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Abstract

In this paper, we give estimates of the minimal L' distance between the
distribution of the normalized partial sum and the limiting Gaussian distri-
bution for stationary sequences satisfying projective criteria in the style of
Gordin or weak dependence conditions.
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1 Introduction

Let X, Xs,... be a sequence of real-valued random variables (r.v.) with mean
zero and finite variance. Set S, = X1+ Xy +---+ X,,. By F,, we denote the distri-
bution function (d.f.) of n=Y/25,. Let ®, be the d.f. of the (0, o%)-distribution.
For independent and identically distributed r.v.’s, according to the central limit
theorem (CLT), F,(z) converges to ®,(z) uniformly for = in R, where o is the
standard deviation of X;. Agnew (1954) proved that the convergence also holds in
L"(R) for r > 1/2. Agnew’s result is called mean CLT in the case r = 1. Let then
P = | Ey, — @yl For r =1 and r = 2 and for random variables with an absolute

third moment 3, Esseen (1958) proved that n'/ 25" converges to some explicit
constant A, (F') depending only on the distribution function F' of X; (Theorems
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3.2 and 4.2 in Esseen). In particular, Esseen’s results imply that
P =0(m %) as n— oo. (1.1)

Next Zolotarev (1964) obtained the upper bound A,(F) < (3/(20?). The proofs
of these results are based on the method of characteristic functions (cf. Ibragimov
and Linnik (1971) for more details).

The case r = 1 is of special interest, since pg) is exactly the minimal distance
d, between n=/2S, and a r.v. with distribution A(0,0?) in L' (cf. Major (1978)
for more about this subject). Now let

di(X,Y) = fesfl?R)E(f(X) - f(Y)), (1.2)

where A;(R) is the set of 1-Lipschitzian functions from R to R. Applying the
Kantorovich-Rubinstein Theorem we also have that pl) = di(n=1/28,,0Y) if Y is
a N (0, 1)-distributed random variable.

In this paper we are interested in extensions of (1.1) for » = 1 to sequences
of dependent random variables. This subject was studied by Sunklodas (1982)
in the case of uniformly mixing (in the sense of Ibragimov) stationary sequences
of real-valued random variables. Using the Stein method, he reached the rate of
convergence O(n~'/%(logn)?) in (1.1) for geometrically mixing sequences of ran-
dom variables with finite eight moments. A different approach to get rates of
convergence in the CLT is Bergstrom’s (1944) inductive proof of the Berry-Esseen
theorem, based on the Lindeberg method. Starting from Bergstrom’s recursion
argument, Bolthausen (1982a) obtained exact rates of uniform convergence for
martingale difference arrays. Rio (1996) adapted Bergstrom’s method to weakly
dependent sequences and obtained the Berry-Esseen theorem for stationary and
uniformly bounded sequences of real-valued r.v.’s satisfying the uniform mixing
condition ), kp(k) < oo. This result was extended to the multivariate case by
Jan (2001, Theorem 9). Jan also weakened the notion of weak dependence in-
volved in Rio’s paper (cf. Theorem 1 in Le Borgne and Pene (2005) for more
details). However the dependence coefficients in Jan (2001) are too restrictive
for the applications to some dynamical systems, such as Sinai’s billiard. Peéne
(2005) noticed that the inductive proof of Jan (2001) can be adapted to get the
rate of convergence O(n~'/2) for the minimal L!-distance in the multivariate CLT
for stationary sequences satisfying some dependence conditions. In particular her
result applies to sums of bounded r.v.’s defined from dynamical systems (such as
Sinai’s billiard) or strongly mixing Harris recurrent Markov chains. For example,
Péne’s result yields (1.1) (with » = 1) for functionals of Harris recurrent Markov
chains satisfying the mixing condition ), ka(k) < oo, where (a(k)); denotes the
sequence of strong mixing coefficients of (X;);ez in the sense of Rosenblatt.

We now describe the contents of our paper. Our aim is to provide rates of
convergence in the mean CLT for stationary sequences of real-valued r.v.’s satis-
fying either projective criteria in the style of Gordin (1973) or weak dependence
conditions.



In Section 2, we give bounds in the stationary case involving L”-norms of con-
ditional expectations. Let (X;);cz be a stationary sequence of real-valued random
variables, My = o(X; : i < k) and Ej, denote the conditional expectation with re-
spect to My. In Subsection 2.1, we obtain in Theorem 2.1 the rate of convergence
O(n~'?logn) in the mean CLT for stationary and ergodic martingale differences
sequences (X;);ez with finite absolute third moments satisfying the projective con-
ditions

sup
m>0

S (1.3)

(E jEO(X,f—JQ)H < oo and supHE XoEy(X? — 0?)
1
k=1 k=1

m>0

where 02 = Var X;. In Subsection 2.2, we generalize Theorem 2.1 to ergodic
stationary sequences satisfying projective criteria. In Subsection 2.3 we give
some applications to bounded sequences. For example, assuming that the series
> ko0 Fo(Xk) converges in L', Theorem 2.3 provides rates of convergence in the
mean CLT as soon as Fy(S2/m) converges to o2 in L'. This condition appears
in the conditional CLT of Dedecker and Merlevede (2002) and is rather mild. For
example the rate of convergence O(n~'/?logn) is obtained under the projective
conditions

Z H Z EO(Xk)HI < oo and 187;,u>% 1Eo(S2, — mo?)||; < oo. (1.4)

m>0  k>m

Again the proofs are based on the Lindeberg method at order three.

In Section 3, we give projective conditions or weak dependence conditions im-
plying (1.1) for » = 1. Conditions (1.3) and (1.4) involve conditional second
moments. It seems difficult to get the optimal rate of convergence O(n~'/?) under
second order conditions (at least for the Berry-Esseen theorem: cf. Rio (1996)
and Bolthausen (1982a), Theorem 4). Therefore our results hold under projective
conditions on the monoms of degree three. For example, (1.1) holds for stationary
bounded martingale difference sequences under the projective conditions

D IIEo(XR) = 0®[l < 00 and Y _sup [|Eo(XiX}) — B(X, X7l < oo, (L5)

k>0 k>0 jzk

For stationary sequences, one needs to straighten (1.5): we obtain (1.1) for sta-
tionary sequences of bounded r.v.’s under the projective conditions

Dk sup [|Eo(Xp X9 X)) = B(Xe X5 X)) < 00, with (a,f) € {0,1}*, (1.6)

k>0 Zizk

which can also be deduced from Theorem 1.1 in Pene (2005). It is worth noticing
that the Berry-Esseen type Theorem 9 in Jan (2001) requires IL°°- norms instead of
L'-norms in (1.6). The proofs of these results are based on the Lindeberg method
at order four. Therefore, in the unbounded case, the results hold for sequences of
random variables with finite fourth moments (cf. Theorems 3.1(a) and 3.2(a) for
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detailed conditions). For example, Theorem 3.1(a) applied to strongly mixing and
stationary sequences yields the rate of convergence O(n~/?) in the mean CLT if
there exists some p > 1 such that

> kP Do (k) < 0o and E(|Xo|") < oo, (1.7)

k>0

where a = 4. By contrast, the Berry-Esseen type theorem for functionals of
stationary discrete Markov chains due to Bolthausen (1980) holds under condition
(1.7) with @ = 3. In order to improve Theorems 3.1(a) and 3.2(a) in the case of
strongly mixing sequences we adapt the truncation method in Rio (1995) to our
context. We then get the rate O(n~'/2) in the mean CLT under the strong mixing
condition

a(k)
Z kb/o Qf’xm(u)du < 00, (1.8)

k>0

where @)|x,| denotes the quantile function of | Xy| and b = 1. This condition is im-
plied by (1.7) with a = 3, so that our result holds under Bolthausen’s (1980) con-
dition. Moreover, for stationary strongly mixing martingale difference sequences,
we prove that (1.1) holds for p = 1 under condition (1.8) with b = 0. In Section
5 we give two classical examples of non irreducible Markov chains to which our
results apply.

2 Projective criteria for stationary sequences

Throughout the paper, Y is a N/ (0, 1)-distributed random variable.

We shall use the following notations. Let (£2,.4,P) be a probability space, and
T : Q2 — € be a bijective bimeasurable transformation preserving the probability
P. An element A is said to be invariant if T(A) = A. We denote by Z the
o-algebra of all invariant sets. Let M, be a o-algebra of A satisfying M, C
T~1(M,) and define the nondecreasing filtration (M,);cz by M; = T4 (M,). Set
My = VieZ M;. Denote by F; the conditional expectation with respect to M;.

Let Xy be a Mg-measurable and centered random variable. Throughout the
sequel, the sequence X = (X;);cz is defined by X; = Xy o T*. From the definition
the sequence (X;);ez is adapted to the filtration (M, );ez

2.1 Martingale difference sequences

In this section we obtain rates of convergence of the order of n=*/2logn in the
mean CLT for stationary martingale difference sequences. In order to obtain these
rates of convergence, we will just need a projective condition on the variables X7,
as in Jan (2001). We first recall Jan’s results concerning the rates of convergence
for the uniform distance between the distribution functions.



Assume that (X;);cz is a stationary martingale difference sequence in L3 such
that E(X?) = 02 and
Z IEo(X] — 0?)]|3/2 < o0. (2.1)
1>0
Then, by Theorem 6 in Jan (2001), if Y is N/(0, 1)-distributed,
sup [P(n~128, <t) = P(cY < t)| = O(n~ 4. (2.2)

teR

Under projective conditions related to (2.1), the rate of convergence in the mean
central limit theorem is at least O(n~'/?logn) as shown in Theorem 2.1 below.

Theorem 2.1. Let (X;);cz be a stationary martingale difference sequence in L3,
such that E(X2|Z) = E(XZ) = o? almost surely. Let A = o *E|Xo|* and U,, =
Eo(X?+ -+ X2%) — mo?. Then

130 [v2n]

(a) di( n,U\/_Y)<T+€1Og (1+2n)+ Z | XoUnn ||1+ o||Un ||1

(b) If suI())(HXOUmHl + |Unll1) < 00, then dyi(Sn, oY v/n) = O(logn).
m>

Remark 2.1. From the ergodic theorem, (U,,/m) converges a.s. and in L' to
0 as n tends to co. Since Xy € L3, it follows that the sequence (XoU,,/m),, is
uniformly integrable. Hence, under the assumptions of Theorem 2.1,

Jim (XUl 4 [Ull2) = 0

Therefore Theorem 2.1(a) provides a rate of convergence in the mean CLT. For
example, if || XoEo(X? — o?)|l = O(7%) and ||Eo(X2 — %)y = O(I7?) for some §
in ]0, 1[, then the rate of convergence in the mean CLT is of the order of n=%/2. If
Jan’s condition (2.1) holds, then (b) yields the rate of convergence O(n~'/2logn)
in the mean CLT. For bounded random variables (b) holds as soon as the series
> im0 Eo(X? — o) converges in L.

Proof of Theorem 2.1. We prove Theorem 2.1 in the case ¢ = 1. The general
case follows by dividing the r.v.’s by o.

Let (Y;)ien be a sequence of independent random variables with normal dis-
tribution A(0,1). Suppose furthermore that the sequence (Y;);en is independent
of (X;)ien. Let Y be a N(0,1)-distributed random variable, independent of the
above defined sequences. Set T,, = Y; + Y5 + --- + Y,,. For any 1-Lipschitzian
function f, let A(f) = E(f(S,) — f(T},)). From (1.2), we have to bound A(f).
Clearly

A(f) = E(f(Sn) = f(Tn)) SE(f(Sp +Y) = f(Tn +Y)) 4+ 2E[Y]. (2.3)

In order to bound up the term on right hand, we apply the Lindeberg method.
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Notation 2.1. Set fy(z) = E(f(z +Y + 1T, — T})). Let Sp = 0, and, for k& > 0,
let Ay = fi(Sk—1+ Xk) — fu(Sp—1 + Ya).

Since the sequence (Y;);en is independent of the sequence (X;);en,
E(f(Su+Y) = f(Tu+Y)) = Y E(A)). (2.4)
k=1

Next the functions f are C*°. Consequently, from the Taylor integral formula at
orders three and four,

1 1
At = Sl Se-)(Xe = Vi) + 5 () (F = V) = G 7 (Sic)Y + Ry,
with ] ]
R < A ol Xl + S 1A 5 (2.5)

Consequently, for any 1-Lipschitzian function f,
n n 1
A(f) < 2E|Y |+ 3 E(R) + D E(fUSe-1)Xe + 5 (S-)(XE = 1)), (26)
k=1 k=1

The terms E(f}.(Sk—1)Xx) vanish under the martingale assumption. To bound up
the other terms appearing in (2.6), we need to bound up the derivatives of f.
This will be done via the lemma below.

Lemma 2.1. Let f be a 1-Lipschitzian function, Y be a standard normal and B
be a real-valued random variable, independent of Y. Then

d o
g Ef(x+tY + B)| <t V||, for anyt >0
x'L

and any positive integer i, where ¢ denotes the density of Y.

Proof of Lemma 2.1. Let ¢, be the density of tY. Then
Ef(v +1Y + B) = E(f  du(a + B)).

Since f is 1-Lipschitzian, the Stieltjes measure df of f is absolutely continuous
with respect to the Lebesgue measure A and f’ = df /d\ belongs to [—1,1]. Next

(f % )@ = f % ¢V and consequently

d' i
il # 0w+ B)| < [f o6t

Since ¢\ V(z) = =g~V (x/t), it implies Lemma 2.1. O



Noting that

2 4 8 2 32 8
o =2 < 2o =S <n pon= 2o /2 S e

and applying Lemma 2.1 with ¢ = v/n — k + 1, we infer from (2.5) that
E(Ry) < (A/6)(n—k+ 1)1+ (1/5)(n — k+1)%2. (2.8)
Summing on k, we infer from 2.8 that
zn:E(Rk) + 2E|Y| < p(n) with p(n) = % + %log(l +2n). (2.9)
k=1
The control of the main term in (2.6) is derived from the lemma below.

Lemma 2.2. Let Zy be an integrable random variable with zero mean. Set Z) =
ZyoT* and let W,,, = >"1" | Eo(Z;). Then, for s =2 or s =3,

[V2n]
ZIE (S Ze) < sz ([ XoWinll1 4 2[|Winll1)-

Proof of Lemma 2.2. We first divide [1,n] into blocks of nonincreasing length.

Notation 2.2. Define the decreasing sequence of integers (n;);>o by no = n and
n; = max(0,n,_1 — i) for ¢« > 0. Let p be the first integer such that n, = 0. Set
m; =1 for i < p and m, = n,_1.

Next fix i in [1, p]. Let then k be any integer in |n;, n;—;]. Writing

k—1
FO(Sk) = £00Sn) + > (£S5 = £7(S5-0), (2.10)
J:nz+1
we get that
MG;—1 Nni—1— 1
3 E(fk (Sh_1 Zk) D+ Y Dy, (2.11)
k=n;+1 Jj=n;+1
where
ni—1
D = E(f0(8) Y Enxzk))
k=n;+1
Ni—1
Di; = E((fﬁl(s) : ) > E( Zk)
k=j+1

By definition of the sequence (Zy), for any integer j and any positive m,

Ej(Zjp+ Ziya + -+ Zjym) = Wi o T7.

7



Hence, from Lemma 2.1 applied with ¢t = (n — n;)'/2 and B = 0, for any i < p,
D; < (n —ny) 2w, (2.12)

Moreover D, = 0 from the centering assumption on the random variables Z;. Next
we bound up D, ;. From the elementary equality

FELS5) = £2(S5m1) = B (f50(Sjmr + X)) — fA(Sjm + Y5))

we get that
s s+1 N\—g
F0S) = F20S-0) < ISV I Bl X, = V5] < (n— 5)7*2(1X5] + 1),

whence
Diy < (n = )" PE((|Xol + 1)[Wa,_, 1) (2.13)
Now, by definition, n —n; = i(i + 1)/2 for i < p. Hence, from (2.12),
p—1 p—1
> Di<2> i Wiy, where — 1+ v2n <p <14 V2n, (2.14)
i=1 i=1

Next, from (2.13)
Dyj < (n =) P(IXoWai_y—ill + Wy —jl0).

Fix n;_y —j=m. Then m; >m > 0 and 2(n — j) =i(i — 1) +2m > (i — 1/2)%
Hence, from the above inequality (recall that m; =i for ¢ < p)

p ni—1—1
> Du<Z KWl 4 [Wall) 3 22— 12
i=1 j=n;+1 1=m-+1

Now, from the convexity of = on ]0, 400,

Z (1—1/2)7° < / x%ds < 1m1’S
S j—

i=m+1 m

whence
p Ni—1— 1

> > Di< Z2m (I XoWanlly + Wi llh)- (2.15)

i=1 j=n;+1
From (2.11), (2.14) and (2.15), we get Lemma 2.2. [J

Theorem 2.1(a) follows from both (2.6), (2.9) and lemma 2.2 applied to Z, =
X2 — 1. Theorem 2.1(b) is a consequence of (a). O

2.2 Projective criteria

In this subsection we give estimates of the rates of convergence in the mean
CLT for stationary sequences satisfying projective L!-criteria in the style of Gordin
(1973). Our main result is Theorem 2.2 below
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Theorem 2.2. Let (X;)iez be a stationary sequence of centered random wvari-
ables in IL? such that B(XoX|Z) = E(XoXk) a.s. for any integer k. Sup-
pose furthermore that the sequence XoFEo(S,) converges in L!. Then the series
E(XZ) + 2> 77 E(XoX}) is convergent to some nonnegative real o*. Let

Zy = X2 — 0?4+ 21im XoEo(S,), Z1 = ZooT" and Wy, = Eo(Zy + Zo+ -+ Zom).

Suppose that 0? > 0. Let A = 0 °E|Xy|>. Then

(v2n]

130 A | XoWh, ”l +20||W I /
(Sn,o\/_Y)<?+glog (14 2n) + Z + D,
where D' = | ZXOEO (x))||, + Z — |(1 4+ 0 2X2) Eo (S| -

0\/_

Remark 2.2. From Theorem 1 in Dedecker and Rio (2000), we know that the
convergence in L' of X(Fy(S,) is a sufficient condition for n='/2S,, to converges
in distribution to a mixture of Gaussian random variables. From Dedecker and
Merlevede (2002) we know that it also implies that n='/2Ey(S,) converges to 0
in L. Consequently, if X3Fy(S,) converges in L' as n — oo, then D' = o(y/n).
Moreover, from the L'-ergodic theorem, (W,,/m) and (X,W,,/m) converge to 0
in L' under the above additional condition. In that case, Theorem 2.2 gives a rate
of convergence in the mean CLT.

Proof of Theorem 2.2 Dividing the random variables by o, we may assume
that 0 = 1. From (2.6) and and (2.9), for any 1-Lipschitzian function f,

A < SE(FUS )Xo+ S D(E 1) +pln),  (216)

where T,, and (f;) are defined exactly as in Subsection 2.1. In order to bound up
the terms of first order, we write f}(Sk—1) = f5(0) + Z ( 1 (85) = fi(Sj-1))
Next

[ia(S5) = [;(S50) = (fi(S5) = fi(Sj—1)) — Ej(f;1(S; +Y) — f111(S55))
= f],-/(Sj_l)Xj—l—R;, (217)

where R;- is some Fj-measurable random variable such that
|R)| < (2n —25) (X +1). (2.18)

Set U, = E;(S, —S;). From (2.17) and (2.18)

n—1

ZE Fe(Se-)Xe) <> (B(f7(Sj—0) X5Usn) + (20— 25) 7M1+ X7)Usnllr) -

k=1 7=1



Next

E(f7(8j-0)XUjn) < E(] (8- XUje0) + (0 =+ 1772 30 XGE; (X))

I>n

with the convention X;U; «, = lim,, X;U;, in L'. From the stationarity, (2.16) and
the above inequalities we get that

A(f) ZE £7(S;1)Z;) + D}, + Db, (2.19)

where

n

n , 1
= m V2> XoEo(X))[l and Dj =) %H(l + X3) Eo(Sm) 1

m=1 I>m m=1

Theorem 2.2 follows then from (2.19) and Lemma 2.2 applied with s = 2. [
2.3 Applications to bounded random variables

Throughout this subsection we assume that X, belongs to L°°, and that Ey(.S,,)
converges in L. Then the series XoFEy(S,) converges in L' and consequently
Theorem 2.2 applies. Set

JO = lim E(](Sn) and Jm = JO o™, (220)

n—oo

We first provide a rate which involves the quantities || Ey(m~152) —o?||; appearing
in the conditional CLT of Dedecker and Merlevede (2002).

Theorem 2.3. Let (X;)icz be a stationary sequence of centered and bounded ran-
dom variables such that E(XoXi|Z) = E(XoXk) a.s. for any integer k. Sup-
pose furthermore that the sequence FEy(S,) converges in L' to Jy. Then the series
E(X3)+2> - 1 E(XoXy) is convergent to some nonnegative real o* and n~! Var S,,
converges to o*. Suppose that o* > 0 and let L = 0| Xo||oo-

(0) 175 = S | Eo()s < o0, then
[V2n]
1+ L
(S oY) < Clog(1-+20) + 37 (S IB(S7) = ol

for some constant C' depending only on || Xo||e, 0 and S .
(b) If | Eo(Jn)|ls < Msn™ for some § €]0, 1[and some constant Mj, then

[v2n] 141
dy(Sn, oy/mY) < Con=9/2 4 Z( =) I1Eo(2) = mo?|s

for some constant Cs depending on §, Ms, || Xo||e and o.
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Remark 2.3. The assumptions made in this section ensure that
lim |[Ey(m~'S%) — o?||; =0,
n—oo

which is the condition appearing in the conditional CLT of Dedecker and Mer-
levede (2002). Consequently Theorem 2.3 provides rates of convergence in the
mean CLT. For example, if (a) holds and sup,,- || Eo(S2,) — mo?||; < oo, then
di(Sn,0/nY) = O(logn). If (b) holds and ||Ey(S%) — ma?||y = O(m'™%) as
m — 00, then d(S,, o/nY) = O(n1=9/2),

Proof of Theorem 2.3. We first bound up D’. Let M = sup,,,~ || Eo(Sm)|l1. We
have that

D' <L Z m /2 (1 + L*)M log(1 + 2n).

ZEO (X))

Since -, Eo(Xi) = EO(ZlZm Em_l(Xl)> Eo(Jm-1), we infer that

. 1

Z m + 1)V Ey( m)||1—|—§(1—|—L2)M10g(1—|—2n). (2.21)
Next we bound up the r.v.’s W,, + mo? — FEy(S2) in L'. By definition of W,,,

W —I—ma —EU(S2 +QZEO<XZZEI Xk)

k>m

Therefore
W +mo?® — Eo(Sh)[l1 < Z [ XiE () < I\XoHooZ | Eo(Jm—1)|1-

Hence

[V2n]
> (mo®) (X Wl + o[ Winlh) <

m=1 . -
Z (%) <||EO(S2 ) — mao?||; + Z ||E0(Jl)||1>. (2.22)
=0

Theorem 2.3 follows then easily from both Theorem 2.2, (2.21) and (2.22). O

we now give an application of Theorem 2.3 to sequences satisfying projective
criteria in the style of Gordin (1969, 1973). The proof, being elementary, is omit-
ted.
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Corollary 2.1. Let (X;);ez be a stationary sequence of centered and bounded ran-
dom wvariables.

(@) 1 33 B n(XoX0) ~ EQX X)) < 00 and Y ml| Eo(X,0) < oo,

m=0 [=0 m>0
then the series of covariances converges to o* and dy(S,,o/nY’) = O(logn)
as n tends to oo, provided that o # 0.

(b) If, for some & €]0,1[, sup ||E_.(XoX)) —E(XoX)))|1 = O(m’1’5) and

l€[0,m]
| Eo(X )|l = O(m™179), then the series of covariances converges to o and
dy(Sp,o/nY) = O(n1=9/2) as n tends to oo provided that o # 0.

Remark 2.4. For example, if the strong mixing coefficients as (k) of the sequence
(Xi)iez (see (3.1) for the definition) satisfy ap(k) = O(k~17%) then Corollary 2.1(b)
applies and provides the rate of convergence O(n_‘s/ %) in the mean CLT.

3 Optimal rates for stationary sequences

Throughout Section 3, the filtration (M;);cz and the stationary sequence (X;);ez
are defined exactly as in Section 2.

3.1 Stationary sequences

For stationary sequences, we will give two different conditions under which the
rate of convergence O(n~'/2) holds in the mean CLT. We consider two types of
dependence coefficients.

Definition 3.1. For any integers 0 < ¢ < j and p > 0, let I'; ;,, be the set of
multiintegers (ky,...,k;j) such that 0 < ky <--- < k;and ki+p < kipg <--- < kj.
Set

0ij(p) = sup || X o Xy By (X - Xy — E( Xy, - Xoy))1

i1 i+1

Definition 3.2. For any random variable (&, -- , &) with value in R¥, and any
o-algebra M, define the function g, ;(¢t) = Li<, — P(§; < ). Set

#1560 =[50

For a sequence & = (&;)iez, where & = & o T" and & is a My-measurable and
real-valued r.v., let

a(M, (&, &) = sup)

(21,2

ape(n) = max  sup (Mo, (&, ..., &)

I<ISE 4> >i1>n

12



Remark 3.1. Let B;(R¥) be the set of functions f from R* to R such that | f(z)—
f(y)] < 1for any z,y in R¥. Recall that the strong mixing coefficient of Rosenblatt
(1956) may be defined as

a(M7U(£17"'7£k)) = sup |’E(f(£177£k)’M) _E(f(£177£k))||1

1
2 ey (rH)

For the sequence &, we define the strong mixing coefficients

ag(n) = sup «a(Mo,0(&,,...,&,)) and «(n) =supag(n). (3.1)

1> 21>n k>0

By induction on k, it is easy to prove that g : (t1,...,tx) — IF_ g, :(t;) belongs
to B (RF). Tt follows that

a(M, (&, ,6)) S 2a(M,0(&, ..., &) and  age(n) < 2ai(n).

We emphasize that there exists sequences which are not strongly mixing in the
sense of Rosenblatt, for which oy ¢(n) tends to 0 as n tends to infinity (see Dedecker
and Prieur (2005, Section 4) and the example of Section 5.1).

Definition 3.3. For any real-valued random variable X, let () x be the generalized
inverse of the tail function z — P(X > x).

Theorem 3.1. Let (X;);ez be a stationary sequence of centered random variables.
Consider the two conditions

(a) E(Xg) < oo and Zp&iu-(p) <oo forany 0<i<j<(3+41i)A4.
p=1
(b) Assume that Xo = (f1 — f2)(&) for some real-valued random variable &

and two nondecreasing functions fi, fa, such that fi(&), fo(&) belong to L3,
Letting Q = max(Q|7,(e)), Qlf2(80)1), the following condition holds

0 as ¢(p)
Zp/o g Q*(u)du < 0o (3.2)
p=1

If either (a) or (b) holds, then the series 0? = E(X3) +2> oo E(XoXk) converges
absolutely. Moreover, if o > 0, then di(S,, /noY) < C for some constant C.

Remark 3.2. For bounded random variables, Theorem 3.1(a) is a consequence
of Theorem 1.1 in Péne (2005). Note that Péne’s result is given for R-valued
bounded random variables.

Remark 3.3. For the strong mixing coefficients defined in (3.1), we infer from
Theorem 3.1(b) that, if Xy = f(&) belongs to L? and if (1.8) holds with az(k)
instead of a(k) and b = 1, then the conclusion of Theorem 3.1 holds.

13



3.2 Martingale difference sequences.

In this subsection we give conditions for stationary martingale difference se-
quences ensuring the optimal rate O(n~'/2) in the mean CLT.

Theorem 3.2. Let (X;)iez be a stationary martingale difference sequence in 13,
with variance o®. Consider the two conditions

(a) Xo belongs to L4,

> (106G VDB = )+ S IX Kol BalX2) = )l ) < oo,

k>0

k
1
and Y= Y (X0l V D(Ea(X:XF) — E(XXD) 1 <00 (3.3)
k>0 i=[k/2]

(b) Xo and Q are defined as in Theorem 3.1(b), and

o

3,¢(p)
Z/o Q*(u)du < 00 . (3.4)

p=1

If either (a) or (b) holds, then dy(S,,/noY) < C for some positive constant C'.

Remark 3.4. Note that the first condition in (3.3) implies that E(X2|Z) = o2
almost surely. Assume that E(|X|?) < oo for some p > 4. Applying Holder’s
inequality, we see that (3.3) holds as soon as

S IE(XE) — ol e, <00 and 3 sup [Eo(XeX?) — E(GXD) 2, < oo
k>0 k>0 1=k

4 Proofs of Theorems 3.1 and 3.2

4.1 A first decomposition

The following Proposition is the main step to prove Theorems 3.2 and 3.1. It
is stated in the nonstationary case.

Proposition 4.1. Let (X;);>1 be a sequence of centered random variables, each
having a finite third moment, adapted to the filtration (M;);. Let Z be a centered
random variable with finite fourth moment independent of My, and let E(Z?) =
/62, E(ZS) = 63, ]E(Z4) = 64. Let SO =0 and Sn = X1 + -+ Xn Let X7;71
and X; o be two M;-measurable random variables such that X; = X; 1 + X, . For
any four times continuously differentiable function f and any integer | such that
1<1<k-1,

9
E(f(Si—1 + Xi) = f(Sic1 + 2) <> GA,
=1

14



where G, = G(f) are defined by &i = |Flloes G2 = Gs = 1f"loes G5 = 6o = V]l
and (4 = (5= (o = (G = ||f(4)||oo, and the numbers A; = A;(k,l) are defined by

1
A1 = || Egmi—1 (X))t A2=§)

!
Bo — Ey_i—1 (Xk,le +2 Z Xk—j,1Xk> H17
=1

I
1
Az = 6”53 — Eg11 (Xleg,l + BZ(X’f—jvl(X’f’lX’f —F) + Xﬁ*ﬂ?le)
=1

I j—1
(N )|,
Jj=1p=1
1 1
Ay = S (B(XeXiial) + B, A5=EZ||X,§,].,1E,€_J.(X,C)||17

J=1

! CA
As = iz HXszjJ(ﬁz — By (Xkavl +2 ZXk*pJXk)) Hl’

p=1
7j—1
e = -Zka o B (X2 X3 3 X%
j=1 Pt
j-1 L
+3ZXk—p,1(Xk,1Xk_ﬁ2 +622X’“ RIS quk)>H1’
=1 p=1 g=1
l
1
As = 51X Xalh + 23 1Ko By (X0l ).
]:
1o -
4y = §ZHX’“ 2( s Ek_j(Xka+2;Xk—pa1Xk)>H1'

Proof of Proposition 4.1. We start from the equality

F(Stor + Xi) — F(Ser) = X / (F(Skcr + tX51) — f(Ser)) e
+ Xif' (Se-1) + r1(k),

with 27 (k) < (3| Xk Xk 2| Consequently

X3 X1 o
k2 k,1 f/ (Sk,l)
X, X2
% F"(Seer) + Ru(k) + (k)

F(Sk—1 + Xi) = f(Sk—1) + f'(Sk—1) Xa

15



with 24| Ry (k)| < G| X3 X}, |. Hence

E(f(Skor + X2) = F(Sicr + 2) = B(F(Se-)Xi) + 5B (Sk1) (X Xia — )

E(f" (Sk—1)(Xp X3, — B3)) + Ra(k) + E(ry(k)),

L1
6

with Re(k) < (4A4. Consider first the third order terms. Clearly

S (XXE ) = £ 1"(Sk 1) (XeXE — o)

+ i(/l M(Skjo1 + X5 ])dt>Xk J(XeXP = Bs) . (4.1)

=1

=
<.

Let g1(Sk—j, Xk—j1) = f"(Sk—;) — f"(Sk—j—1 + Xk—j1). For the second order

terms, we have first

!
%f”(sk—l)(Xka,l — Ba) = %(Xka,l — B2) (f”(Sk—l—l) + Zl 91(Sk—j, Xi—j1)
=

l

l 1
n Z F(Sk—i—1) Xp_j1 + Z (/ (1 =) fD(Sp_j1 + th—j,l)dt)Xlg—jJ) ;
0

J=1 Jj=1

and next

!
%f//(sk—l)<Xka,l — o) = %(Xka — [2) (f//(sk—l—l) + Zl G1(Sk—j, Xi—j1)
1

+me(5k I 1)Xk 314_2 Z / f Sk —p— 1‘0‘th p)dt>Xk pXk —75,1

J=1 Jj=1 p=j+1
+Z (/ (1—1t)f (Sk_j_l+th_j,1)dt)X,§,j71). (4.2)

Let go(Sk—j, Xk—j1) = f'(Sk—j) — f'(Sk—j—1 +Xk—j1). For the first order terms,
we have first

!
' (Sk—1)Xk = f'(Sk—1-1) Xk + Z Xi192(Sk—j, Xk—j1)

j=1

+2Xk1 F(Sk—j1 + Xp—ja) — f/(Sk—j-1)),

16



!
so that f'(Sk—1)Xe = f'(Sk—im1) Xk + ZXkQZ(Sk—jan—jyl)

j=1
!
+ Zf” (Sk—jo1) Xp—j1 Xi + = Zf”/ (Sk—j—1) X4 1 Xk
J=1
! 1
- Z(/ (1 — ) f D (Shejo1 + X0 j1) Xi_ i 1 X
j=1 70

l

I
Next f'(Sk-1) Xk = Xi (f,(sk—l—l) + ZQQ(Sk—j; Xy—j1) + Z T (Sk—1-1)Xk—ja

j=1 j=1
!
1
+ §me (Sh—j—1) Xi- 31‘1‘2 Z T (Sk—p-1) Xb—p1 Xb—j1
J=1 j=1p=j+1
o
+ Z Z Xi—j191(Sk—ps Xp—p1)
J=1p=j+1
o
+ Yy ( / (1—1)f (Sk_,,_l+th_p,1)dt)X,3,p71Xk_j,1
J=1p=j+1
! 1
+ 0y (/ H1 — 1) fD(Sh_js +th_j,1)dt>X,§_j,1)
j=1 70

l l
Pk X = X ((Skm) + D0 92(Sks Xnin) + D f"(Se1) X
j=1 i=1

I
1
+ §Zf”/ k1) Xj ]1+Z Z F"(Sk-1-1) Xk—p,1 Xi—jn

J=1 J=1 p=j+1
+ Z Z Xi—5191(Sk—ps Xi—p1)
Jj=1 p=j+1
+ = Z Z / f (Sk—p-1 + tXp— p)dt>Xk pXk —J;1
Jj= 1p J+1

+ZZ Z /f (Sk—g—1 + X q)dt>Xk e Xk—p1Xk—j1

Jj= 1p—J+1q p+1

+ZZ / (1—1)f Skpl—l—thpl)dt)kale]l

Jj=1p=j+1

+ Z (/ t(1 =) fD(Sp_;_1 + th—j,l)dt>Xl§—j,l> : (4.3)

17



Let us look carefully at the decompositions (4.1), (4.2) and (4.3). In front of
f'(Sk—i—1) there is Xj, which leads to the term (3 A; by taking the conditional
expectation with respect to My_;_1. In front of f”(Sk_;_1)/2 there is X X;1 —
Ba + 22321 Xi—j1 Xk, which leads to the term (3A; by taking the conditional
expectation with respect to My_;_1. In front of f”(Sx_;_1)/6 there is

p—1
XkX;il 3+3Z<Xk i1 (XpXp1 — Bo) + X7 lek>+6ZZXk 1 Xk—j 1 Xk,

p=1 j=1

which leads to the term (3A3 by taking the conditional expectation with respect
to Mj_;—1. Taking the conditional expectation with respect to Mj_; and the
supremum of || in the last term of (4.3), we obtain (4A5. Gathering the last
term in (4.2) and the last but one in (4.3), we obtain

l

1 Jj—1
(1= ) f D (Spjor + t Xk j1)dt ) X7, E(Xk,le —B)+ Y X p1Xi),
0 2

7j=1 p=1

which leads to the term (4Ag. Gathering the remainder terms in (4.1), (4.2) and
(4.3) (except the terms involving the functions ¢, g2), we obtain

! 1
1 1
> (/0 FO (S + thfj)dt)X’“’j (6<X’“X’il — ) +3 ZXk X
j=1 -
p—1

1] Jj—1
§ZXk o1 (X1 X — o) +Z Xi—p1 Xp— quk>
=1 p=1

q=1

which leads to the term (4A7;. The term (3Ag is obtained by gathering || (k)||1
and the terms involving the function go, and by noting that |ga(Sk—j, Xk—j1)| <
(2| Xk—j2|- The term (3Ay is obtained by gathering the terms involving the function
g1, and by noting that |g; (Sk—;, Xk—j1)| < G| Xk—j2|-

4.2 Upper bounds for the A;’s

Let X;; and X;» be two M;-mesurable random variables such that X; =
Xi,l + Xi72' Define b(l) by

l [
b(l) = B(X3,X0) +3) E(Xo1Xia Xi + X3, X:) +6 ) > E(Xo1X;1X;). (4.4)

i=1 i=1 j=1

Assume that the series

=E(X3) +2) E(XoX)) and of =E(Xo1X0) +2) E(Xo1Xp)
k=1 k=1

18



converge absolutely. Let A; be the terms of Proposition 4.1 with 3, = o2, and
B3 = b(l), and let A;; be the terms of Proposition 4.1 with 8, = 0%, and (3 = b(1).
We now give upper bounds for Ay 1, Az 1, Ag1, A71 and Ag ;. First,

Az

2A6,1

<

IN

+

!
1
I B (X1 X = E(Xp 1 X)) |1 + > X B (X h
J=[1/2+1
00 [1/2]

> EXoa X))+ N Ereion (X ja Xi = B(Ximju X)) 1
j=l/2+1 =1

l
1
>~ (51X By (Xna X = B X))
j=1

J [e%¢)

> X X Bay (X0l + E(XE) D [E(XouX,)|
p=[j/2]+1 p=[j/2]+1

/2]

DI 1B (Xipa X = EXpu X)) 1 ).

p=1

I
1
Z (§||Xk—j,2Ek—j(Xk,1Xk — E(Xk1 X))

j=1
j o
> I XejeXkop1 Brop (X1 + 1 Xo2llh D [E(Xo1X,)|
p=[j/2]+1 p=[7/2]+1
[5/2]
D X2 Br (Xppn X — E(Xk:—p,le))Hl) :
p=1

Next, we have that A3, < C) + Cy + C3, where

C =

1
6

l
(1B (X2 X — B X)) +3 > X2 By (X
J=[l/2]+1
[1/2]

33 B (X751 X — B(X7 5, X0)|h

J=1
!

3 Z [ Xk—j1 Bk (X1 Xp — E(Xi 1 Xk)) |1

j=[l/2+1
(/2]

32 | Ermim1 (Xp—j 1 X1 Xi — E(Xk—j,le,1Xk))Hl) ;

J=1
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Cs

Cs

+

[t/2] j—-1
Z Z | B2 (X1 X p 1 X — B(Xp 1 Xip 1 Xi)) 2
=1

=1 p=1
! [5/2]
> D Xk 1B i (Xpa Xx — E(Xp 1 Xi)

j*[l/2]+1 p=1

Z Z |Xk,j,1Xk7p,1Ekfp(Xk>H1 )

Jj= [1/2]+1p J/2]+1

l

1
Z Z’E(X071Xp,1Xj)|+§ > E(XG.X;)]

j=[l/2]+1 p=1 j=[/2]+1

1 (/2]

S B (sl (o Xo)l + 23 [B(X01 X))

Jj=1 p=1

l
1
+ §‘%+1| (Xoa1X;1X;5)| + Z Z | Xoa 1 E(X01X,)] -
j

J=[1/2]+1 p=[j/2]+1

In the same way, A7 < Dy + Dy + D3, where

Dy

l
1
& > (I By (X2, X0 — E(XE, X))

Jj=1

J
3 ) Xk XP Brp(Xi)
p=[5/2]+1
[5/2]
3 Xk Erj (X7, Xi — B(X7, 1 X0)) s
=1
D i
3> Xk Xkp1 Brp( X X — E(Xk1 X5) |1
p=[5/2]+1
[5/2]
3 X By (Xip X X — E(Xp 1 Xt X))l )

p=1

l 7j—1 p—1
SE Y Y I i Xepa X B o(X0ll

J=1 p=[j/2]+1q=[p/2]+1
[3/2] p—1
SO Xk B i (X pa Xio g1 Xi — B(Xp 1 Xi— g1 X0))
p=1 g=1
i-1  [p/2]
> D Xk Xk By (X X = (X1 X)) 1)

p=[i/2+1 a=1
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l l —1
D; = Z > ZHXOH (X0 Xq1Xp)|
=1 —[/ =1
/2]
- ZnXk 3 Bri (X ) 1 (JE(X0Xo,1) 2 [E(KonX, )
=1 p=1

l l

) IXWEGG X))+ Y 1 Xolh E(Xo1X,X,)]
p=lj/2+1 r=[j/2]+1

l 00
23 > [ Xolkl Ko b E(Xo1 X))

p=[i/2+1 q=[p/2)+1
4.3 Control of the A;’s for stationary sequences

In this section, we give upper bounds for (A4;);1<i<s in terms of the coefficients
6, and in terms of a¢ in the case where Xy = (fi — f2)(&), the functions fi, fo
being nondecreasing. For ag, let

Xi1 = Xi(a) = (ga °f1—ga© fz)(fi) —E((gao fi —ga0 f2)(fi)),

where g,(x) = (zAa)V(—a) for any a > 0. For 0, let X;; = X;(0c0) = X;, in which
case A;1 = A; and Ag(f, k,l) = 0. Denote by b(l,a) the quantity b(l) defined in
(4.4) with X;; = X;(a). Note that b(l, 00) converges to a limit b(co,00) as soon
as both Y k6 3(k) and ) kbt 3(k) are finite. In the same way, since g, o fi and
ga© fo are nondecreasing, we can use Corollary 6.1 given in the appendix: it follows
easily that b(l, a) converges to a limit b(oco, a) as soon as (3.2) holds.

Notation 4.1. In the following, the notation a< b means that a < Cb for some
numerical constant C'.

To control the A;’s with the help of the coefficients ag, the main tool is the
second inequality given in Corollary 6.1 of the appendix. Let X ,g“) = Xjo =
Xy — Xi(a). Then 02 — 02 = B(XoX\) + 232  E(X\” X}). Note that

X = (hao fi = ha o f2)(&) = E((ha o fi — ha© 2)(&0))

where h,(x) =  — g,(x). The functions h, o f; and h, o fy are nondecreasing and

mMax(Q|goof (%)) @lgacfo(¥0)ls @lhaofs (V)]s Qlhaofo(¥o)) < Q-

Hence Corollary 6.1 applies and yields |0? — o}|< M(Q, a) where

o aq ¢ (i) )
=Y [ @tonan,
i=0 70
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A being the Lebesgue measure. Taking into account this upper bound, we get that

|Ay — Asq| < M(Q,a)

|As — As1| < ][ Xo(a)[i1M(Q, a),

[As — Asal < 1| Xo(a)[[5M(Q, a),

A7 = Aza| < P Xoll3M(Q, a),

|Ag — Aga| < ZHX(()G)HIM(Q a). (4.5)

We now give some upper bounds for the A;’s. Clearly
are(l)
A1 S 90}1([ + 1) and A1<< / Q dM. (46)
0

In the same way, since max(Q|g,of, (vo)|» Qlgacfa(v0)]) < (@ A a),

! ! at,e(J)
A5<< Z 9374(]') and A5<< Z / Q(Q AN a)g dA. (47)
j=1 j=1"0

Let A = sign{Ey_;—1(Xx(a) X — E(Xg(a)Xx)}. Recall that o(&y,. .., &) is defined
in Proposition 6.1. Since (A4, &, &) < a(A, &) < ae(l + 1), we infer from
Corollary 6.1 that

ay ¢ (141)
[ Er1-1 (X (a) Xi —E(Xi(a) Xi)) [l = [E((A—E(A)) Xi(a) Xi)| < /O Q*dA.

Using this inequality to control A, ;, we obtain the bounds

A2 < 902 l"— Z 902 Z 61,2(.7)7 (48)
=[1/2] =li/2]
aq ¢ (I+1) az¢(J)
Ayy < / Q% d\ + Z / Q2 d). (4.9)
0 i=0/2)

In the same way,

As < 23924 +2p934 ) +E(X5) > pbi2(p), (4.10)

p=1

o, ! az,¢(p)
Ay < Z/ Ya@raras s [ a@nara
- o 0
+ Zp/on5 Q(Q Aa)dA. (4.11)
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The term Ag; can be handled similarly:

Agr < CLZ/

a¢(p)
+ 11X Zp/ Q(Q Aa)dA. (4.12)
p=1 0

aq g(]

) ! az¢(p) )
Q*IgsadX+ad p Q* s dX
p=1 0

In the previous section, we have defined constants Cy, Cy, C5 such that As; <
Ci 4+ Cy + Cs. If Xg1 = Xi(a) we shall use the notation C; = Cj(a), and if
Xi1 = Xi(00) = Xj, the notation C; = C;(00). Thus Az; < Ci(a)+ Ca(a)+Cs(a)
and Az < C(o0) + Cy(00) + C3(00). To control C;(a), we use Corollary 6.1 and
the fact that, for any My-measurable r.v. B,

a(B, &, &k, &) < are(k) and a(B, &, &, &) < age(min(k,1)).

Therefrom

+1
01(00) < Z 923 —|—2 Z 903 Z (913 (413)
=[t/2] i=l/2] i=l1/2]
oy ¢ (l+1) az,¢(7)
Ci(a) < / Q(Q Aa) dA+Z/ Q(Q Na)? (4.14)
0 /2
l l
CQ(OO) < l( Z 0073(j)+ Z 613 Z 023 > (415)
i=l1/2] j=lt/4] =[t/4]
! aze(5)
Cola) < 1 Z / Q(Q Na)*dX. (4.16)
j=l1/4]
Finally
00)<! Z (015(7) + 025()) + D (B15(5) + 023(4))
[1/41 i=11/2]
+( Z 01(7)) (ECXB) +2 3" [B(GX,)[) + UKol Y- 612(5) (417)
=[i/2] p=1 J=l/4)
az¢(4) a1 ¢(5)
and Cs(a) < ZZ/ Q(Q Aa) dA+Z/ Q(Q Aa)?
1/4 =[1/2]
a1 g(]
Z / Qd)\ \]E(XOXO \+2Z|E Xo(a )
=[1/2]
+ 1| Xo(a)|x Z / QQANa)d (4.18)

i=[t/4
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In the previous section, we have defined the constants Dy, Ds, D3 such that A7; <
Dy + Dy + Ds. If Xi1 = Xi(a) we shall use the notation D; = D;(a), and if
X1 = Xi(00) = Xj, the notation D; = D;(00). Thus A3y < D;(a)+Dsy(a)+Ds(a)
and As < D;(00) 4+ Dy(00) + D3(00). Furthermore

Dy(o0) < 291,4(j)+2 J(034(5) + 01,4(5) + O24(J ))) (4.19)
! ay () a25(])
Di(a) < Z/O Q*(Q A a) d)\+z / Q*(Q A a)? dX ,(4.20)
Dy(o0) < Z(lA?j)291,4(J)+Z(l/\2J) (02,4(7) + 034(5)), (4.21)
aze(4)
Dy(a) < Z(lAQj)2/0 Q*(Q Na)*d\. (4.22)
Finally

Ds(00)< [ Xolln Zl/\2] )?(01,5(5) + 02:3(3)) + || Xoll3 Zl/\QJ )%012(j)

+ (Zl:j%,z(j)) (B(x3) +2 f} E(X0X,)|) (423)
and
Dy(a) < ||X0||1<i(m2j)2/0a2£ Q(Q A a) d)\+z /alg QQ N a)?dh)
(35 [ ) (Benxie) 23 (e
Xl Ko@)l 0 A2 / a“”@(@m) . (4.24)

It remains to bound up As. Clearly

l ay,¢(7)
Az ) / Q*Mgnq d. (4.25)
j=0 "0

4.4 Control of the A;’s for martingales

For stationary martingale difference sequences, the control of the eight terms
A; is much easier, since the terms A;, A5, Cs, Dy are equal to 0. If moreover
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Xi1 = Xi(00) = Xi, then Ag and Ay are equal to 0. We start from the control of
the previous section. For each term A;, we shall first give an upper bound when
Xi1 = Xg(00) = X in terms of sums of conditional expectations, and next an
upper bound involving the mixing coefficients . Clearly,

1 alyg(l—f—l)
A2 S §||E0(X12) — 0'2”1 and A2’1<< / Q2 dM .
0

In the same way

Ong
X:HX2 Eo(X?) — o)1, A61<<Z/ QQ Aa)?

g g(]

and A91<<a2/ Q*Ugsa dX.

Starting from the control Az < C1+C54C}5, and noting that Cy = 0 for martingale
difference sequences, we infer that

l
A3 < |Eo(XP) —EXD) i+ > IXo(Eo(X7) = o)l
J=l[1/2]

> IIE(XGXE) — E(XGXD)h

J=[/2]
Oclyg(l-i-l) 0625
Ay < / Q(Q Aa)?d\ + Z/ Q(Q A a)?dA
0 =[1/2]
0415
b BN Y / "Qan.

3=[i/2]
Starting from the control A; < D;(00)+Ds(00)+D3(o0), and noting that Day(c0) =

0 for martingale difference sequences, we infer that

A < 30 (IX(Bo(X) = B+ 1Kol | Xa(Bo(X]) = o)l
Y I AE G )+ S IR ~ X)),

p=[j/2]

p=1
ay¢(j a2.e(J
A7y < Z/ Q*(Q Aa) dA+Z / Q*(Q A a)?d\
 panel) ) L)
XY | a@narir s @) o [ @i
=1 70 =1 70
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Finally, we have the simple bound Ag< [} Q*Tgsq dA.
4.5 End of the proof of Theorems 3.1 and 3.2

We start with two preliminary results.

Proposition 4.2. Let (X;);ez be a stationary sequence of centered random vari-
ables in L?. Assume that the series o = E(XF) + 2> ;- E(XoX}) converges
absolutely and that o > 0. Consider assumption H: there exists positive constants
K and M and a double array (Yin)i<k<n of independent and centered r.v.’s with
common variance o2, such that, setting T, = i+ + Yo,

d1(S,,T,) <M and max E(|Y?,]) < K°.
1<k<n ’

If H holds, then di(S,,\/noY) < C for some constant C' depending only on M, o
and K.

Proof of Proposition 4.2. Assume that H holds. Applying Theorem 5.17 in
Petrov (1995) we infer that there exists a constant A such that, for any z,

IP(T,, < xv/no) —P(Y < )| < A(K/o)*n Y21 + |z|) 3.
Hence, integrating on the real line, di (T}, /noY) < AK3072. The result follows
by taking C' = M + Ac2K3. O
We also need the following lemma, whose proof is elementary.

Lemma 4.1. Let By > 0 and (5 be two fized real numbers, and define

o BB B2 =P B

: =— andt= .

fa 2m 203 +483(8s + /5 + 53/2)
Let Zg, and Bg, 3, be two independent r.v.’s such that Zg, has the distribution
N(0,52/2) and Bg, g, is such that P(Bg, 5, = m) =t and P(Bg, 5, =m') =1 —t.
Let G527g3 = ZgQ —l—BQQﬂy Then E(Gﬁzﬂg) =0, E(G%%ﬁs) = ﬁg and E(G%Q,Bg,) = 53.

To prove Theorems 3.1 or 3.2, it is enough to see that under the assumptions
of Theorems 3.1 or 3.2, the condition H of Proposition 4.2 holds. Without loss of
generality, we assume that o? = E(XZ) + 2> 2 E(XX;) = 1 (the general case
follows by dividing the random variables by ¢). Denote by b(l, a) the quantity b(l)
defined in (4.4) with X1 = Xj(a) (see Section 5.3 for the definition of X (a)), and
denote by b(l,00) the quantity b(l) with Xj; = Xy(o0) = Xj. Let Yi,,..., Yo,
be n independent random variables, independent of (Xj)gez, such that Y, has
the law of G1pi(nk)a(nk) Where Gpg, 5, is defined in Lemma 4.1. Let Y be a
N (0, 1)-distributed random variable, independent of (X;,Y],)icz1<j<n, and let
T, =Y+ - +Y,,. Starting from (2.3), and keeping the same notations as in
Notation 2.1, we have, as in Section 2,

E(f(Sa) = f(Tn)) < 2E[Y| + Y E(A)). (4.26)
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By Lemma 2.1 applied with B = B pq(nk+1),ank+1) T+ + Bipmmn)atnn) We
have |
”fIEZ)Hoo S D(?’L —k + 1)(1_1)/2 )

Define o' (u) = 3,20 Tucas (i), and R(u) = o (u)Q(u). Let z; = R (V)
and choose the truncation level a(n,k) = oo for Theorems 3.1(a), 3.2(a) and
a(n, k) = Q(xy_41) for Theorems 3.1(b), 3.2(b). Let B, be the set of positive
integers k such that k —1 < v/n — k + 1 for Theorems 3.1(a) and 3.2(a), and B,
be the set of positive integers k such that & — 1 < 4a~(z, 1) for Theorems
3.1(b), 3.2(b). If k belongs to B, take [(n, k) = k — 1. If k does not belong to B,
take I(n, k) = [v/n — k + 1] for Theorems 3.1(a), 3.2(a) and I(n, k) = 4o~ (2, _x+1)
for Theorems 3.1(b), 3.2(b). Let g(n) = sup B,,. Applying Proposition 4.1, with
Z =Ypn, B2 =0 =1, f5=0b(l(n,k),a(n,k)) and B, = E(Y}!,), we obtain that

n

> EAR) < Z Z@ fi)Ai(k,U(n, k) and

k=g(n) k= g(n i=1

g(n)—1 g(n)—

> E(A) < Z Zg Fi) Aik, k —1).
k=1 k=1 =1

We only control the first term, the second one being easier to handle, since in
that case I(n,k) = k — 1 < v/n —k + 1 for Theorems 3.1(a), 3.2(a) and I(n, k) =
k—1<4a Yz, x11) for Theorems 3.1(b), 3.2(b). To prove that condition H of
Proposition 4.2 holds, it is enough to prove that for any 7 in [1,9],

sup Z G(fe)Ai(k, l(n, k) < (4.27)

n>0 k=g (n)

Proof of Theorem 3.1. We use the control of the A;’s given in Section 5.3.
In each case, we shall first give the bound for € (case a(n,k) = oo and I(n, k) =

[Vn — k + 1]) and next for a (case a(n, k) = Q(zp_r41),l(n, k) = da " (z,_141)).
Note that, for any nonnegative measurable function h and any positive p,

o0

ag’g(i) ].
> ot / hd\ < oo if and only if / (a"HPhd\ < co. (4.28)
0 0

=0

For A;, (4.27) holds as soon as, respectively

00 o 1
29071([\/5]) < oo and Z/ L<p2Qd)\ < 0,
k=1 k=10

which follow from (a) and (b) respectively.
To control (3 Ay, we control first (3] As — As 1| and next (A2 (for 0, Ay = Aj).
From (4.5), Zk o(n) G2/ A2 — Az 1] is well controled as soon as

/ *1Q22 My dA < 00, (4.29)
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which follows from (b). From (4.8) and (4.9), > p_ ., ¢2A21 is well controled as
soon as, respectively,

for (p,q) = (0,2) Z Z (4.30)
k=1 J [\/W

and (4.29) holds. Now (4.30) follows from (a) by interchanging the sums. To con-
trol (343 and (3Ag, we control first (5| As— A3 1], (3/Ag—Ag 1| and next (3431, (3491
(for 0, As; = Az and A9 = Ag; = 0). From (4.5), Zk —o(n C3|A3 As ;| and
2 h—g(n) G3| A9 — Ag 1| are well controled as soon as

az ()
1 Xol1 Z Z/ QM g dX < 00,

which can be handled as (4.29) by noting that vVAQ(zy) > VEQ(x1). From (4.13),

Yo o(n) G343 1s well controled as soon as

for 0 <p<2andq=3, Z Z (4.31)
k=1 J [\/k/]

From (4.18) and (4.12), the terms Zzzg(n) (3As3 1 and Zzzg(n) (3491 are well con-
troled as soon as

o0 o0

a3 ¢(7)
Z / Q* e dX < o0, (4.32)
1 0

k=1 j:

Clearly (4.31) can be handled as (4.30). Since R(zx) < vk, (4.32) can be handled
s (4.29). From (4.5), >y CalAs — Asu| and D00 ) CalA7 — A74] are well
controled as soon as

| Xoll3 Z\/_QQ Z/ QzllkSde)\<oo

which can be handled as (4.29) by noting that vkQ?(xx) > VEkQ?(x). From (4.7),
(4.10), (4.11), and (4.19)-(4.24), we infer that (4.27) holds for A;, A¢ and Az, as
soon as, respectively,

o

1
for 1 <p<3andq=4, Z o Z(Qj A \/E)QQM(j) < oo, (4.33)

o0

3/2
k=1 j=1

© 1 & y a3,¢(7) ) )
E : L3/2 Z] ]I-kaa3,5(j/4)/0 Q (Q A Q(xk>) dX < 00. (4'34)
k=1 j=1
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Clearly (4.33) holds as soon as

00 [VE/2]

Z 3/2 ZJ pa(J) < oo and Z\/— Z Op.q(7) : (4.35)

=[Vk/2]

Interchanging the sums, we see that (4.35) follows from (a). In the same way
(4.34) holds as soon as

1 )
/0 Q2<Z <Qk(:3—/2>)][k<32 Z] Lip<aseGra) )d)\ < 00, (4.36)
k=1

/1(@1)3Q4<Zmlk>Rz)du < . (4.37)
k=1

0

Now (4.36) is equivalent to (4.29), and by definition of R, (4.37) follows from (b).
It remains to control (4A4. First note that, for «,

Zk3/2‘E (XoX5(Q(xx)) ‘</ Q2Z kg/Q ]Ik<de)\+/ Q4zmd/\

k>R2

and these sums can be handled as in (4.36), (4.37). Since ||fg(?7)l) oot 41 oo <

M, we infer that (4.27) holds for Ay as soon as sup,,., max{E(Y}},) : k <n} < occ.
Now Yi,, and Z1 + By p(n,k),a(nk) have the same distribution, and consequently
E(Y,!,) < 16(E(Z7)+ | Bagun.k).ani lla)- Note that [ By pmk).a(ni llee = mV|m/|,
where m and m’ have been defined in Lemma 5.1 with 3, = 02 = 1 and 33 =
b(l(n,k),a(n,k)). Next b(l(n,k),a(n,k)) < by < oo with

bs = 0os(0)+6 Z O13(k) + 6> kby5(k)+6  kbos(k)
k=1 k=1
asze k)
by = Z 8k / Q% d\,

under (a) and (b) respectively. Hence, from Lemma 5.1

HBLb:;,z(n,k)HOO < b3 + \/ bg + 1/27 (438)

which completes the proof of H under (a).
From (4.25), (4.27) holds for Ag as soon as (4.29) holds. The proof of H under
(b) is complete.

Proof of Theorem 3.2. Since the proof of Theorem 3.2(b) is similar to that of
Theorem 3.1(b), we shall only give some hints at the end of this subsection.
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To prove Theorem 3.2(a), we use the control of the A;’s given in Subsection
5.4. Recall that, in that case, Ay, A5, As and Ag are equal to zero. For A,, (4.27)
holds as soon as

= 1
> —lIEo(X? ) — L1 < o0
pot vk (VK]
which follows from the first condition in (3.3). For Ag, (4.27) holds as soon as
— 1|1 < o0,
L E 1l

which follows from the first condition in (3.3) by interchanging the sums. For Aj,
(4.27) holds as soon as

~ | WE
ZE > IXo(Eo(XD) = 1) < oo, (4.39)
k=1 j=[Vk/2]
Z Z 1Eo(X;XE ) —E(XGXE )l < oo (4.40)
k=1 j=[VE/2

(4.39) follows from (3.3) by interchanging the sums. (4.40) is equivalent to
k=1

which follows from the second condition in (3.3). For A7, (4.27) holds as soon as

k
1Eo(X;XE) — E(X;XE) |1 < o0,
k/2]

wIH

> \XoHl[ﬂ
7 ZJHXO (Bo(X3) - D]y < oo (4.41)
k=
x VEl
Sl O IX(B(XGXD —EGX)h < oo (442)
k=17 j=1p=[j/2]
o0 1 k} j
Zk?)/? ZHXfp (Bo(X7) =1 < oo. (4.43)
7j=1 p=1

Interchanging the sums, we see that (4.41) and (4.43) follow from the first condition
n (3.3), and (4.42) follows from the second condition in (3.3). To control A4, we
proceed as in Theorem 3.1. We have the upper bound b(l(n, k), 00) < d3 with,

E(|Xol*) + 32 [ Xo(Eo(XE) = D)1 -

k=1
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Hence (4.38) holds with a(n, k) = oo, and the proof of H under (a) is complete.
The proof of Theorem 3.2(b) is similar to that of Theorem 3.1(b). For 1 <1 <9,
(4.27) holds as soon as

/ Q* W< 2 d\ < 00, Z Qe Z]{xk<a(]/4 / Q* < g2 d\ < o0,

and Z k3/2 ZJ][mk<a(a/4 / Q*(Q N Q(xp))*d)\ < 0.

Arguing as in the proof of Theorem 3.1(b), these inequalities follow from (3.4).

5 Examples
5.1 Aperiodic Harris recurrent Markov chains

Throughout this subsection, K is a positive Harris recurrent Markov kernel on
some separable state space (F, E), i.e. there exists an unique probability measure 7
with 7K = 7, and K is m-recurrent. As in Bolthausen (1982b), K is assumed to be
aperiodic, which ensures that the stationary chain (&;);cz with kernel K is strongly
mixing in the sense of Rosenblatt. Moreover, in the case of discrete Markov chains
or chains with an atom, the rates of strong mixing and the integrability properties
of the recurrence times are strongly linked, as proved by Theorem 2 in Bolthausen
(1980): for any r > —1, >, k"a(k) < oo if and only if E(7"*?) < oo, where 7 is
the recurrence time (starting from the atom). From Rio (2000) the above series is
convergent if and only if o™ (u) = Y, Tu<a(;) belongs to L’"H([O 1]).

For any measurable function f, let S,(f) = f(&) + f(&) + -+ f(&,). From
Bolthausen’s results (1980, Corollary 3 and 1982b, Theorem 1), the convergence
rates in the Berry-Esseen Theorem are O(n~1/2) as soon as

7(|f[*") < oo and Y kP Da(k) < oo, (5.1)

k>0

for any p in |1, 0o], provided that

A +2) w(fK"f) > (5.2)

n>0

From Theorem 3.1(b) above, we obtain the bound
di(n"Y28,(f), oY) < Cn~Y2, (5.3)

as soon as f satisfies (5.2) and (1.8), with Xy = f(&) and b = 0. From (4.28), the
latter condition is equivalent to

/0 [a’l(u)]Qfo(go)‘(u)du < 0. (5.4)
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From the Holder inequality applied with s = p/(p—1) and t = p, we see that (5.4)
holds as soon as (5.1) holds.

Harmonic functions. If f is a bounded harmonic function for K (i.e. K(f) =0
almost everywhere), the sequence X; = f(&;) is a martingale difference sequence.
Consequently Theorems 3.2 and 2.1 apply with 02 = 7(f?). From Theorem 3.2(b),
(5.3) holds as soon as the strong mixing coefficients satisfy (1.8) with b = 0. Under
the weaker condition

a(k)
/0 QP ey (W)du = O(k™°) (5.5)
Theorem 2.1(a) provides the rate
di(n Y28, (f), oY) = O(n~?). (5.6)

When f is a bounded harmonic function, (5.3) holds under the summabil-
ity condition ), a(k) < oo, which is related to the ergodicity of degree 2 (cf.
Nummelin (1984) section 6.4). From (5.5), the rate (5.6) holds under the weaker
condition a(k) = O(k?).

5.2 The transformation O(z) = 2z — [2z]

Let A be the Lebesgue measure on [0, 1] and consider the map © from [0, 1] to
[0,1]: ©(z) = 2z — [22]. On the probability space ([0, 1], \), the sequence (©%);s¢
is strictly stationary. Note also that (0,072, ...,0") is distributed as (&, ..., &),
where (&;);ez is a Markov chain with invariant distribution A and transition kernel

K1 =5(1(3) +1(557)-

Hence, we can obtain informations on the distribution of S,,(f) = fo©+-- -4 foO"
by studying that of f(&1) + -+ f(&,). For instance, we can apply the criterion
of Dedecker and Rio (2000) for the central limit theorem: if A(f) = 0,

A(f?) <oo and Y A|fK*(f)]) < o0, (5.7)

k>0

then 02 = A(f2) + 2> 0, A(f - f 0 ©F) converges absolutely, and n='/25,,(f) con-
verges in distribution to a Gaussian random variable with mean 0 and variance
0. Now it is easy to see that (5.7) holds as soon as, for some p € [2, 0],

1
1
fe I[‘,p()\) and /0 pr/(p,l)(t)dt < 00, (58)

where w,(f,t) is the LI([0, 1], A\)-modulus of continuity of f in L9([0, 1], A). For
p = 2, the criterion (5.8) has been obtained by Ibragimov (1960). For p = oo, the
criterion (5.8) follows from the L!-criterion of Gordin (1973) applied to sequences
of bounded variables.

In the same way, applying Theorems 2.2, 3.2 and 3.1, we obtain the following
result:
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Theorem 5.1. Let [ be a measurable function from [0,1] to R such that A\(f) = 0.

(a) Assume that, for some p € [3,00],

" |logt
felP(N), and /0 @wp/(pm(f, t)dt < oo. (5.9)

If o > 0, there exists a constant C' such that, di(S,(f),v/noY) < Clogn.

(b) Assume that, for some p € [4, 00],

. " [log ]
fel?(N), and T Wp/(p—3)(f,1) dt < o0 (5.10)

If o0 > 0, then there exists a constant C such that,

d(Su(f),/noY) < C. (5.11)

(¢) Assume that f is an harmonic function for K (i.e. K(f) =0 almost every-
where), that is f(x+ (1/2)) = — f(x) for almost every x € [0,1/2]. Then the
sequence (f(&,))nez is a stationary martingale difference sequence, so that
a*(f) = M(f?). If moreover, for some p € [4, o0,

1
1
M) < o0 and [ S (1.0)d < oo,

then (5.11) holds.

(d) Assume that f = fi — fo, where f1 and fy are nondecreasing functions.
Assume moreover that

/0 (log(t — 2))?|fu(t)Pdt < 0o and /O (log(t — t2))°| fo(t) Pdt < oo

If o >0, then (5.11) holds.

Remark 5.1. If f belongs to L.3(\), Ibragimov (1967) obtained the Berry-Esseen
type estimate

sup [B(S,(f) < av/o) — B(Y < )] < O(*21)" (5.12)

zeR n

under the condition ws(f,t) < Ct* for some a > 0. This condition is slightly
stronger than our condition (5.9) with p = 3. Applying Theorem 9 in Jan (2001),
one can obtain the bound Cn~'/2 in (5.12) as soon as

' logt|
t

fel>®(\), and / Woo(f, 1) dt < o0,
0

where wo(f,t) is the modulus of continuity of f.
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Remark 5.2. If f € L*()\) and if K(f) = 0 almost everywhere, then (5.11) holds
under the criterion (5.8) applied to p = oc.

Remark 5.3. Starting from the Hausdorfl-Young inequality (cf. Hardy et al.
(1952), p. 202), Ibragimov proved that (5.8) holds for p = 2 as soon as the Fourier
coefficients of f satisfy |f(n)] < Mn=2(log(n))*>¢ for some positive M and
e. Using the same arguments, one can prove that (5.9) holds for p = 3 as soon
as |f(n)] < Mn=23(log(n))"83¢, and that (5.10) holds for p = 4 as soon as
/()] < Mn~/(log(n))~"1/4~<.

Proof of Theorem 5.1. Point (a) follows from Theorem 2.2 and point (b) follows
from Theorem 3.1(a). The proofs being similar, we shall only prove point (b). Let
us just see how to control the coefficient 6, 4(1), the other one being easier to handle.
The sequence (&;);cz being a stationary Markov chain with invariant distribution
A and transition kernel K, the coeflicient 0y 4() is equal to

aw [ | (RGEGR D@ - [ GRER)@) |io

1
k>1,:>0,;>0 0

Z YUy Z

From Theorem 1 in Fominykh (1986), we infer that, for any A in L9([0, 1], \),

| [ 15 me) - Awpras

< 2w, (h,27%).
q,A

Hence, applying Holder’s inequality, we obtain that

014(l) < Supo2Hf||p,Awp/(p—1>(fKi(ij(f)),24)

120,52

We now use the elementary facts that, for p > ¢ and r > ¢,

wq(fga t) < ||pr,/\wpq/(p—q) (9,1) + ”9||r,/\qu/(r—q)(fa t),

and that w,(K(f),t) < w,(f,t). It follows that
Ora(l) < S,1>11032||f||§,x(wp/<p—2>(ij(f)7 27) + 1 f lpawps -3 (f,27)
>

< Ol pawps-s(f,27).

Hence, if f belongs to L([0, 1], \) for some p > 4, >, pf; 4(1) is finite as soon as
> ieo L wy/p—3)(f,27") is finite, which is equivalent to the condition of (b).

To prove (c), note that, if f(x + (1/2)) = —f(x) for almost every x € [0,1/2],
then (f(&))icz is a sequence of martingale differences, so that Theorem 3.2(a)
applies. To conclude, use the control of §; ;(I) given above.

It remains to prove (d). Let BV, be the space of left continuous bounded
variation functions f on [0,1] such that ||df||, < a (here ||.||, is the variation
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norm). Let f© = f — A(f) and My = o(Y;,i < 0). Arguing as in Lemma 1 of
Dedecker and Prieur (2005), one can see that, for any i; > -+ > i; > n,

(L)) ~5( 1),

7j=1
Since K maps BV; to BVj s, we infer that (0 - (K'(g))© belongs to BV; for any
t > 0 and any f,g in BV;. It follows that, for any ¢y > --- > i; > n,

Oé(./\/lo, (&17 s 7&1)) = sup

fi, i€BV

a(MO’ (&17 s ’fiz)) S a(MO7£i1) S 2™ s

so that ase¢(n) < 27" Applying Theorem 3.1(a), di(S,(f),v/noY) < C as soon

as
1

1
/ (log t)fo’fl‘(t)dt < oo and / (log t)fofz‘(t)dt < 00,
0 0

where @)y is the generalized inverse of t — A(f > ¢). Let ft = fVvO0 and
f==—=(fN0). By Lemma 2.1 in Rio (2000),

/0 (logt)*QP, (t)dt < /0 (log t)? fci(t)dt—l— /0 (logt)2Q;il,(t)dt

Clearly Q-+ (t) = fi7 (1 —t) almost everywhere and Q s = Ji (t) almost every-
where. Of course the same is true with f; and the result follows. [J

5.3 Symmetric random walk on the circle

Let K be the Markov kernel defined by K f(z) = (f(z +a) + f(xr —a))/2 on

T = R/Z, with a irrational in [0, 1]. The Lebesgue-Haar measure m is invariant

under K. Furthermore K is a symmetric operator on IL?(m), and consequently the

Kipnis-Varadhan or the Gordin-Lifshitz central limit theorems apply. Let (&)icz

be the stationary Markov chain with transition kernel K. For f in L?(m) with
m(f) =0, set

Su(f) = F(6) + F(&2) + o+ F(€0). (5.13)

Then the central limit theorem holds for n='/25,(f) as soon as the series of co-

variances
o’ :/deerQZ/fK”fdm (5.14)
T T

n>0

is convergent and the limiting distribution is A(0,0?). (cf. Derriennic and Lin,
2001, section 2). Our aim in this section is to give conditions on f and on the
properties of the irrational number a ensuring optimal rates of convergence in the
central limit theorem.

Definition 5.1. a is said to be badly approximable by rationals if for any positive
g, the inequality d(ka,Z) < |k|~17¢ has only finitely many solutions for k € Z.
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From Roth’s theorem the algebraic numbers are badly approximable (cf. Schmidt
(1980)). Note also that the set of badly approximable numbers in [0,1] has
Lebesgue measure 1. We will now give results for the symmetric random walk
on the circle in the case of badly approximable numbers a.

Theorem 5.2. Suppose that a is badly approximable by rationals. Let f be a
function in 1L?(m) with m(f) =0 and m(f?) > 0.
(a) If the Fourier coefficients f(k) of f satisfy SUDPy, 40 k|| f (k)| < oo for

some positive €, then n‘l/QSn(f) converges in distribution to a nondegen-
erate Gaussian distribution N (0, c?).

(b) If the Fourier coefficients f(k:) of f satisfy supy ]k|4+€|f(k:)| < 00 for some
positive €, then

sup |P(S, < zov/n) —P(Y < )| = O(n~Y/?), (5.15)

z€eR

and

dy(nY28,,0Y) = O(n"Y?). (5.16)

Remark 5.4. The assumption f(k) = O(|k|=1~¢) in Theorem 5.2(a) implies that
f is e-Holderian, and therefore uniformly continuous. Conversely, if f is C'*¢ then
f satisfies (a). In the same way the condition f(k) = O(|k|™*~°) in (b) implies
that f is C*™ and conversely any C*¢ function f satisfies (b).

Proof of Theorem 5.2. Since

/ fK"™f dm = Z cos”" (2mka)|f(k)|?,
T

kezZ*

the series in (5.14) is convergent if ), . cot®(mka)| f(k)|? < co. In that case

0% =Y cot’(mka)| f(k)[.
kez
Since cot?(mka) > 0 for any k in Z*, it ensures that o > 0.

When {ka} = d(ka,Z) tends to 0, cot*(wka) ~ m=2{ka}~2, so that the conver-
gence of the series in (5.14) is equivalent to

> {ka} [ f (k) < oo, (5.17)

keZx*

as shown in Derriennic and Lin (2001).

In order to complete the proof of Theorem 5.2(a), we will need the elementary
fact below.
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Lemma 5.1. Let a be a badly approximable irrational number. Then, for any
positive 1, there exists some positive constant C' such that, for any nonnegative
integer N and any p > 2,

2N+l
Z {]m}—p < 9(PoP(N+2)(1+n)

k=2N

Proof of Lemma 5.1. Let k and [ be integers in Iy = [2V, 2V with & # [.
From the equality |{ka} — {la}| = min({({ — k)a}, {(l + k)a}) and Definition 5.1,
we get that

[{ka} — {la}| > C7k — 1|71 > ¢~ t2~WN+2)(4m)

for some positive constant C. Now, denoting by ', ... ,xé\fv the order statistic of

({ka})kery,

2N > 2N 4 (m— )02 NE) > o lgm N,

Hence
2N+l 2N 2N
Z {ka}™? = Z(x%)fp < CPop(N+2)(1+n) Z m?,
k=2N m=1 m=1

which implies Lemma 5.1. [
Now, applying Lemma 5.1 with p = 2 and n = £/2, we get that
YR} (R + f(=R)F) < 4C°2N ) max | f (k)] < 27

kel
kely N

under the assumptions of Theorem 5.2(a), which implies the convergence of the
series in (5.17). Therefore Theorem 5.2(a) holds.

We now prove Theorem 5.2(b). (5.15) is a byproduct of Jan’s Theorem 9 (Jan
(2001), page 61 or Le Borgne and Pene (2005), Theorem 1) and (5.16) is a corollary
of our estimates of the minimal L!-distance. The main tool is Lemma 5.2 below.

Notation 5.1. For s > 0, let F, be the class of 1-periodic functions ¢g such that
g(0) =0 and |g(k)| < |k|~* for any k in Z*.

Lemma 5.2. Let a be a badly approximable irrational number. Then, for any e
in 10, 1]
Zn sup  ||[K"g]lo0 < o0.

n>0 9SFirae

Proof of Lemma 5.2. For g in L?(m) with m(g) =0,

K"(z) = Z cos” (2wka)g(k) exp(2irkx).

keZx*

37



Therefore
sup [|K7gllo < > | cos™(2mka)] [k 749,

9gEFat4e P
which ensures that

Son swp Kyl <7 (1 - [cos(2nha)]) k|40

n>0 9&Farae kez*

< ST (R {2ka))

ke
Next, applying Lemma 5.1 with n = £/2 and p = 4, we get that
Z(\k\1+€{2ka})_4 <404 Z 9(d+2e)(N+2) 1o L—4(1+e) 00,
keZ* N>0 hely

which implies Lemma 5.2. [J

We now complete the proof of Theorem 5.2(b). Set X, = f(&,). In view of the
Berry-Esseen type Theorem 9 in Jan (2001) and Theorem 3.1 we have to bound
up the coefficients

U = sup{[|Eo(Xp, ... Xp,) —E(Xp, ... Xp Moo 7 <3,n<p1 < ... < pj}

in such a way that ) ny, < occ.
We proceed as in Jan (2001). Set pg = n. Then (in the case j = 3)

EO(Xpl - 'ij) = O(Epo (Xpl (Epl (sz Ep2 (Xps))))

Hence, setting ¢; = p; — pi—1, we get Eo(Xp, ... X)) = K"K (fK2(fK%f))).
Starting from this equality, we now prove that, for s > 1 there exists some constant
(s (depending only on s) such that, for any f € Fj,

Yo < Cssup [|[K"gl|oo- (5.18)

geFs

To prove (5.18) one can prove that, for f in Fsand g = K@ (fK®?(f... K% f)...),
|g(k)| < C5|k|™® for any k € Z7, (5.19)

any j < 3 and all natural integers qi,...,q;. This is derived from Lemma 5.3
below.

Lemma 5.3. Let s > 1. For any g in F, and any natural p, K? g lies in F,. For
any g and h in Fy and any k # 0, |gh(k)| < (s — 1)7122 k| =5,

The proof of Lemma 5.3, being elementary, is omitted. Now, from (5.18) and
Lemma 5.2, Y nw, < oo under the assumptions of Theorem 5.2(b). Since the
function f is uniformly bounded, it implies (5.15) via Theorem 9 in Jan (2001)
and (5.16) via Theorem 3.1. [
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6 Appendix

In this section, we give an upper bound for the expectation of the product of k
centered random variables I1%_, (X; —E(X;)). This upper bound is given in term of
a dependence coefficients a (X7, ... X}), which is a generalization of the coefficient
introduced in Rio (2000), equation (1.8a), for k = 2 (note that, for £ = 2, our
definition differs from that of Rio from a factor 2).

Proposition 6.1. Let X = (Xy,---,X}) be a random variable with values in R*
and define the number

k
o= a(le s an) = sup E(H ]IXi>CEi - ]P)(XZ > :El)) ‘ (61)
i=1

Let F; be the distribution function of X;, let F; ' be the generalized inverse of F;
and let D;(u) = (F, (1 —u) — F; ' (u));. We have the inequality

2

‘E(ﬁ)@ - E(Xi))‘ < 2/:/2 (f[Di(u))du. (6.2)

In particular, if X; is M-measurable, we have o < a(M, (Xa, ..., Xy)). Hence

‘E(ﬁXi - E(Xi))’ < 2/OQ(M’(X2 v (ﬁDi(u))du. (6.3)

Proof of Proposition 6.1. We have that

]E(ﬁXi - IE(XQ) - /E(ﬁ]{xM ~P(X; > :132-)>dx1 drg. (6.4)

Now A = [E(ITE_, (Ix,5,, —P(X; > x;)))| is such that A < a, and for any 1 < i < k,

Consequently, we obtain from (6.4) and (6.5) that

- /2 k
‘E<HX1 —E(X))’ < 2/0 (H/][u<P(Xi>$i)]IuSP(XiSzi)d,fCi>du
i=1 P
a/2 k
= 2/0 <H/]1Fi1(u)<$i<Fil(1u)dl‘i>du
=1

and (6.2) follows. [J

Lemma 6.1. Let X, = X A0 and X_ = —(X VvV 0). For almost every u < 1/2,
we have the inequalities 0 < Dx(u) < Qx, (u) +Qx_(u) < 2Q|x|(v). Furthermore
the second inequality is an equality if 0 is a median for X.
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Proof of Lemma 6.1. First, we have Fiy'(1 — u) = Qx(u) < Qx, (u). Next, by
definition of Fii', we have —Fy'(u) = sup{z : P(~X > z) > u}. By definition
Q_x(u) = inf{z : P(-X > x) > u}, so that —Fy'(u) = Q_x(u) for every
continuity point v of ¢)_x and hence almost everywhere. To obtain the desired
inequality, note that Q_x(u) < Qx_(u).

Corollary 6.1. Let X = (X, ---,X;) be a random variable with values in RF
and let « be defined by (6.1). Let (f;)i<i<k be k functions from R to R, such
that f; = fi(l) — fi(z) where fi(l) and fi(g) are nondecreasing. For 1 < i < k and
Jj€{1,2}, let ng) = Q|f;j>(Xi)‘. We have the inequality

\E(Hfz ) (>‘ 2k+1z Z/ QU () - - - QU (w)lu

Jj1i=1 Jr=1

In particular, if Xy is M-measurable,

E (Hfz ) —B(f(x) | <
a(M,(Xa,..., ))/2 k .
sy [ (1@ )

jo=1  jr=1 i=2

Proof of Corollary 6.1. Clearly

‘E(Hf’ )-EG)| < 3 Z\E(ﬁffﬁ ~E(GP(x)] (66)

Jji=1 Jr=1

Since fi(ji) is nondecreasing, a(fl(jl)(Xl), Ce f,gj’“)(Xk)) < a(Xy,..., Xy). To ob-
tain the result, apply (6.2) and Lemma 6.1 to each term of the sum in (6.6).
O
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