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Abstract

In this paper we prove maximal inequalities and study the functional central
limit theorem for the partial sums of linear processes generated by dependent
innovations. Due to the general weights these processes can exhibit long range
dependence and the limiting distribution is a fractional Brownian motion. The
proofs are based on new approximations by a linear process with martingale
difference innovations. The results are then applied to study an estimator of the
isotonic regression when the error process is a (possibly long range dependent)
time series.

1 Introduction and notations

Without loss of generality, we assume that all the strictly stationary sequences
(&)iez considered in this paper are given by & = & o T% where T': Q +— Q is a
bijective bimeasurable transformation preserving the probability P on (£2, A).
We denote by 7 the o-algebra of all T-invariant sets. For a subfield Fy satisfying
Fo C T Fo), let F; = T (Fo). Let Foog = NyooF-n and Foo = \Vicg Fi-
The sequence (F;);cz will be called a stationary filtration. We assume also that
&o is regular, that is E(£0|F_o) = 0 and &j is Foo-measurable. On L2, we define
the projection operator P; by

P;(Y)=EY|F;) —EX|F;_1).

For any random variable Y, ||Y'||, denotes the norm in L”.
Recall that the linear process X = ZieZ a;&,—; is well defined in L? for

any (a;)iez in €% (Le. Y ,.za? < oo) if and only if the stationary sequence
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(&)iez has a bounded spectral density. Let S, = X1 +---+ X,, and ¢, ; =
a1—j + -+ + ap—;. In the case where &, is Fp-measurable, Peligrad and Utev
(2006-b) have proved that if the sequence (&;);cz satisfies an appropriate weak
dependence condition, then

( Z C?”L,j) _1/25n

JEZ

converges in distribution to /7N where 7 is a nonnegative Z measurable random
variable, and N is a standard normal random variable independent of 1. Their
result extends the classical result by Ibragimov (1962) from i.i.d &;’s, to the case
of weakly dependent sequences. In particular, the result applies if

D NPo(&)ll2 < oo (1)

i€Z

Note that if this condition is satisfied, then the series ), ., [E({0&x)| converges.
Indeed since § = > ;.4 Pi(&x) and since E(P;(§) P;(&)) = 0if i # j, it follows
that for any k € Z,

[E(o&k)| < | D E(Pi(€)Piér)] < D I1Po(&)ll2ll Po(érra)llz

i€Z i€Z

s0 that 3, o5 [B(60&r)| < (Ziez IPo(€)]2)°. Tn addition, under Condition (1),
the nonnegative random variable 7 satisfies n =, ., E(§o&x|T).

Condition (1) has been introduced by Hannan (1973), and by Heyde (1974)
in a slightly weaker form, and is well adapted to the analysis of time series
(see in particular the application to time series regression given in the paper
by Hannan (1973)). As we shall see in our remark 3.3, Condition (1) is also
satisfied if

)3 %IIE(énlfo)llz <oomdy %uffﬂ SRR <00, (2)

which is weaker than the condition introduced by Gordin (1969). If &y is Fo-
measurable, the condition (2) leads to new interesting conditions for weakly
dependent sequences, and can be successfully applied to functions of dynamical
systems (see Section 3 in Peligrad and Utev (2006-b), and Section 6 in Dedecker,
Merlevede and Volny (2007) for more details).

A natural question is now: what can we say about the weak convergence of
the partial sum process

{(jezzci’j)_ms[m]’t e [071]} (3)

in the space D([0,1]) of cadlag functions equipped with the uniform topology?
Since the paper by Davydov (1970) for i.i.d &;’s, we know that the question is not



as simple as for the central limit question, and that the limiting process (when
it exists) depends on the behavior of the normalizing sequence vZ =

i€z Cn,j-
More precisely if (1) holds, and if there exists 8 €]0, 2] such that !
02
for any t €]0,1]  lim It _ 48, (4)

n—oo ’U?L

we show in Theorems 3.1 and 3.2 that the finite dimensional marginals of the
process (3) converges in distribution to those of /W where Wy is a fractional
Brownian motion independent of 7, with Hurst index H = 3/2. The question
is now: under what conditions can we obtain the tightness in D([0, 1])?

In Theorem 3.1 of Section 3.1, we show that if 3 €]1,2], then the condition
(1) is sufficient for the weak convergence in D([0,1]). If 8 €]0, 1], we point out
in Theorem 3.1 that the convergence in D([0,1]) holds if (1) is replaced by the
stronger condition

D IPy(&)lg < oo for g>2/3. (5)

i€Z

As a matter of fact, for § = 1, it is known from counter examples given in
Wu and Woodroofe (2004) and also in Merlevede and Peligrad (2006) that if the
sequence (&;);ez is ii.d. with E(¢2) < oo, then the weak invariance principle
may not be true for the partial sums of the linear process, so that a reinforcement
of (1) is necessary. The case § = 1, where W/, is a standard Brownian motion,
is of special interest, and is known as the weakly dependent case. In that case, we
point out in Section 3.2 that if we make some additional assumptions on (a;);cz,
then the condition (1) is sufficient for the weak invariance principle (Comments
3.1 and 3.2), or may be reinforced in a weaker way than (5) (Theorem 3.3).

Note that, with the notations above, the sum S,, may be written as

Sn = Z Cn,igi- (6)

i€Z

Consequently, to prove our main theorems, we give in Section 2 two preliminary
results for linear statistics of type (6): first a moment inequality given in Propo-
sition 2.1, and next a martingale approximation result given in Proposition 2.2,
which enables to go back to the standard case where the &;’s are martingale
differences. Both results are given in terms of Orlicz norms.

Our results provide, besides the invariance principles, estimates of the max-
imum of partial sums that make them appealing to studying statistics involving
linear processes. In Section 4 we apply our results to the so-called isotonic
regression problem

ykng(%)—ka, k=1,2,....n, (7)

where ¢ is non-decreasing, and the error Xy is a linear process. We follow the
general scheme given in Anevski and Hossjer (2006), who showed that in the



context of dependent errors, the main tools to obtain the asymptotic distribu-
tion of the isotonic estimator ¢ are the convergence in D([0,1]) of the partial
sum process defined in (3), and a suitable maximal inequality for the rescaled
stochastic term (see their condition (14)). Zhao and Woodroofe (2008) enlighten
the fact that in addition of the weak invariance principle, it is in fact enough
to prove a suitable maximal inequality directly on the partial sums of the error
process. As in Anevski and Hossjer (2006), the rate of convergence of (;AS is deter-
mined by the asymptotic behavior of the normalizing sequence vy, = 3=, 7 ¢, J,
and the limiting distribution depends on the limiting process Wy.

2 Moments inequalities and Martingale approx-
imation for Orlicz norms

For ¥ : Ry — R, a Young function (convex, increasing, ¥(0) = 0 and
lim, oo ¥(x) = o)), we denote by Ly the Orlicz space defined as the space
of all random variables X such that E¥(|X|/c) < oo for some ¢ > 0. It is a
Banach space for the norm,

X[y = inf{c > 0, B¥(|X|/c) < 1}.

Note that when ¥(x) = 29, 1 < ¢ < 0o, then Ly = L9.

Let us introduce also the following class of functions (see page 60 in de la
Pefia and Giné (1999)). For a > 0, the class A, consists of functions ® : Ry —
Ry, ®(0) = 0, ® non-decreasing continuous and such that

D(cx) < c“®(z) forallc>2, >0.

We denote also by C(A,) the class of functions ¥ such that: ¥ is a Young
function in A, and z — ¥(y/z) is a convex function.

Proposition 2.1 Let {Yj}rez be a sequence of random variables such that for
all k, BE(Yi|F-) = 0 almost surely and Yy is Foo-measurable. Let ¥ be a
function in C(Ay). Assume that

||Pr—;(Yi)llw <p; and Dy := Z pj < 0o.

j=—o00

For any positive integer m, let {cm ;}jez be a sequence in (?. Define S, =
Zjez cm,;Y;. Then for allm > 1, there exists a positive constant C,, depending
only on « such that

ISl < Cana( 3 ) " ©)

JEZ



Remark 2.1 Under the notations of the above proposition, we get for the spe-
cial function ¥(z) = z9 with q € [2,00][, the following moment inequality. As-
sume that

1P (Yillly <p; and Dy := Y p; <oo.

j=—o0

Then, for any m > 1,

15ally < (X e2,) Dy

JEZ

where C4 = 18¢%/%/(q — 1)*/2.

Forall j € Z,let dj = 3,5 P;j(&). Clearly (d;) ez is a stationary sequence
of martingale differences with respect to the filtration (F;);cz.

Proposition 2.2 For any positive integer n, let {c,.;}icz be a sequence in (2.
Let W be a function in C(Aa). If >icq|[Po(§)llw < oo then we have the
following martingale-difference approximation: for any positive integer m, there
ezists a positive constant C, only depending on « such that

[T ente—a, < 20.(X )" X 1nEl
i€Z i€Z

|k =m

/
+3Cam(Z(Cn7j - 6"71"1)2)1 2 > P&l -

jeZ JEZ

Corollary 2.1 Let (a;)icz be a sequence of real numbers in (2. Let U be a
function in C(Aqa). Assume that §o € Ly and Y- [|[Po(§;)[lw < oo. Let Xy =

Y ez @i€k—j and Yy, = 37 g ajdy—j. Set S, =33 Xy and T), = 37, Yi.
Then for any positive m, there exist positive constants Cy and Cy such that

1S = Talle < Cron > [[Po(é)llw + Com, (9)

k| >m
2 f— 2 . == . .. .
where v, =3 iz Ch s and cpj =a1—j+ -+ Qpj.

Proof of Corollary 2.1 We apply Proposition 2.2 by noticing that S,, — T}, =
> jez Cn,j(§ — dj) and that

§ : 2 E : 2
(Cn’j — Cn)jfl) < 4 aj .
JEZ JEZ
<&

Using the Orlicz norms, we give the following maximal inequality which is a
refinement of Inequality (6) in Proposition 1 of Wu (2007).



Lemma 2.1 Let U be a Young function. Let p > 1 and write U, (z) for U(xP).
Let (Yi)1<i<an be a strictly stationary sequence of random variables such that
[[Yi||w, <oo. Let S,, =Y1 +---+Y,. Then

N 1/p
Wl < wlEN )
| a1, < 32 USaello, (971 2%7)
L=0
Remark 2.2 Clearly we can take ¥(x) = x in Lemma 2.1. Hence, in the

stationary case, we recover the inequality (6) in Wu (2007).

3 Invariance principle for linear processes

In this section we shall focus on the weak invariance principle for linear processes.
Let (a;)icz be a sequence of real numbers in ¢2. Let

[nt]

X, = Zaifk,i and  Spy) = ZXk, (10)
i€Z k=1
and
va = Z Ci,j? where Cpn,j =0Q1—5+ -+ Ap—j . (11)
JEZ

The behavior of the process {Spny,t € [0,1]}, properly normalized, strongly
depends on the behavior of the sequence (a;);cz-

In the next two sections we treat separately the case where the limit process
is a mixture of Fractional Brownian motions and the case where it is a mixture
of standard Brownian motions.

3.1 Convergence to a mixture of Fractional Brownian mo-
tions

Definition 3.1 We say that a positive sequence (U%)nZI is regularly varying
with exponent § > 0 if for any t €]0,1],
2
Yint]

ﬁ—%ﬁ,as n— 0o. (12)

We shall separate the case 8 €]1,2] from the case 5 €]0,1].

Theorem 3.1 Let (a;)icz in 2. Let 3 €]1,2] and assume that v2 defined by
(11) is regularly varying with exponent 3. Let & be a regular random variable
such that ||&ol|2 < 0o, and let & = & oT*. Assume that condition (1) is satisfied.
Then the process {v,, ' Si, t € [0,1]} converges in D([0,1]) to /aWx where Wy
1 a standard fractional Brownian motion independent of n with Hurst index



H=03/2, andn =73, .7 E(&&k|Z) and there exists a positive constant C (not
depending on n) such that

E(lrgnlflén SZ) < O (13)
Theorem 3.2 Let 3 €]0,1] and assume that v2 defined by (11) is regularly vary-
ing with exponent 3. Let & be a regular random variable such that ||&p]|2 < oo,
and let & = & o T%. Assume that condition (1) is satisfied. Then the finite
dimensional distributions of {v,*Spny,t € [0,1]} converges to the corresponding
ones of \/MWg, where Wy is a standard fractional Brownian motion indepen-
dent of n with Hurst index H = (/2, and n = ), .7 E(§oéx|Z). Assume in
addition that for a ¢ > 2/8 we have ||§o|lq < 00 and

D IPoE)llg < oo (14)

jEZ

Then the process {v;, ' Sy, t € [0,1]} converges in D([0,1]) to \/qWy and (13)
holds.

Remark 3.1 According to Corollary 2 in Peligrad and Utev (2006-b), one has

CVar(S.) . Var(GtotE) 2
Jim, = = Jim S == | SR
Remark 3.2 In the context of Theorem 3.1, condition (12) is necessary for the
conclusion of this theorem (see Lamperti (1962)). This condition has been also
imposed by Davydov (1970) to study the weak invariance principle of linear pro-
cesses with i.i.d. innovations. To be more precise, Davydov proved that if (12)
holds and if & € L9 with ¢ > 4 and q > 4(1/8 — 1), then {v, Sy, t € [0,1]}
converges in D([0,1]) to /E(&)Ws)2. Later, in the case § > 1, Konstan-
topoulos and Sakhanenko (2004) sharpen Davydov’s result showing that the weak
invariance principle holds if the & ’s are #id and in L2.

Example 1. For 0 < d < 1/2, let us consider the linear process X defined by

Xp=(1-B)"% = Zaifk—i ; (15)
i>0
where B is the lag operator, ag = 1 and a; = % for i > 1, and (&;)ecz is
a strictly stationary sequence satisfying the condition of Theorem 3.1. In this
case Theorem 3.1 applies with 8 = 2d + 1, since aj, ~ (I'(d)) " *k9~L.

Example 2. Now, if we consider the following choice of (ax)r>0: ao = 1 and
a; = (i+1)"*—i~* for ¢ > 1 with « €]0,1/2[, then Theorem 3.2 applies. Indeed
for this choice, v2 ~ ron'~2%, where k, is a positive constant depending on .

Example 3. For the choice a; ~ i~*¢(i) where £ is a slowly varying function at
infinity and 1/2 < a < 1 then, v2 ~ k,n372%¢?(n) (see for instance Relations
(12) in Wang et al. (2003)), where k,, is a positive constant depending on a.



Example 4. Finally, if a; ~ i7'/?(logi)~® for some a > 1/2, then v2 ~

n?(logn)!=2%/(2a — 1) (see Relations (12) in Wang et al. (2003)). Hence (12)
is satisfied with 8 = 2.

For the sake of applications, we now give a sufficient condition for (14) to
hold.

Remark 3.3 For any q € [2,00[, the condition (14) is satisfied if we assume
that

> 7 WGl Folly < 00 and 3 S~ BE-alFo)lg <00 (16)

The fact that (16) implies (14) extends Corollary 2 in Peligrad and Utev
(2006-b) and also Corollary 5 in Dedecker, Merlevede and Volny (2007) from
the case ¢ = 2 to more general situations.

For causal linear processes, Shao and Wu (2006) also showed that the weak
invariance principle holds under the condition (14) as long as the coefficients of
the linear processes satisfy a certain regularity condition. To be more precise,
their condition on the coefficients of the linear processes lead either to 8 > 1 or
to § < 1. For this last case, they specified the coefficients (a;);>0 as follows: for
1 <a<3/2,a; =77%(j) for j > 1 (where £(3) is a slowly varying function) and
Z;io aj = 0 (see for instance their Lemma 4.1). For this choice, v?2 is regularly
varying with coefficient § = 3 — 2o < 1. Our Theorem 3.2 does not require
conditions on the coeflicients but only the fact that the variance is regularly
varying which is a necessary condition.

3.2 Convergence to a mixture of Brownian motions

The case 8 = 1 deserves special attention. For this case the limit is a mixture
of Brownian motions.

As an immediate consequence of Theorem 3.2 we formulate the following
corollary for causal linear processes, under a recent condition introduced by Wu
and Woodroofe (2004).

Corollary 3.1 Let & be a regular random variable such that ||&oll, < oo for
some q > 2, and let & = &y o T, Assume in addition that

D IPoE)lly < oo (17)
JEZ

Let (a;)iez be a sequence of real numbers in ¢ such that a; = 0 for i < 0. Let
bj =ao+ -+ a;. Define (X)k>1 as above and assume that

n—1

Zbiﬁoo, as n — 0o, (18)
k=0



and that

S s b =0 (3 82). (19)
) k=0

Then v2 ~ nh(n), where h(n) is a slowly varying function. Moreover, the pro-
cess {v, ' Sing), t € [0, 1]} converges in D([0,1]) to \/qW where W is a standard
Brownian motion independent of , and 1 =3, ., E(§o&k|T). In addition (13)
holds.

To prove this result, it suffices to apply Theorem 3.2, and to use the fact
that under (18) and (19), vZ ~ nh(n) (see Wu and Woodroofe (2004)). Un-
der the same conditions (18) and (19), Wu and Min (2005, Theorem 1) have
also proved the weak invariance principle but under the stronger condition
> i>0dl1Po(§)llg < oo (in their paper the random variables {; are adapted
to the filtration F;).

Remark 3.4 The above result fails if in (17) we take ¢ = 2. See Wu and
Woodroofe (2004) and also Merlevede and Peligrad (2006, example 1 p. 657).

Let us make some comments on the case where the condition (1) is sufficient
for the weak convergence to the Brownian motion, with the normalization /n.
The first case is already known, and the second case deserves a short proof.

Comment 3.1 When ), ., |a;] < oo, (the short memory case) and condi-
tion (1) is satisfied one can use the result from Peligrad and Utev (2006-a) in
the adapted case, showing that the invariance principle for the linear process
1s inherited from the innovations at mo extra cost. For this case, the process
{n=Y28S,,t € [0,1]} converges in distribution in D([0,1]) to /qW, where W
is a standard Brownian motion independent of n and n = A*Y", _, B(¢ék|T)
with A =3 ;.5 a;. Moreover E(maxi<p<n S2) < Cn. See Dedecker, Merlevéde
and Volny (2007), Corollaries 2 and 3 for the nonadapted case.

Comment 3.2 Let (a;)icz in (? and assume that the series Y icz @i con-
verges (meaning that the two series )~ a; and ), a; converge), and Heyde’s

(1975) condition (H) holds

(H) i(Zak)2<oo and i(Zak>2<oo.

n=1 k>n n=1 k<-n

Assume also that condition (1) is satisfied. Then the same conclusion as in
Comment 3.1 holds.

Example 5. Heyde’s condition allows the following possibility: >, 5 |a;| = oo
but » . 4 a; converges. For instance, if for n < 0, a, = 0, and for n > 1,
an = (—=1)"u, for some sequence (’U/n)nZI of positive coefficients decreasing
to zero, such that ) -, u, = oo, then Condition (H) is satisfied as soon as



> ns0 Up < 00, which is a minimal condition. It is noteworthy to indicate that
the Heyde’s condition implies (19).

Now, if }° .7 |aj| = co and (H) does not hold, condition (17) may still be
weakened in some particular cases. The following result generalizes Corollary 4
in Dedecker, Merlevede and Volny (2007) to the case where the innovations of
the linear process are not necessarily martingale differences sequences. Denote
by

2

52 = n( i ai) . (20)

1=—n

Theorem 3.3 Let (a;)icz be a sequence of real numbers in €% but not in ¢!,
and let s2 be defined by (20). Define (Xy)r>1 as above and assume that

lim sup —————— 2izmn | < oo and Z Z a? =o(sp). (21)

n—o00 ‘Zl—*’n a; li|>k
If one of the following two conditions holds

(a) Z 1Po(&)]|w, .. < o0, where Wy () =z log™ (1 + x2) and a > 2.

JEZ
or
() Y log(L+ |iD[ Po(&)ll2 < o0

JEZ
then {s;,;'Sppyy,t € [0,1]} converges weakly in D([0,1]) to \/nW, where W is
a standard Brownian motion independent of n and n = Y, ., E(&&k|T). In
addition, there exists a positive constant C (not depending on n) such that

2 2
E(1I§nl?§n Si) < Cs: . (22)

Remark 3.5 For two positive sequences of numbers the notation u, ~ v,
means that lim,, oo un /v, = 1. According to Remark 12 in Dedecker, Mer-
levéde and Volny (2007), we have that

sy, ~ v, ~ nh(n),
where h(n) is a slowly varying function at infinity. In addition if we assume

the first part of Condition (21) and ;.4 |a;| = oo, we get that s,/v/n — oo,
as n — o00.

Example 6. If we consider the following choice of (ag)rez: ao = 1 and a; =
1/1¢| for i # 0, then Theorem 3.3 applies. Indeed for this choice, Condition (21)
holds and s,, ~ 2y/n(logn).

We give now a useful sufficient condition for the validity of condition (b) of
Theorem 3.3.

Remark 3.6 The condition (b) of Theorem 3.3 is satisfied if we assume that

iélogn':E(gn\/|7;z:o)|2 < oo and i lognnf_n - Eﬁ_ﬂfo)b <oo. (23)
n=1

n=1

10



4 Application to isotonic regression

Let ¢ be a nondecreasing function on the unit interval and let

yk=¢(%>+Xk, k=1,2,....n. (24)

where (Xj) is a strictly stationary sequence of random variables such that
E(Xx) = 0 and E(X?) < oo. The problem is then to estimate ¢ in a non
parametric way. We denote by S, =Y ;| Xj.

Taking advantage of the monotonicity of the regression function, isotonic
estimates have been suggested. Let ux = ¢(k/n). It is well known that the
least squares estimator

n

/_AL = argmin{ Z(yk - /.Lk;)2,//61 S e S /’Ln}a
k=1

is such that

_ Yty

= maxmin ——— .
i<k j>k j—i+1

=

In addition, setting

[nt]

! (Zyk) and 17” = GCM(Y,,),
k=1

n

Yo(t) =

where GCM designates the Greatest Convex Minorant, then

ok

M = Yn (n) )
where the derivative in taken on the left (see Robertson, Wright and Dykstra
(1988)). Let now ¢, (.) be the left continuous step function on [0, 1] such that
én(k/n) = fir at the knots k/n for k=1,...,n.

When the error process (Xj) in the model (24) is short range dependent
and satisfies suitable weak dependence conditions, Zhao and Woodroofe (2008)
have obtained the asymptotic behavior of qgn(t) In their paper an application
to global warming is given. Some other situations are considered in the paper
by Anevski and Héssjer (2006): in their Theorem 3 (iii), they consider the case
where (X}) can exhibit long range dependence, and they assume that X} is
a function of a Gaussian process such that its Hermite polynomials expansion
is of rank greater than one. When no shape assumption is imposed on the
regression function, non parametric regression analysis when data can exhibit
long range dependence has been also studied by other authors (see for instance
the paper by Robinson (1997), or more recently the paper by Gao and Wang
(2006) who introduced random designs in the nonparametric trend model). The
motivation of studying such models is that, in order to avoid misrepresenting
the mean function or the conditional mean function of long range dependent

11



data, one should let the data “speak” for themselves in terms of specifying the
true form of the mean function or the conditional mean function. Situations
where the error process (Xj) in the model (24) is long range dependent often
occurs when considering financial or climatology time series. For instance the
annual series of winter means of the NAO index (North Atlantic Oscillation
index) exhibits long range dependence (see Stephenson et al. (2000)) and also
an increasing trend for the last decade (which can possibly be explained by
global warming). Concerning financial time series, we refer to the paper by
Pesee (2008) where daily exchange rate data are studied. For instance the daily
changes of the US-Dollar against the Deutsch Mark is a financial series that
exhibits long range dependence with a long period of monotonic trend. For
other data examples of long-memory processes, we refer to the book by Beran
(1994). In particular, concerning the monthly temperature for the northern
hemisphere, Beran suggests (page 29 of his book) that the series could be long-
range dependent (see the Figures 1.12a, 1.12b and 1.12c, page 31).

The aim of this section is then to derive the asymptotic behavior of qgn(t)
when X}, is a linear process which can exhibit short or long memory. Recall that
by the well-known Wold decomposition, a stationary process in L? that is purely
non deterministic and such that its one-step mean squared error is positive, can
be represented by a linear process generated by orthogonal random variables.

As it is implicitly mentioned in Anevski and Hossjer (2006) and enlightened
in Zhao and Woodroofe (2008), the two main tools to obtain the asymptotic
behavior of (;ASn(t) are a weak invariance principle for the partial sums process
{Smy,t € [0,1]} properly normalized, and a suitable moment inequality for
maxij<k<n Sk'

Theorem 4.1 Let (a;)icz and (&)icz be as in Comments 3.1 or 8.2. Let us
consider the model (24) with X, defined by (10). For any t € (0,1) such that

¢'(t) > 0,

'R (da(t) — $(t) = (Vi) Pargmin{B(s) + 5%, s € R},
where B denotes a standard two-sided Brownian motion independent of n, n =
S ez B(&&|T), and k= 2(%A2¢’(t))1/3 with A=Y, a;.

Let 8 €]0,2], and let h be a slowly varying function at infinity. Let now

1 1/2
L) = (h(;ﬂ/(ﬁlfﬁ))) ) (25)

and notice that L(z) is also a slowly varying function at infinity. Denote then
by L* the asymptotic conjugate of L, which means that L* satisfies

wlin;o L*(x)L(zL*(z))=1. (26)

Define then

1

* 2/(4-pB
= mf(n) where {(n) = (L (n)) / ). (27)

dn
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Theorem 4.2 Let (a;)icz and (&)icz be as in Theorem 3.3. For f =1 and
h(n) = | >, a;|?, let d, be defined by (27). Let us consider the model (24)
with Xy, defined by (10). For any t € (0,1) such that ¢'(t) > 0,

A7 6N (on(t) — 6(1) = (V)? Pargmin{ B(s) + s*,s € R},
where B denotes a standard two-sided Brownian motion independent of n, n =

1/3
ez B€&T), and ks =2(1¢'(1) "

Example 7. In case of the linear process defined in Example 6, Theorem 4.2
applies with d,, = n=1/3(41n(n)/3) 23,

Theorem 4.3 Let (a;)icz and (&;)icz be as in Theorem 3.1 or 3.2, for some
B €]0,2[. By assumption, v2 defined by (11) is regularly varying with exponent
B. For this 3 and for h(n) = v2n=", let d,, be defined by (27). Let us consider
the model (24) with X defined by (10). Then for any t € (0,1) such that
#(t) >0,

d; 15 (ba(t) — 6(1) = (Vi)Y Margmin{By (s) + 5*s € R},

where By denotes a standard two-sided fractional Brownian motion independent
of n, with Hurst index H = 3/2, n = ), .7 E(§&x|Z), and the constant kg is
given by kg = 2(¢/(t)/2) 2=/ (4=5),

Example 8. In case of the linear process defined in Example 1, Theorem 4.3
applies with 8 = 2d+1 and d,, = 7gn(}=24)/(3=24) where 7, is a positive constant
depending only on d.

Proofs of Theorems 4.1, 4.2 and 4.3. For any t € (0,1) and any s €
[—td, 1, d; 1 (1 —1)], let

Zn(s) = d,? (Yot + dns) — Yo (t) — ¢(t)d,s) .

Then d;; 1 (¢n(t) — ¢(t)) = Z.(0), the left hand derivative of the GCM of Z, at
s = 0. Hence the key for establishing the result is the study of the GCM of the
process Z,. This can be done by following the arguments given in the Section
3 of the paper by Anevski and Héssjer (2006), and also in the paper by Zhao
and Woodroofe (2008). More precisely, a careful analysis of the proofs given in
both papers shows that the following lemma is valid.

Lemma 4.1 Assume that there exists a positive sequence m, — oo satisfying
for any t >0,
M) /M — t7 where H €]0,1], (28)

and such that

1. The process {m;;*Spy.t € [0,1]} converges in D([0,1]) to /gWy, where
7 is a positive random variable and Wy is a standard fractional Brownian
motion (with Hurst index H ) independent of n,

13



2. E(maxi<p<n S7) < Cm2.
Then, for any positive sequence d,, — 0 such thatnd,, — oo and dgzn_lm[ndn] —
1, and for any t € (0,1) such that ¢'(t) > 0,

A 67 (G (t) — 6(1)) = (V)Y@ Margmin{ By (s) + 52,5 € R}

where By (.) denotes a standard two-sided fractional Brownian motion indepen-
dent of n, with Hurst index H €]0,1[, and kg = 2(¢'(t)/2)—H)/=H),

Proof of Lemma 4.1 We proceed as in the proof of Theorem 3 in Anevski and
Hossjer (2006). The main point is then to verify their assumptions A1-A7 in
order to apply their Corollary 1. Since nd,, — oo, Assumption A2 follows from
the arguments given in the proof of Theorem 3(i) in Anevski and Hossjer (2006).
By the properties of our limiting process, \/nWpg, the assumptions A5 and A7
are satisfied. Now if Al holds then by Proposition 2 in Anevski and Hossjer
(2006) and the properties of the fractional Brownian motion, the assumption A6
also holds. Note that their Proposition 2 allows to apply the continuous mapping
theorem to the functional h from D[—c,¢c] (the space of cadlag functions on
[—¢, c]) to R defined as the left hand derivative of GCM (z) at 0. To verify their
assumptions A3 and A4, it suffices to apply their Proposition 1. According to
the proofs of their Lemmas Bl and B2, the condition (14) of their Proposition
1 is satisfied as soon as their condition (87) and our condition (28) are. Now
their condition (87) is clearly satisfied provided Item 2 of Lemma 4.1 holds.

It remains to prove Assumption Al of Anevski and Hossjer (2006); namely
that the process

{n_ld;2s[ndn,t]at € [07 1]}

converges in D[0, 1] to \/nWpx, where 7 is a positive random variable and Wy is
a standard fractional Brownian motion (with Hurst index H) independent of 7.
This holds by Item 1 of Lemma 4.1 and the fact that d,*n"'my,q,) — 1. This
completes the proof of Lemma 4.1. ¢

We go back to the proofs of Theorems 4.1, 4.2 and 4.3. Note that the
conditions of Items 1 and 2 are clearly satisfied by using either Comment 3.1
or 3.2 (with m,, = \/n), either Theorem 3.3 (with m,, = /n| Y[ a;|) or
Theorem 3.1 or 3.2 (with m,, = v,). In addition, in all these situations, we have
that m,, = (n?h(n))/? and the selection of d,, leads to

d;znflm[ndn] ~ dB=Y/2p =212, [h(nd,,)

~ (L*(”))1\/h((nL*(n))2/(4B))
1

~ (L*(n) T (L(nL*(n) ",

which converges to 1 by (26). ¢
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5 Proofs

5.1 Proof of Proposition 2.1

Without restricting the generality we shall assume Dy =1 and ), jez 2 i=1
since otherwise we can divide each coefficient ¢y, ; by (3,7 c%w)1 /2 and each

variable by Dy. Start with the decomposition

Z Pe_j (Vi) = Z P Pr—j(Ye)/p; -

j=—00 Jj=—00

Then

oo

Sm= > i Y cmrPe-i(Yi)/p;.

j=—oc0 keZ
By using the facts that ¥ is convex and non-decreasing, and p; > 0 with
Z]’ez p; = Dg =1, we obtain that

V(|Sml) < Z piBY( Y em i Prj(Y2)/p5])-

j=—o0 keZ

Consider the martingale difference Uy, = ¢, 1 Pi—;(Yx)/p; , k € Z. By Burkholder’s
inequality (see Theorem 6.6.2. in de la Pefia and Giné (1999)), we obtain that

EV(| > cmiPr(Yi)/pl) < KaBU((Y &, P (V) /p)?),
kEZ keZ

where K, is a constant depending only on «. Let ®(z) = ¥(y/z). Since @ is
convex and ), C?n, x = 1, it follows that

V(1Y emiPesi(Vi)/pi) < KoBO(Y 2, P (Vi) /D))

keZ kEZ
< KoY e BR(PL(Ye)/p))
keZ
< KoY & B((P (V)] /p))).-
keZ
Therefore

V(|Sml) < Ka ) Z P E(Y(|Pe—;(Ye)|/pj))

kEZ j=—00

Now notice that ||P.—;(Yz)l|lw < pj, hence using the fact that Y5, 5 ¢, =1
and Dy = E;ifoo pj = 1, we get that

U(lSm|) < K

and so the desired result. ¢
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5.2 Proof of Proposition 2.2
Fix a positive integer m and define

2m—2 m—1

Z Z yand 0, = 0p T,

k=0 i=k—m+1

Observe that, by stationarity,

2m—2 m—1

Oomlle =1 > > Pl&lle <2md [[Po(&)llw < oo .

k=0 i=k—m+1 I€EZ

Simple computations lead to the decomposition

-1

Z Pi(&) — Z P (&e) = o,m — O1,m

i=—m+1 {=1

implying that

fo—zpoik o™ = 0p,m — 91m+zpfo ZPofk oT™ .

li|=m |k|=m

With our notation (do =, Po(&k) ), we obtain

o—do=dooT™ —do+00m —b1m+ > Pi(&o)— (D Po(&))oT™. (29)

li|2m |k|Zm

By stationarity we obtain similar decompositions for each &; —d;. We shall treat
the terms from the error of approximation ) ;. cni(§ — d;) separately. First
notice that

o0 oo
Ri:= > cnj(djoT™—d;j) = Z (Cnj—m — Cn.j)d;
Jj=—0o0 j=—

m—1 oo

= Z Cn]kl_cnj k)dj~
k=0 j=—o0

According to Proposition 2.1,
o0
1Rl < Camlidollw( Y (eny = eny-1))"?,
j=—0o0

To treat the second difference in the error, notice that

oo oo

Ry = Z Cni(Oim — Oix1,m) = Z (cni — Cni=1)0m -

1=—00 1=—00

16



By the definition of 6y ,, we have that

2m—2 m—1

SR Oom)le < > >0 S IP(Pi(&)]w -

JEZ k=0 i=k—m+1j€Z
Now P;(P;(f)) =0 for j #i. It follows that

2m—2 m—1 m—1

DB Gom)le < Y D IRElle <@m=1) Y |PE)le,

JEZ k=0 ¢{=k—m-+1 l=—m-+1

and by Proposition 2.1 we conclude that

oo

|1 Rallw < 2Cam( Y (enj — 1)) D [Po(€o)lw -

j=—00 LEZ

For the term Rj := Y .° Cn,i( 21 15m Pi(&0)) © T? we apply Proposition 2.1
to get B

o0

1Rsllw < Ca( Y )2 > I1F(&)lw-

i=—o0 il>m

To deal with the last term Ry := 3772 ¢5i (30 5 5m Po(&r)) o T™F, we apply
again Proposition 2.1, which gives -

(oo}

[Ralle < Cal Y @ )2 > I1PoE)lw-

i=—00 |k|>m

Combining all the bounds we obtain the desired approximation. ¢

5.3 Proof of Lemma 2.1

For any m € [1,2%], write m in basis 2 as follows:
N .
m = Zbi(m)Ql, with b;(m) =0 or b;(m) =1.

Set mp, = Zf\;L b;(m)2?. So for any p > 1, we have

‘Sm|p < (i ‘SmL - SmL+1|)p-
L=0

Hence setting

ar
N )

1/p
ar, = [|S]lw, (‘If*l(QNfL)) and \p, = -
L=0 L

17



we get by convexity
N
[SmlP <Y AL 1S ms — S -
L=0
Now mp, # mry1 only if bz (m) = 1, and in that case mp = k2% with k,, odd.

It follows that

N
1—
max |Sm‘p S E )\L P max |Sk2L - S(k,1)2L|p .
1<m<2N =0 1<k<2N-L k odd

Now, we apply Lemma 11.3 in Ledoux and Talagrand (1991) to the variables

_ |Skor — Ser—1)2: [P

Ly T

, with A = ||SQL||\I/p,

and to the Young function ¥. Since

S
B0 (z) = B, (22) <1,
and since ™! is concave, we get that for any measurable set B,

E(Zy1p) < P(B)\I/‘l(%) ,

so that the assumptions of Lemma 11.3 in Ledoux and Talagrand (1991) are
satisfied. It follows that

E( Spor — S P) < APY—1(2N-L),
1§k§2111\71§}57kodd| k2r (h-1)2t ") < ( )

Finally, we conclude that

N P
E( max |Sm\p)§(ZOéL) )

1<m<2N
=m= L=0

which is the desired result. ¢

5.4 Proof of Theorems 3.1 and 3.2

By the weak convergence theory of random functions, it suffices to establish
the convergence of the finite dimensional distributions and the tightness of
{v;, 1S, t € [0,1]}. For the finite-dimensional distribution we shall use the fol-
lowing proposition which was basically established in Peligrad and Utev (1997,
2006-b).
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Proposition 5.1 Let {{}rez be a strictly stationary sequence of centered and
reqular random variables in L? such that > 1Po(&5)ll2 < 0o. For any positive
integer n, let {by ;, —o0 < i < oo} be a triangular array of numbers satisfying

Zbi’i — 1 and Z(b"’j —bpj-1)? =0 asn — o0, (30)
i J

and
sup |bnj| = 0 as n— oo . (31)
J
Then {Sn = }_, by ;§;} converges in distribution to \/nN where N is a standard
Gaussian random variable independent of n, and n =, 5 B(§oéx|Z).

Proof of Proposition 5.1. We give here the proof for completeness. By
using Proposition 2.2 it suffices to prove this proposition with d; = dp o 77 in
place of &;, where dy = > i Po (&;). Hence we just have to apply the central limit
theorem for triangular arrays of martingales (see Theorem 3.6 in Hall and Heyde
(1980)). The Lindeberg condition has been established by Peligrad and Utev
(1997) provided that Condition (31) and the first part of Condition (30) are
satisfied. Now in the proof of their proposition 4, Peligrad and Utev (2006-b)
have established that (30) implies that

Z bi,jd? — 1 in probability as n — oo,
J

which ends the proof of the proposition. ©

We return to the proof of Theorems 3.1 and 3.2. To prove the convergence
of the finite dimensional distributions, we shall apply the Cramér-Wold device.
For all integer 1 < £ < m, let ny = [nt;] where 0 < t; <ty < --- <t, < 1. For
Aly-. ., Am € R, notice that

Lizi M _ g (3 Mnsiye (32)

v (Y
n jez =1 n

where ¢, j = a1—j +---+an—; for all j € Z, and v,% = ZjeZ cfw-. Let

1 o )\@C i
bn e ne,J
Tl ;:jl o (33)

where .
1
2 B B
A 5= 52271/\@/@ (t) + 1ty — |tx — te]?).

We apply Proposition 5.1 to b, ; and the £;’s defined as A, g&;. First, we have
to calculate the limit over n of the following quantity

m m

Z P2 — 1 Zjez Ze:l Zk:l )\ZAkCng,ank,j
njg = A2 2 :
Am,ﬁ Un,

JEZ
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For any 1 < ¢ < k < m, by using the fact that for any two real numbers A and
B we have A(A+ B) =1/2(A%? + (A+ B)? — B?), we get that

2
2 § :Cnédcnk] = 21)2 E ng,_] nk7j - (C’ﬂbj _an,j) )

" jez " jeZ

_ _ 2
- 21)22 WJ nkd cnk—m,j)'
n
JEZ

By using now the condition (12), we derive that, for any 1 < /£ < k < m,

Zjez brg,jbny..j 1
—yes ol TR ,(
2

2

. £+t — (te —t0)7) . (34)
n

It follows from (34) that
nli_)ngoZbiJ =1. (35)
jEZ
As a consequence the first part of condition (30) holds. On the other hand,
by using Lemma A.l in Peligrad and Utev (2006-b), the second part of the
condition (30) is satisfied. Now by the proof of Corollary 2.1 in Peligrad and

Utev (1997) we get that

max; [enl
Up, ’

which together with (12) implies (31). Applying now Proposition 5.1, we derive
that m
ZZ:I )‘ZSW

Un

converges in distribution to A,, g\/nN,

ending the proof of the convergence of the finite dimensional distribution.
We turn now to the proof of the tightness of {v,, 'Sy, t € [0,1]}. By using
Proposition 2.1, we get for ¢ > 2 that

1/2
ISklle < Co(3202,) 7 30 IR Emllla = Covn 3 IPs(Emlla, (36)
jEZ meZ meZ

provided that »  _, [[Po(&m)|lq < 0o. Therefore the conditions of Lemma 2.1
p. 290 in Tagqu (1975) are satisfied with ¢ > 2/, and the tightness follows.

Finally to prove (13), we use (36) together with Lemma 2.1 applied with
Y(x) = x by taking into account that v2 is regularly varying with exponent [3.
o

5.5 Proof of Remarks 3.3 and 3.6

To prove Remark 3.3, we apply lemma 6.1 from the appendix with b; = 1 and
u; = ||P-i(&)llq- Hence we get

ZHP (&0)lly < C4 Z( ZHP DI
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Applying the Rosenthal’s inequality given in Theorem 2.12 in Hall and Heyde
(1980), we then derive that for any g € [2,00[, there exists a constant ¢, de-
pending only on ¢ such that

D IP-k(E)IE < cll D Poro)lg = cal BnlFo)g -
k=n

k=n

The same argument works with P_;(&y) replaced by P; (&), and the result follows
by applying Rosenthal’s inequality and by noticing that ||{_,, — E({_,|F0)|lq =
152 P (60) g

To prove Remark 3.6, we apply Lemma 6.1 from the appendix with b, =
log(n) and u,, = ||Po(&n)|l2- We then get that

oo s logn
> lognllPo(&)l: <C Y
n=1 \/ﬁ

n=1

(S Ire)”.
k=n

Notice now that

D IPE3 = IEEIF0)3,
k=n

and then
[BlFo)le _

NG

The same argument works with Py(&;) replaced by Py(£—;). ©

> togn|Pofga)ll < CY " logn
n=1 n=1

5.6 Proof of Theorem 3.3

For all j € Z, let dj = > ,., Pj(§). Note that, if either Condition (a) or
Condition (b) is satisfied, (d;);ez is a sequence of martingale differences in LZ.

We set .
Vi = aids_; and T, = » Y,
1€Z k=1

and apply Corollary 4 in Dedecker, Merleveéde and Volny (2007). By taking into
account Remark 3.5, we derive that under (21),

{57, " Tjny), t € [0,1]} converges in distribution in (D([0,1]),d) to /E(d2|Z)W,

where W is a standard Brownian motion independent of Z. It follows that in
order to prove that {s;; 'S}y, ¢ € [0, 1]} converges in distribution in (D([0, 1]), d)

to /E(d3|Z)W it is sufficient to show that

| maxty <g<n |Sk — Tilll2

—0,asn —o00. (37)
S
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Now for any n, let N be such that 2V~! < n < 2V, By using Remark 3.5 and
the properties of the slowly varying function, we get that s, ~ son. So, the
proof (37), is reduced to showing that

|| maxlgkggw |Sk — Tk|||2

—0,as N —00. (38)
S9N

We first prove that (38) holds under Condition (a). By using Corollary 2.1

together with Lemma 2.1, we get that for any positive integer m,

N
| max Sy —Tilll: < C1 Y P lwan Y var (971 (2V5))?
L=0

1<k<2N
- |k|=m

N
+Com Y (971 2V E)) 2,
L=0

where g(x) = zlog®(1 + z). Noticing that for g~ (x) ~ as T goes to

infinity, by taking into account Remark 3.5 and the first part of Condition (21)

we get that

I max [Sy = Tella < Csov > [[Po(Er)llws o + Cme(N)son (39)

1<k<2N
- |k|=m

where ¢(N) — 0 as N — oco. By using now (39) and letting first N tend to
infinity and next m tend to infinity, we derive (38) under Condition (a).

We turn now to the proof of (38) under Condition (b). Taking m = mqyr =
25/ in Corollary 2.1 and using Lemma 2.1 with p = 2 and ¢(z) = =, we get
that

| max; <p<on [Sk — Tkl[2 . CQN/2 iv: ”222
Kl SoN L=02 /
2N/2 N VgL
+O =Y 5tm 2 IRl (40)
L=0 k|>m,

By Remark 3.5 we have that limpy_. ;%—/NZ = oo which together with the selec-
tion of myr imply that the first term on the right hand of the above inequality
tends to zero as n — oo. Now, to treat the last term, we first fix a positive
integer p and we write that

2SS S pel < b w2 R
— max —--—=
son {4 2002 || > VSR = 02LS, 2L OISR
= >myL [k|>m, 1
2N/2 N VoL
- Z2L/2 > P2
L=p [k|>m,r
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Since limpy_ ;%—72 = 00, the first term on the right-hand side of the above
inequality tends to zero as N — oco. To treat the second one, we notice that if
N and p are large enough,

2N/2 N

L N h2L
s £ ;f/z > ||P0(§k)||2§CL§)h((2N)) > 1Pz

=p [k|>m,r, |k|>my L

where h(n) = |>" _ a;|. By the first part of Condition (21),

lims h(QL) <
NP BN h(2N) S

Hence, for N and p large enough and taking into account the selection of msz,
we get that

2N/2 N VoL
5L/2 Yo P& <C Y logkl|Po(ér)lls,

L=p K[>y k| =20 /4

SoN

which converges to zero as p — oo by using Condition (b). Hence starting
from (40) and taking into account the previous considerations, we get that (38)
holds under Condition (b). The proof of (22) is straightforward, following the
arguments used to derive (37). ©

5.7 Proof of Comment 3.2

The justification of this result is due to the following coboundary decomposition.
Define

oo oo oo —4—1
Zo=) > arbe—Y, Y. arl (41)
(=1 k={ (=0 k=—00

Since condition (1) implies that the sequence (&;);cz has a bounded spectral
density, the random variable Z; is well defined in L? under under condition
(H). Now

oo o0 o0 oo
Zo—ZooT = av—& Y ar—& > ak+ Y a il
=1 k=1 k=1 (=1

Whence,
A&y + Zy — Zo o T = app + Z ajé ;= Xo.
Jjez\{o}

We derive that for any k > 1,

k
SkZAZ€i+Z1—Zk+17 (42)

i=1
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where Z, = Zy o Ty. Since under Condition (1), the partial sums process
{n=1/2 Zgi]l &k, t € [0,1]} converges in distribution in D([0, 1]) to VAW, with
A =2 ez E(60&;|T), we just have to show that

lim sup P( max | Zks1| > 5\/5) =0,

n—00 1<k<

which holds because Z, € L? (see the inequality (5.30) in Hall and Heyde
(1980)). o

6 Appendix

6.1 Fact about series

Lemma 6.1 Let ¢ > 1 and o = 2(q — 1)/q. Let (bj)jen be a sequence of non-
negative numbers such that n®b, < KoY r_, k* tby, for some positive con-
stant K,, depending only on . Then for any sequence of non-negative numbers
(uj)jen the following inequality holds

e’} fe%e] 1 [e%) 1/‘1
> b <€, 3o (13
n=1 n=1 k=n

where Cy is a constant depending only on q.

Proof. We write
i bty < Ko i n*aun(i bkk‘kl) < K, ibkkwl ( 3 n*aun) .
n=1 n=1 k=1 k=1 n>k

Then, Holder’s inequality gives

ibnun < C;ibkk“_l(z n—2 )Q/Q(Z u%)l/q
n=1 k=1

n>k n>k

and the result follows. ¢
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