l/p).

The last bound together with (C3) yields

lim lim sup lim sup lim sup pE (’Sﬁn)(l/p)‘ ]I\S,(,,”)(l/p)|2u |Sn,n(1/p)] ]I‘Snm(l/p)‘gyg) =0.

v—0 n—0 p——+o0 n—-4oo

We now control the last term in (3.33). Applying Holder’s inequality, we infer that

PE (|57 1/0)| Ly s 1, 1S0n (LD s o/ 200)
1/2

< [PE (S0, _gr1men)] Wan)]2.

This bound together with (C2) and (C3) implies that

gii%limsuplimsuplimsupp]]ﬂ (‘Sé")(l/p)’ T, 5o p<s [Snn(1/p)] ][|snm(1/p)|§,,2) =0.

n—0 p—+o00 n—+oo

Combining (3.34), (3.35), (3.37) and (3.33) we obtain (1.12).

Proof of (1.13). from Theorem 1, (1.10) and (1.11), we infer that

lim lim sup lim sup
n—0 p——+00 n—+oo

2

2 ~ ~
exp (ZVn,p,n) Eexp(izS,) — Eexp(izSy ,)E exp(iszl”))‘ =0,

where V,, ., = Vo (p) — vi{m (p) — Van,np(p). Hence (1.13) will be proved if we prove that

lim lim sup lim sup (Vn (p) = ViP(D) = Vi (p)) =0.

n—0 p—+00 n—-+4o0

This follows from (1.12) and the fact that

Va®) = V7 (p) = Vi (p) = 20Cov (S (1/p), Snn(1/p) ) -

2

19

(3.34)

(3.35)

(3.36)

(3.37)



20 TITLE WILL BE SET BY THE PUBLISHER

3.4. Sufficient conditions for (C;)

Lemma 5. Let (X, ,)iennen be an array of stationary and centered real valued random variables, and define
Sy n(1/p) = maxi<p<n/p] |Zf:1 Xin(n)|. For any positive integers N, p and any € > 0, n > 0, we have

[n/p]
PE(S2,(1/p) s, (1/p>2e) < 8p Z Cov <(Sk7N,n(77) =€)y — (=Sk-nn(n) —€), 7Xk,n(77))
k=1
/o)
1 wp(Var (3 x2,.m)) " (B2 0/m)
k=1
+ 16Ne *nEX3, (nES;% (1/p). (3.38)

Proof of Lemma 5. For any real z and any positive €, we have .1‘2]I|x|226 < 4(|z| —€)2, where 2 = max(z,0).
Hence

PE (S2(1/p) N5, (1/p)32¢) < 4PE (10 (1/p)] — €)* . (3.39)

We first evaluate pE (S, (1/p) — 6)2+ Proceeding as in [27], page 52, we have that

[n/p] [n/pl
(Sn(1/p) =€)} <2 Z Skt =y Xim+ Y X2 Tsr se, (3.40)
k=1

where S}, = maxi<j<; |Sj.nl. Since ’(S,n — 6)+ —(Sic1n — e)+‘ < | Xin|lsx e we obtain that

[n/p]
PE(Su(1/p) — )2 < 20> Cov ((sk,N,n - e)+,X,w) (3.41)
k=1
[n/p]
+ 2y Z (1 Xk Xin [ Ts; (1) >e) -
k=1 i=k—N+1
To control the second term on right hand in (3.41), note that
[n/p] [n/p]
2y Z E (| XpnXinlIs: (1/py>e) < 2Np Y E (X7, s (1/p)>c) » (3.42)
k=1 i=k—N+1 k=1

due to the fact that 2[Xy || Xin| < X7, + X?,,. Of course the same arguments apply to pE (=S, (1/p) — e)i,
and we obtain from (3.39), (3.41) and (3.42) that

[n/p]

pE (Si(l/p)]hsn(l/p)\ZZe) < 8p Z Cov ((Ska,n — e)+ — (_Ska,n _ 6)+ 7Xk,n)
k=1
[n/p]
16Np Y B (XE,Ts;01/m)>c) - (3.43)

To prove Lemma 5, we shall apply (3.43) to the array Xy, (). Note first that

[n/p]

pY E <X13,n(77)1[s;,m(1/p)>5) <I+11, (3.44)
k=1
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where
[n/p]
T=p 3 E ([X2.0 1) = B (X2,.(0)] Ts; 1) and I = nE (X3 ,,(1) P (S;,,,(1/p) > €)
It is not hard to see that

[n/p]
1 < pE\f[XM ) - E(X2.0)] L5, a/mse

< p(Var(zz:) X3 . (n )) /2<P<S:L,n(1/p) > e))1/2
k=

< f(vm([ S x2,m)) " (B2 1/m) (3.45)
k=1

To control I1, we apply Markov’s inequality:
* n *
nE(XE,,(m)P(S; ,(1/p) > €) < gE(Xg,n(n))ESn?n(l/p% (3.46)

Collecting Inequalities (3.44), (3.45) and (3.46), we obtain the bound

(n/p] [n/p] 1/2 1/2
P 3 B )53 0/ )< 2(var (ZX,M ) (B2 (p) T+ SEXE, ES;E(1p).  (347)

Lemma 5 follows by applying (3.43) to the array (X (1)) and by using (3.47).

3.5. Sufficient conditions for (C3).

The following lemma, which is an analogue of Lemma 3.2 in [17], is a tool in order to check the limit in (1.8).
In fact it controls pEA(SY (1/p)).

Lemma 6. Let (X, ,,) be a triangular array of stationary real valued random variables. Let h be a fized function
of the set Fco. Then, for any positive integers p, N and any positive number 1, we have

IPER(SSP (1/p)) — pln/pIE(A(SS),) — h(SYL 1 )]

[n/p]—=N
< CNp (B(SYL,)2 +E(SV)?) +Cp >0 B(SIXT D). (348)
k=0

Remark. A maximal inequality is useful in order to control the second term on right hand in (3.48). In fact

[n/p]-N [n/p]—-

p Z E(| k+Nn )<p Z Cov( ISkn| |X1£TQN,n|)+E(1<IQf<i’[<]|S(n)|) EXOn (3.49)
k=0
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Proof of Lemma 6. Clearly we have the two decompositions

[n/p]-N

Eh (S(1/p)) =ER(ST,,) + E (h(Sx) = h(S{y_1,,)) and (3:50)
k=0

[n/plE (R(SW) = h(ST),)) = (N = DE (h(SE,) = h(SK) 1) (3.51)

[n/pl—-N
+ Y E(AS = ST — B — SE) -
k=0

Applying Taylor’s expansion, we obtain that

E|(h(S{n ) = hST 1)) = (RS = SS0) = h(ST 1 =SS

1
= E|s\") / W (S = wSE) = W (S 1. — uS{)dul < CEISD X | (3.52)

Lemma 6 follows by combining (3.50), (3.51) and (3.52).

4. PROOFS FOR ASSOCIATED SEQUENCES

We first recall some well known inequalities for associated sequences. We begin with Newman’s inequality
(cf. [22]).

Lemma 7. Let (U,) be a sequence of stationary and centered associated random variables with E(U?) < +o0.
Then, for any real number z,
n 2 n

B(exn(i2303)) —H (Eexp=0))| < 2 [B(301)° = nvart ]

j=1 i=1
We next recall two maximal inequalities due to Newman and Wright (cf. [24]).

Lemma 8. Let (X,,) be a centered sequence of associated random variables with finite second moment. Let
Sp=X1+4 ...+ X, S = maxo<k<n |Sk| and s2 = Var(S,). The following inequalities hold

<

)

\_lf/3
A

2s2 (4.1)
P(S* > \sp) < 2P (|5n| > (A — \/i)sn) . for any A > 0. (4.2)

We shall also use on several occasions the following covariance inequality due to Birkel (cf. [4]). For any
[z =yl =320 |2 — wil-

function h from R* to R, denote by Lip(h) = sup,, |h(z) — h(y)|/|lz — y||1, where

Lemma 9. Let (X; ,,)iennen be an array of associated real valued random variables. Then for all finite subsets
I, J of N, we have that

|Cov((Xim, i € 1), k(Xjn, 5 € ) <D Lip(h)Lip(k)Cov(Xin, X;jn). (4.3)

icl jeJ
4.1. Main ingredients for the proofs of Theorem 2 and 3

In order to prove Theorems 2 and 3, we need some auxiliary results.
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Lemma 10. Let (X, .)iennen be an array of stationary centered and associated real valued random variables,
with finite second moment. Then

Va(p) < Var S,(1),  0<Voy(p) < Valp),  0<ViP(p) < Valp), (4.4)

recall that Vi, (p), Vi (p), () (p) are defined as in Proposition 1. Suppose moreover that Conditions (2.2), (2.3)
are satisfied then

lim VarS,(1) = F(c0), lim limsup |pE (S3(1/p)) — F(00)| = 0. (4.5)

n—-+oo p——+oo n—-+oo

Proof of Lemma 10. The random variables X X n(n) are nondecreasing and 1-Lipshitz functions of X ,,.

wn?

We infer from (P,) in [10] that the sequences (Xi("))i, (Xin(n)): are still associated. This fact together with

Lemma 9 yields

0 < Cov (XéjQ,ij}f) < Cov (Xom, Xin) (4.6)
0 < Cov (Xon(n), Xin(n) < Cov (Xon, Xin) (4.7)

from which we deduce the inequalities in (4.4). We now prove the first limit in (4.5). Clearly

n—1

VarS, (1) = nE(X3,,) +2 Y (n = r)Cov(Xg n, Xpn). (4.8)
r=1
Hence
N-1 n N-1
VarS,, (1) = nE(X3,,) = 2n Y Cov(Xon, Xpn)| <20 Cov(Xom, Xrn) +2 Y rCov(Xom, Xrm).  (4.9)
r=1 r=N r=1

The last inequality together with Conditions (2.2), (2.3) and the asymptotic negligibility of (Xo,) prove the
first limit in (4.5). The second limit follows from analogous estimations.

Lemma 11. Let (X;,, i € N, n € N) be an array of stationary centered and associated real valued random
variables. Suppose that lim, ., E(Xg,,) = 0. If Conditions (2.2), (2.3) are satisfied then Condition (1.1) is
also satisfied.

Proof of Lemma 11. We prove (1.1) for ¢t = 1, the proof for any ¢ € [0, 1] being unchanged. Clearly

|E (exp(izSpn.n)) — (E(exp(izS,(1/p))))*] < |]E (exp(izSnn)) — (E(exp(izSp[n/p]m)))’ (4.10)
+ |E(eXp(iZSp[n/p],n)) - (E (eXp(iZSn(l/p))))p‘ .

To control the first term on right hand, write
|E (exp(izSn.n)) — (E(exp(i2Spn/p).n))) | < |2[PE[Xo,m]- (4.11)

To control the second term on right hand in (4.10), we use Lemma 7

|E (exp(i2Spjn/p),n)) — (E(exp(izS,(1/p)))"]| < % [Var (Sppn/pj,n) — pVarS,(1/p)]

< % [Var (Sn.n) — pVarS, (1/p)].- (4.12)
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the last inequality is true since (Var (Sk ,,))x is nondecreasing, due to the association. Now, collecting Inequalities
(4.10), (4.11), (4.12) and using Lemma 10 together with the asymptotic negligebility of (Xy ,), we infer that
(1.1) of Theorem 1 holds. Lemma 11 is then proved.

The following lemma discusses the conditions under which associated sequences satisfy (Cy).

Lemma 12. Let (X, ,)iennen be an array of stationary centered and associated real valued random variables,
with finite second moment. If Conditions (2.2), (2.3) are satisfied, then for any e > 0,

lim lim sup limsup pE (S> , (1/p)1;s, , (1/p)>2¢) = 0. (4.13)

n—0 p——+o00 n—-4oo
The limit in (4.13) remains true if instead of hm limsup, we write lim limsup.

p—+oo p—+oo  p0

Proof of Lemma 12. We start from (3.38). We first control the first term on right hand in (3.38). Since the
nondecreasing function  — (x — €) is 1-Lipshitz, the association property (cf. Lemma 9) and the stationarity
lead to

[n/p] [n/p]
Y Cov (Sknn(m) =€)y Xea() < p D Cov(Sknn(n). X () (4.14)
k=1 k=1
[n/p]
< n Z Cov (X ), Xo.n(n)) -

Since the sequence (—X, ;) is still associated, the same bound is true for

[n/p]
p Z Cov ((_Sk—N,n(n) - 6)4,_ ) _ka(n)) :
k=1

We now control the second term on right hand in (3.38). The function z — fg(m) being 2n-lipshitz, Lemma 9
applied to the associated sequence (X, (n)); leads to

|Cov (X2,,(n), X3, (n))| < 49°Cov (Xin(n), Xjn(n)), for i,j €N
Hence Var( E?:/f} X3 () < 4n*Var(S, ,(1/p)), which implies that

[n/p]

(pvar (3 (x2.,00))"” < 20/pVien (o) (1.15)

k=1

(recall that V), ,(p) = pVar Sy, ,(1/p)). Finally, we control the last term on right hand in (3.38). From Lemma
8 and some elementary estimations, we infer that

nE (X2,(n) <nE(X2,), and E(S:2(1/p)) < o Von(P). (4.16)
’ ’ ’ p
Inequalities (4.14), (4.15), (4.16) and (3.38) imply that

PE (87, (1/p) s, ,(1/p)>2¢)
[n/p] Vo (o)
<16n Y Cov (X,.n(n), Xon(n) + 32V2 NV, ,(p) + 16Ne *nE (X3 ,) %. (4.17)
r=N
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This bound together with Lemma 10 implies Lemma 12.
We now discuss sufficient Conditions for (C3) and (1.8) under association.

Lemma 13. Let (X, )ien, nen be an array of stationary centered, associated real valued random variables, with
finite second moment such that EXg’n tends to 0 as n goes to infinity. Suppose that there exists a nondecreasing
sequence of positive integers (N;);en+ converging to Néa) (X) such that B'(N;) holds for any i in N*. Suppose
moreover that Conditions (2.5) and (2.6) hold. Then there exists a distribution function G fulfilling (2.7) and
such that

lim lim sup lim sup ‘pE (S,(L")Q(l/p)]lsm)(l/pr) — G(m)‘ =0,

1—=0 p—stooc n—+oo

for any x point of continuity of G.

Proof of Lemma 13. We use the same arguments as in the end of the proof of Proposition 3 in [8]. Condition
B’(N) and the fact that nIES](:;)n2 is uniformly bounded over n and n imply that, for any bounded and continuous

function g,
lim limsup [ (S429(10,)) — nE (S22 ,0(5\, ) = [ g(a)dbu(a)| =0. (4.18)
On the other hand, combining (3.49), (4.3) and (4.1) we obtain that
[n/p]
p S E(SD XM ) <n Z Cov(X{M, X)) + %”Exgm War(SS (1/p)).
k=0

This bound together with (4.18), Lemmas 6 and 10 and the asymptotic negligebility of ESY N o 1mp1ies that

lim sup lim sup lim sup ‘pE (Sfln)Q(l/p)g(Sfl")(l/p)) - /g(x)dFN(x) < CR(N), (4.19)

n—0 p—+00 n—-+4o00

where g is three times differentiable with compactly supported derivatives, (R(“) (N))n denotes the nonincreasing
sequence defined as in (2.4) and C is a positive constant. Let (IV;); be a nondecreasing sequence converging to
N{(X). From (4.19), we infer that

for j > i, ’ / g(2)dFy, () — / g(z)dFy, (2)| < 20RO (),

From this inequality and Condition (2.5), we infer that [ g(x)dF,(z) converges to some limit L(g). This fact
together with (4.19) ensures that

lir% lim sup lim sup ‘p]E (S,S"p(l/p)g(sy(ﬁ)(l/p)) - L(g)’ = 0. (4.20)
n—Y p—4+00 n—+4o
The last limit proves that L(g) > 0 if g is nonnegative, L(f + g) = L(g) + L(f) and L(af) = a«L(f). From
(2.5) and (2.6), we infer that L(1) is ﬁnite Using Riesz’s representation theorem, we conclude that there exists
a distribution function G, for which L(g) = [ gdG for any g as defined in (4.19). This fact together with (4.20)
implies that
lir%limsuplimsup ‘pIE (Sf:’)Q(l/p)g(Sﬁln)(l/p)D - /gdG‘ =0. (4.21)
n—Y p—4+o0 n—+4o

From estimations similar to those used in the inequality (5.1) in Section 5.1 in [8], we infer that (4.21) still holds
for g(y) = I,<, where x is a point of continuity of G. Lemma 13 is proved.
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4.2. A tool for the convergence of the finite dimensional distributions under association.

We consider the following inequality, which is more general than association,

ICov((Xim, i € 1), k(Xjn, § €)<Y Lip(h)Lip(k)|Cov(Xi n, X;n)l, (4.22)
iel jeJ

for all disjoint subsets I, J of N and for all real valued functions h, k such that Lip(h) and Lip(k) are finite ;
recall that Lip(h) is defined as in Lemma 9.

Gaussian, associated or negatively dependent random variables fulfill the inequality (4.22) (see for instance
[4], [5] or [9]). Recall that the triangular array (X;,);en is negatively dependent if for each n and for all
coordinatewise nondecreasing real-valued functions h and k

COV(}L(XZ'”“Z. S A), k(Xi,nyi € B)) <0,

holds for all finite and disjoint subsets A and B of N. We refer to [18] for more about this notion of negative
dependence.

Lemma 14. Let (U;p)in be a triangular array of random variables having finite variance and satisfying (4.22)
for each fized n. Let N be a fized positive integer. Suppose that for each 1 < i < N, (U )n converges in
distribution to some random variable Y;. If moreover

1irJIrl Cov(Uin,Ujpn) =0, forall i#3j, (4.23)
then (Ui, ..., Uny) converges in distribution to the N-tuple with independent components (Y1,...,Yn).

Proof of Lemma 14. Let ¢, (a1, ..., an), ¢j(c) and (;;j(oz) be the characteristic functions of (U1 p, ..., Un.n),
Ujn and Y}, respectively. We deduce, using the inequality (4.22)

N

dn(ar,...;an) = [[dinle)| <4 > laias] [Cov(Uin, Ujn)| (4.24)

j=1 1<i#j<N

(the analogous inequality under association is stated in Lemma 7). Some elementary estimations (cf. (3.22))
lead to
N

N
dim(eg) = [T i) < D 1dimley) = d;(ay)l. (4.25)
=1 j=1

Jj= 1<j<N

Collecting (4.24) and (4.25), we obtain that

N
dn(ar,..,an) = [[ i) <4 Y laullas] ICv(Uin, Upn)l+ D 16jnlas) — ¢i(j). (4.26)
j=1

1<i#j<N 1<G<N

Now tending n to infinity in the last inequality, and using the assumptions of Lemma 14, we obtain that

n—-+oo

N
lim |¢n(ar,...,an) =[] &;(a;)] =0,
j=1

which completes the proof of Lemma 14.
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4.3. A tool for the tightness property under association

Proposition 5. Let (X; ., ¢ € N, n € N) be an array of centered, stationary and associated real valued random
variables with finite second moment. Recall that V,,(1/8) = +Var S,(8). For any positive numbers €, a there
exists a positive constant K depending only on € and a such that

1IP’ ( sup  |[Sn(&)| A |Sn(s) —al > 2¢, |S,(6) —al < e) < KTLZCOV (Xo,n,er)—i-K\@n]E(Xg,n) Va(1/9).

0<t<s<é r=1

Proof of Proposition 5. Let f, and g, be defined as in Lemma 5 in [8]. The function g, is nonnegative, two
times continuously differentiable, g,(z) =1 if |x — a| < € and g,(x) = 0 if | — a|] > 3¢/2. The function f,(z,y)
is defined by fo(z,y) = he(z)ke(y), where h. and k. are nonnegative, bounded by 1, lipchitz functions fulfilling

he(x) =1, if |z| > 2¢ and he(x) =0 if |z| <e

3
ke(y) =1, if [y —a| > 2¢ and k.(y) =0 if [y —a| < 5

Note that we always have f,(z,v)g.(y) = 0. Clearly

5P (s 1501 A 18,(6) ol 2 26 18,0) ~ ol < ¢) < B (£ ()gn(Slos) . (420)

0 \o<i<s<s

we start from the equality (5.46) in [8].

where f*(k) = max{fo(Sin,Sjn), 1 <i<j <k} Inordertoevaluate the right hand side of the last inequality,

[nd]
£ ([0))ga(Sins)n) = Z £k =1)[9a(Skm) = 9a(Sk—1.n) = Xk ngl (Sk—1.n)]
n6]
+ Zanf *1 ga(Sk 1n)— 715+II775 (428)

Control of E(I, ). Let X,j’n be a random variable having the same law as X, and independent of the
sequence (Xg n)kn. Define Hi_1 () = ga(Sk—1.n + %) — 9a(Sk—1.n) — 29, (Sk—1,n). Clearly

STk =D Hg 10 (Xgn) = 7 (k = D) (Hr—1.0(Xkn) = Heo1,n (X5 ) + f7 (k= D) Hp10 (X5 ) - (4.29)

Let us control the first term on the right hand of the last inequality. The function © — Hy_1 ,(x) is one time
continuously differentiable, hence

Hoot(Xen) = HiotnX) = [ (e, — Loy, ) Hiy (o).

Since X, and X Zn have the same distribution, we infer that

E (f*(k = V)(Hi-1,0(Xin) — Hio1.(XE0))) :/Cov (Tosxi, = Lo, Hio (@) (= 1)) do (4.30)

Define (X1, .., Xk—1,n) = Hy_y (@) f*(k = 1) = [g,(Sk-1,n + ) — 95(Sk—1,)] f*(k —1). It is not hard to
check that the function & is coordinatewise K lipshitz, for some K depending only on a and e. This fact together
with the association property of the vector (]IzSXk,naXl,nv - 7X;C,Ln) ensures that

|COV (][TSXkrM Hl/c—l,n(‘r)f*(k - 1))| S KCov (]IrcSXk,na Sk,—l,n) .
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The last inequality together with (4.30), Fubini’s lemma and the fact that

Xk,n — X;,n = / <]Iz§Xk,n - I[wSX;,n) dx
leads to
B (f*(k = 1) [Hy-1.0(Xkn) = Hi1n(X50)])| < KCov (X, Sk-1m) - (4:31)

In order to control E (f*(k - l)kal,n(X];k’n))a we note that |Hy_1.,(2)| < ||g”||coz? and we use the indepen-
dence between X and the sequence (Xk,n)k,n- We obtain that

[E (f*(k = D) Him10(X5 )| < 90 lIsE (f (k= 1)) E(X3).
Bearing in mind the definition of f, and applying Lemma 8 we obtain that
E(f*(k—1)) < CE(Sf_1.,) < V20, (Var S_1,,)"/?,

where C, denotes some positive constant depending only on e which may be different from line to line. Conse-
quently

[E(f*(k = D Hio10(XE0)) | < Cellgtlloo (Var Si1.0)'* B(XE ). (432)
From (4.31), (4.32) and (4.29), we infer that

[nd] [nd]
IE(Lns)| < KZCOV (Xkns Sk—1,n) + 194 |0 Ce Z (Var Skfl,n)l/2 E(X,%n)
k=1 k=1

S n ov 0,m» rmn) 9o llooLelt arodnésl,n
Kon'S" Cov (Xon, X, oo CendE(X2,,) (VarSns.n) '

r=1

(4.33)

The last inequality holds since the sequence (Var Sy ) is nondecreasing in k, for each fixed n (this is due to
the association).
Control of E(I1,, ). Define the function h by k(X1 p,..., Xk—1,n) = f*(k — 1)g},(Sk—1,n). It is easy to see

that this function is coordinatewise K-lipshitz, for some K depending only on a and e. Lemma 9 implies that
|Cov( Xy n, f*(k—1)g,(Sk—1,n))] < KCov(Xk n, Sk—1,n). We infer that

[n0)
[E(I1,,6)] < K> Cov(Xppn, Sk-1.n)- (4.34)
k=1

Proposition 5 follows from (4.27), (4.28), (4.33) and (4.34).
We have now all the ingredients for the proofs of Theorems 2 and 3.

4.4. Proof of Theorem 2

Proof of (2.7). The existence of the distribution function G as described by (2.7) is a consequence of Lemma
13.

Proof of the convergence in distribution of Sy(t) for t € [0,1]. It suffices to prove this statement for t = 1. We
shall use Theorem 1, Proposition 1 and Lemma 13. Condition (1.1) follows from (2.2) and (2.3) (cf. Lemma
11). Conditions (C1) and (Cz) are satisfied using respectively Lemmas 12 and 10. Condition (Cs) follows from
Lemma 13, since by assumption the function G is continuous at 0.
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Hence (1.1), (C1), (C2) and (Cs) are satisfied under the assumptions of Theorem 2 (i.e. under (2.2), (2.3),
B’(N), (2.5), (2.6) and the continuity of G at 0.) Theorem 1 and Proposition 1 apply: S,(1) converges in
distribution to the probability uk, if and only if F' fulfills (1.8). In view of Lemmas 13 and 10, Condition (1.8)
holds for

F(z) = G(z) + To<a (F(00) — G(0)). (4.35)
This implies that S, (1) converges in distribution to the probability p}, where F' is defined by (4.35).

Proof of the convergence of the finite dimensional distributions. This proof is a consequence of the following
lemma

Lemma 15. Let (X, ,)iennen be an array of centered, stationary and associated real valued random variables
such that B(X§ ,,) tends to 0 as n goes to infinity. Suppose that Conditions (2.2) and (2.3) hold. If moreover
Sn(t) converges in distribution to the probability measure ut. for any t € [0,1], then the finite dimensional
distributions of the process {Sy(t),t € [0,1]} converge to those of the Lévy process with law pp.

Proof of Lemma 15. Let 0 =t_1 <ty < ... <ty < tpe1 = 1 be fixed. Our aim is to apply Lemma 14 to
the associated sequence U; ,, = (Sp(t;) — Sn(ti—1)) for ¢ > 0. From the assumptions of Lemma 15, we infer that
U;,n converges in distribution to /ﬂ;*ti‘l for any 0 < ¢ < m + 1. To prove Lemma 15, it suffices then to check

the limit (4.23). Define
N-1
An(n) =nE(X{,) +2n Z Cov(Xo.n, Xin)-
r=1
Using the same arguments as in Lemma 10, we infer from Conditions (2.2), (2.3) and the asymptotic negligibility
of (Xo,n) that
lim limsup [Var (Sy,(t;) — Sn(ti—1)) — (t; — ti—1)An(n)| = 0. (4.36)

N—+00 n—to0o

Since S, (1) = Z;fgl Ui n, we have that

m4+1
2 Z Cov(Uin, Ujpn) = VarS,( Z Var U,
0<iz#j<m-+1
and consequently
m+1
2 > Cov(Uin,Ujn) < |VarSp(1) — Ay(n)| + Y [VarUs , — (t; — ti1)An(n)] ,
0<iZj<m+1 i=0

and (4.23) follows from (4.36), (2.3) and (4.5). Applying Lemma 14, we conclude that the m + 1-tuple
(Sn(t0), Sn(t1) —Sn(t0), .-y Sn(tm) — Sn(tm—1)) converges in distribution to (Y (¢o), . Y(tm) =Y (tm-1)), where
the process (Y (t));>0 has independent components and Y (t,11) — Y (¢;) is dlstrlbuted as g bik1 =t

4.5. Proof of Theorem 3 and Corollary 2

Convergence of the finite dimensional distributions. This follows from Theorem 2.

The tightness property. According to Lemma 5 in [8] the process {S,(t),t € [0, 1]} is tight in D([0, 1]) as soon
as

1
lim lim sup —PP ( sup  |Sn(t)] A [Sn(6) — Sn(s)| > 46) =0. (4.37)
6—0 notoo 0 \0<t<s<s

Let n be a fixed positive real number. Recall that f,(z) = (z An) V (—n) is a nondecreasing and 1-lipshitz

function and that
[ns] [ns]

ZXW —i—ZX(") o(s) + 8 (s) .
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Consequently

[Sa(D] A 18(8) = Su(s)| < [ SO A |S57(0) = 557(s)

+ ‘Sn,n(t” \ |Sn,n(5) - Sn,n(5)|

We infer that
P ( sup  |Sp (O] A S (6) — Sn(s)| > 46) <Ipn(8)+ Jyn(6) + Kpn(d) (4.38)

0<t<s<§
where

In.(6) = P| sup ‘ ‘S(" 57(177)(8))>36>

0<t<s<6

(
Jon(8) = P(sup 1S (t |>e>
(

Kyn() = P sup [Sun(0) Sn,n<s>ze)

0<s<d

Control of I, ,,(0). The sequence (XZ(Z)) is still associated (see the proof of Lemma 10). From (4.4) and (4.5)
of Lemma 10, we infer that

lim sup lim sup lim sup %Var (Sr(l”) (5)) < lim sup lim sup %Var (Sn(9)) < 0.

5—0 n—0 n—+oo d—0 n—+oo

Hence, applying Proposition 5 to the associated sequence (XZ(ZL))7 we obtain that

1
lim sup lim sup lim sup =P ( sup ’S(") ’ ’S(”) — a‘ > 2¢,
§—0 n—0 n—4oo 0<t<s<$

05) ~d ge)

< K lim sup lim suanCov (Xézz,XT(Zz) , (4.39)

n—0 n—+oco —1

provided that Conditions (2.2) and (2.3) hold. Consequently, we infer from (2.8) that

1
lim lim sup limsup <1, ,(6) = 0. (4.40)
0—-0 p—0 n—itoo ]

Control of J, (). Using the same arguments as for (XT(TQ), we infer that the sequence (X, ,(n)) is a se-
quence of bounded and associated random variables. We now apply (4.2) to the sequence (X, ,(n)) with
A = e(VarS,, ,(6)) /2. We obtain that

P ( sup |Sp.(t)] > e) < 2P <|snm(5)| >e— 2Varsn,,7(5)) . (4.41)

0<t<s

From (4.4) and (4.5) of Lemma 10, we infer that

lim sup Var (S,,,(6)) < limsupE (S2(9)) < C6.

n—-+o0o n—-+4oo

Hence, for n large enough and ¢ small enough, we have that

€ 4
P (1800 > = \/2Var5,,(0)) < P (1800001 > §) < SB(SE,Oas, yor) - (42
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Applying Lemma 12 with 6 = 1/p, we obtain that

1
lim lim sup limsup —E (Si,n(é)]l\sn,n(é)lzg) =0,

6—0 n—0 n—+oo ]

provided that Conditions (2.2) and (2.3) hold. This fact, together with (4.41) and (4.42), implies that

1
lim lim sup lim sup =
6—0 n—>0p n—>+<>£) 4]

Jyn(0) =0. (4.43)
Control of K, ,(5). Define Sy, = Zf:() Yin(n), with Y; (1) = X(ns)—i,n(n). We have that

P ( sup [Sn,y(0) — Spp(s)] > 6) =P ( max  |Sy.,| > e) .

0<s<s 0<k<[nd] -1

Noting that S’[m;],l’n = Sp.n(0), we conclude that the term K, ,,(0) is controlled exactly as J; ,(0). Hence we
get under Conditions (2.2) and (2.3) :

1
lim lim sup lim sup — K, ,(6) = 0. (4.44)
6—0 n—0 n—-+4oo 6

Collecting (4.38), (4.40), (4.43) and (4.44), we obtain (4.37) and Theorem 3 follows.

Proof of Corollary 2. From the first remark following Theorem 3, we infer that the assumptions of Corollary
2 imply the tightness of {S,,(¢), t € [0,1]}. The weak convergence of the finite dimensional distributions follows
from Corollary 1, Newman’s inequality and Lemma 15. As it was noticed before, in the case N, o(X) = 1, the
sequence (S, (1)) behaves as the sum of i.i.d random variables distributed as Xo,. In fact, arguing as in the
proof of Lemma 11, we infer that

2 n 2
Eexp(i2Sn(t) — (E (exp(izSpm.n)) ™™ | < m|2|E|Xo..| + %nz Cov(Xo.n, Xron) + %Var(xo,n). (4.45)
r=1

Consequently, if N, o(X) =1 then & = N*.

4.6. Proofs of Corollaries 3 and 4

Proof of Corollary 3. In view of Proposition 3, it suffices to check Conditions (2.8) and (2.11) with A = 0.
We deduce from (4.6) and some elementary estimations that, for any N > 0,

n n
nz Cov (X(()WT)L ,XT(?TE) <nNE (X027n]I|X0,”|Z,,) +n Z Cov (Xom , Xrn) -
r=1 r=N

Hence, we infer from (2.2) and (2.13) that, for any n > 0,

lim n>" Cov (X{0,X%) =0,
noee r=1 , }
so that (2.8) holds. Clearly E(X{*) < E(X3,1x,,|>y), and Lindeberg’s Condition (2.13) implies that
lim, 4 o n]E(X(gTQQ) = 0 for any positive 1. Consequently, (2.11) holds with A = 0 and Corollary 3 follows.

Proof of Corollary 4. We first prove that, if (2.14) holds, then

lim lim sup nE (X3 ,,(n)) = 0. (4.46)

n—0 n—too
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Clearly
nE (X2,,(1)) < nE (X3, X x, 1<0) + 1°0P ([ X0l = 1) (4.47)

From (2.14), the first term on right hand satisfies

lim lim sup nE (Xg,n]IIXo,nlén) =0. (4.48)

1—=0 n—4oo

Let € be any positive number greater than 7. Clearly

2
7P (| Xon| = n) < PP (1Kol = € +0?nP (1 < [ Xon| < ) < nHE (X3,) +nE (X3, L, 1<) -

This bound combined with (4.48) and the uniform boundedness of (RE(Xg,,)), imply that

lim lim sup n*nP (| Xo,.| > n) =0, (4.49)

N—0 n—+toco
and (4.46) follows from (4.47), (4.48) and (4.49).

Proof of 1. We have

0> Cov(Xom Xrw) < 0 Cov(X§T, XM) + 3N (nE (X2,,(n)) " (nE (X2,))"*

5

r=1 r=1

The last inequality proves that the limit in (2.9) can be deduced from (2.2), (2.8) and from (2.14) (which ensures
(4.46)).

Proof of 2. The proof of the second part of Corollary 4 is immediate from Corollary 2, but let us explain how
it can be deduced from the unifying Proposition 3. The limit in (2.9) is (2.2) with N, o(X) = 1. Condition
(2.3) follows from (2.9) and from the second limit in (2.14) with F(c0) = A. Clearly (2.8) follows from (4.6)
and (2.9). It remains to prove the limit in (2.11) and in (2.12) with 02 = 0. The limit in (4.46), together with
standard estimations based on Holder’s inequality, and the uniform boundedness of (nE(Xénzz))n imply that

lim lim sup(nE(XZ,,) — nE(X{")?)) = 0. (4.50)

N—=0 n—too

Combining (4.50) and (2.9), we obtain (2.12) with o2 = 0.
Let us now check (2.11). Clearly

nE (Xéj’fa A XD - 1|)) < 2E (X2, (1A |Xon — 1)) +20E (X3,,(n)) + 29mE (X2,,) .
This bound together with (2.14) and (4.46) implies that
lim lim sup nE (X(()nf(l A |Xén,)b - 1|)) = 0. (4.51)
N—0 n—+4co ’ ’

Hence (2.11) follows from (4.50), (4.51) and from the second limit in (2.14).
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5. ON THE RATE OF POISSON CONVERGENCE

To prove Proposition 4, we shall use the following result, which applies to random variables satisfying only
(4.22)

Theorem 4. Let (X;n)iennen be an array of stationary and centered random variables, such that E(Xg’n)
tends to 0 as n goes to infinity. Suppose that this triangular array satisfies the inequality (4.22) and that it
is uniformly bounded, say | X1,,| < 1. For any A > 0 and a € IR denote by piq  the probability measure with
characteristic function obtained from (1.3) by taking F = M, o[ Then

A
sup  [E(h(S5(1)) = tan(h)| < nE (X5, (1A [Xon — al)) +n |E(XG,,) — =
heB3(IR) n
n i—1
+ 22 Z |Cov (Xin, Xjn)| +nE (6(2))”(1 Aleon —al)), (5.1)
i=1 j=1

where €g,, 15 a Tandom variable with distribution g x /-

Proof of Proposition 4. We apply Theorem 4 to the centered sequence X;, = Ix,>., —p, witha =1
and A, = np,. This sequence satisfies the inequality (4.22) as soon as the original sequence (X;); is associated
(or negatively associated), since those properties as preserved under nondecreasing transformations (see [10]
and [18] respectively). Clearly

An
n|E(XE,) - 22| = (5.2)
nE (X3, (1A [ X, — 1)) = n(L = pa)?p2 +np2 (1 — pa) < 207 (5.3)

It remains to control nE(eg,, (1 A |eo,n — 1])), when €, has distribution y; 5, . We have that

oo

nE(eg,n(l/\\eovn—l\)) = nplePr <1+(1—pn)2+ (2= pn) (1= pn) +Z p pr 2)
k=3

< 6npt. (5.4)

Proposition 4 is proved by collecting Inequalities (5.1), (5.2), (5.3) and (5.4).

Proof of Theorem 4. We keep the same notations as in the proof of Proposition 10 in [8], with the choice
p =n in Notations 1 and 2 of this paper. In particular, if f is any function from IR to IR the functions f;_1 ;41
have been defined in Notations 2. We write f;_1 ;41 for fi_1,41(0).

Taking p = n in the equality (5.7) in [8] , we obtain that

Z E (Xi,nhgfl,z#l)

[E(h(Van) = h(I'1))| + D E((XE, - 6?,n)9i(a))‘
i=1 i=1
+ nE (X3, (1A [Xon—al)) +nE (ean(l Aleon —al)), (5.5)
where g;(z fo t)hi 1 i1 (tx)dt. Define

n

Z (Xl ’ﬂhz 1 1+1)

=1

Dy = and Ds, =
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Control of D, ,,. The triangular array (X, ,,) is independent of (e; ) and ||h” lo < 1. Applying the inequality
(4.22) we obtain that

n n 1—1
D1 <> [Cov (Xim, By 1) <D0 |Cov (X, Xjm)l- (5.6)
i=1 i=1 j=1

Control of D, . Since nE(e;,) = A and Cov (€}, gi(a)) = 0, we infer that
D, < ZCOV (Xﬁn,gi(a)) + |n]E(Xgn) — )\| .
i=1

Since |X; | < 1, Xﬁn may be seen as a 2-lipshitz function of X, . Since ||| < 1, we infer that g; is an
1/2-lipshitz function of X ,, for 1 < k < 4. Applying the inequality (4.22) we obtain that

n n t—1
ZCOV (Xﬁn,gi(a)) < ZZ|COV (Xi,nanm)‘ :
=1

i=1 j=1
Finally,
n i—1
Dy < " |Cov (Xim, Xjn)| + [nE(XG,) — Al (5.7)
i=1 j=1

Theorem 4 is proved by collecting Inequalities (5.5), (5.6) and (5.7).
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