Inequalities for partial sums of Hilbert valued

dependent sequences and applications.

Jérome Dedecker*and Florence Merlevede!

Université Paris VI

Abstract

By using coupling arguments, we prove a Fuk-Nagaev inequality for the deviation
of the maximum of partial sums of Hilbert valued random variables. The upper
bound is expressed in terms of some dependence coefficients which naturally appear
when using such coupling arguments. These coeflicients may be computed in many
situations. In particular, we show that they are well adapted to functions of mixing
sequences, iterated random functions, and a class of expanding maps of [0, 1]*.
We apply our maximal inequality to obtain almost sure convergence results for the
partial sums, such as complete convergence or compact law of the iterated logarithm.

An application to Cramér-von Mises statistics is given.

Mathematics Subject Classifications (2000): 60 B 12, 60 F 15, 60 F 17.
Key words: Almost sure convergence, almost sure invariance principle, weak depen-
dence, maximal inequalities, coupling, Hilbert space.

Short Title: Maximal inequalities in Hilbert spaces.

*Jérome Dedecker, Université Paris VI, Laboratoire de Statistique Théorique et Appliquée, Boite 158,

Plateau A, 8 eme étage, 175 rue du Chevaleret, 75013 Paris, France. Email: dedecker@ccr.jussieu.fr
tFlorence Merlevede, Laboratoire de Probabilités et Modeles Aléatoires, Université Paris VI, et

C.N.R.S UMR 7599, Boite 188, 175 rue du Chevaleret, 75 013 Paris, FRANCE. Email: mer-

leve@ccr.jussieu.fr.



1 Introduction

Let (X%)r>0 be a sequence of centered random variables with values in a separable Hilbert
space (H, |- ||m), and let S, = X;+---+ X,,. In this paper we are interested in the almost
sure behavior of the sequence S,. To be more precise we are interested by sufficient
conditions under which, for 1/2 < a <1 and 1/a < p < oo,

(1.1) Zno‘p’zﬁ’( max || Skllm > 6na> < 00, forall e >0,
n=1

1<k<n
or sufficient conditions under which

(1.2) the sequence is almost surely relatively compact.

S
vnlnlnn
To address these problems, one of the main tools is to establish suitable upper bounds

for the quantity

(1.3) P (maX | Sklle > :c) .

1<k<n

For instance, applying Proposition 3.5 in Dedecker and Merlevede (2004), we derive sharp
sufficient conditions for (1.1) in the case where p € [1,2[. In this note, the dependence
conditions are expressed in terms of conditional expectations, and are weaker than Rio’s
conditions (1995) for strongly mixing sequences. Note that the maximal inequality stated
in our Proposition 3.5 is obtained via martingale approximations, and cannot be applied
to prove (1.1) for p > 2.

A suitable tool to prove (1.1) for p > 2 as well as the compact law (1.2), is a Fuk-
Nagaev inequality for (1.3). A way to prove it, is to use approximations by independent
random variables instead of martingale approximations, as done in Rio (2000, Theorem
6.2) for real valued random variables. Since the works of Berbee (1979) and Riischendorf
(1985), we know that the price to pay for such approximations with respect to a distance
d on H is exactly the value of some dependence coefficients having the coupling property
for d (i.e. the property (2.3) of Lemma 1). To control (1.3), the appropriate distance
is d(z,y) = ||* — y||m, and the appropriate measure of dependence is the coefficient 74
defined in Definition 1. Following the proofs of Theorem 6.2 in Rio (2000) and Theorem
2 in Dedecker and Prieur (2004), and using a delicate truncation argument for H-valued
random variables, we obtain the Fuk-Nagaev type inequality given in (4.28). From this

inequality, we derive sharp sufficient conditions for (1.1) and for the compact law (1.2) in
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Theorems 2 and 3 respectively. The optimality of these conditions is discussed in Sections
5 and 6, and an application to Cramér-von Mises statistics is given in Section 7.

One of the main interests of the coefficients considered in this paper, is that they
can be computed in many situations. In particular, we show in Section 3 that they are
well adapted to functions of mixing sequences, iterated random functions, and a class of
iterates of expanding maps of [0, 1]¥. Note that it is well known that the processes defined

as iterates of maps cannot be mixing in the sense of Rosenblatt (1956).

2 Definitions and Properties

Definition 1. Let X be a Polish space and let d be a distance on X (the space X need
not be Polish with respect to d). Let A;(X,d) be the set of 1-Lipschitz functions from X
to R with respect to d. Assume that the distance d satisfies

(2.1) d(z,y) = sup |f(z) = f(y)l.
FEAL(X,d)

Let (€2, A,P) be a probability space. Let p > 1. We say that a random variable X with
values in X belongs to LP(X, d) if the variable d(X,s) belongs to L’(R) for some (and
therefore any) s in X. For any random variable X in LP(X,d) and any o-algebra M of
A, let Pxp be a conditional distribution of X given M and let Px be the distribution
of X. We consider the coefficient 74,(M, X) of weak dependence (introduced for p = 1
by Dedecker and Prieur (2005)) which is defined by

)
p

(2.2) Tap (M, X) = |

sup | [ f@Pratdn) = [ f()Px(an

feEA (X,d)

When p = 1, we write 74(M, X) in place of 751(M,X) and when p = oo, we write
wa(M, X) in place of 74 (M, X).

The coefficient 74,(M, X) has an interpretation in terms of coupling. The following
result can be deduced from Proposition 4 in Riischendorf (1985) (see also Dedecker et al.
(2005), Theorem 2).

Lemma 1. Let (2, A,P) be a probability space, X a random wvariable with values in
some Polish space X, and M a o-algebra of A. Let d be a distance on X satisfying
(2.1). Assume that there ezists a random variable U uniformly distributed over [0, 1],

independent of o(X) V M. Then there ezists a random variable X* measurable with

3



respect to o(U) V o(X) V M, distributed as X and independent of M, such that for any
p=1

(2.3) T4(M, X) =E(d(X, X™)) and 74,(M,X) = [|[E(d(X, X*)|M)],.

The coefficients 74,(M, X) can be compared to other dependence coefficients. Let
B(X) be the class of Borel sets of X, and define

1
24) M) = | sup [Pxs(4) = Px(A)l|| = SIIPxiae = Pxlhully
AEB(X) P
where || - ||, is the variation norm.

When p = 1, we write 3(M, o(X)) in place of 31(M, (X)) and when p = oo, we write
d»(M,o(X)) in place of B, (M, c(X)). The coefficient 5(M, o(X)) has been introduced
by Rozanov and Volkonskii (1959), and ¢(M, o(X)) has been introduced by Ibragimov
(1962). Note that 8,(M,o(X)) = T4, (M, X), where dy is the discrete metric do(z,y) =
I,.,. In particular, Berbee’s coupling lemma (1979) follows from Lemma 1.

Definition 2. For any non-increasing cadlag function f from Rt to R, define the gen-
eralized inverse f~!(u) = inf{t > 0 : f(¢t) < u}. For any nonnegative random variable
Y, define the upper tail function Ly (t) = P(Y > t) and the quantile function Qy = L3
On the set [0,P(Y > 0)], the function Hy :  — [ Qy(u)du is an absolutely continuous

and increasing function with values in [0, E(Y’)]. Denote by Gy the inverse of Hy.
We can now compare 74,(M, X) and §,(M, o(X)).

Lemma 2. Let (2, A, P) be a probability space, X a random variable with values in some
Polish space X, and M a o-algebra of A. Let d be a distance on X satisfying (2.1). For
any X* distributed as X and independent of M, the following inequality hold:

(25)  Tap(M,X) < EYP(dP(X, X")Lxex-EP (L zxe
(26) @i M, X) < ld(X, X7)[[wp(M, 0(X)).

M)), forp € [1,00].

Consequently, for any s € X and p € [1, 00|,
(Bo (Moo (X)))? 1
(2.7) Tap(M, X) < 2(/0 Qux.s) (u)du) , and

p—1 5(M70(X)) 1/p
28 wMX) < 2AsMo00) T ( [ @)



Remark 1. Let us introduce the usual strong mixing coefficient of Rosenblatt (1956):

(2.9) a(M,o0(X)) = sup ||Pxm(A) —Px(A)];.
AEB(X)

With this definition and if X = R and d(z,y) = |z — y|, then

a(M,o (X))
T4(M, X) < 2/ Qx| (u)du .
0

This inequality has been proved in Dedecker and Prieur (2004). From an example given
by Dehling (1983), we know that this inequality cannot be extended to separable Hilbert

spaces.

Proof of Lemma 2. According to the definition of 7,,(M, X), we clearly have that for
any X* distributed as X and independent of M,

(2.10) Tap(M, X) < IE(d(X, X7) M), = [[E(d(X, XT)Txzx-

M-

Applying Holder’s inequality conditionally to M, we derive that

M>)>>1/p ’

Tap(M, X) < (E(B(&(X, X) M)E (T px-

and (2.5) follows.
To prove (2.6), we first notice that for any X* distributed as X and independent of
M,

pa(M, X) < |[E(d(X, X*) Txsx-

M)lso < (X, X7) |0 [IE(Lx e+

M)|oo -

According to Lemma 1 with the discrete metric dy(x,y) = 1,.,, we can choose X* such
that [|[E(Lxzx-| M)l = ¢(M, o (X)).
To prove (2.7), we first give the following elementary result:
Lemma 3. For any positive random variables U and V with V' € [0,1] a.s., we have that
E(V)
(2.11) E(UV) < Qu(u)du .
0

On the other hand, from (2.5) we have for any s € X’ that

p—1
(2.12) Td,p<M,X) S Hd(X, S)IX;AX*]ET(]IX;&X*

M)l
p—1
+ [[d(X7, ) Txzx-E 7 (Txazx M) ][ -



Applying Lemma 3 with U = dP(X, s) (or U = dP(X*,s)) and V = Ly ox-EP 1 (Tx x| M),
and noticing that E(V') = (8,(M, o(X)))?, (2.7) follows. Now from (2.12), we derive that

(M, X) < (6(M, (X)) 7 (A, ) Ll + X 5) L )

Applying Lemma 3 with U = d?(X,s) (or U = d’(X*,s)) and V = Ix,x~, and noticing
that E(V) = B(M,0(X)), (2.8) follows. Finally, to prove (2.11), note that for any
random variable 7" uniformly distributed on [0, 1] and independent of U and V', we have:
E(UV) = E(Ulr<y). Hence using Fréchet’s inequality (1957), we get that

E(V)

E(UV) < / Qu)Quyey (Widu= [ Qulu)du.

0

3 Examples

Definition 3. Let X be some Polish space, and let d be a distance on X (the space
X need not be Polish with respect to d). On X* we put the distance d) defined by
diy(z,y) = d(z1,91) + - + d(wg, yx). Let (€2, A,P) be a probability space, (X;)i>1 a
sequence of X-valued random variables and (M;);>1 a sequence of o-algebras of A. For

any positive integer k, define

: 1 . :
(3'13) Td,p,k(l) = fg?g% Z sup {Td(e),P(Mqv (lea T anz)>7 gtir<j<---< ]é}
and 7Ty p.00(7) = SUPy>q Tapk(i). When p = 1, we set 741 4(i) = 744(i), and when p = oo,
we set Td,oo,k(i) = (deg(Z)
In the same way, the coefficients (,(i) are defined by
Boa®) = sup{By(May o (X, o, X3))sq 0 < i < oo <} and Boo(i) = sup B (0).
>
When p = 1, we set (1 4(i) = Bk(7) , and when p = 0o, we set Bu0 k(1) = @1 (7).

Starting from Inequalities (2.12) and (2.6), and arguing as in Lemma 2, we can prove

the following result.

Lemma 4. Let (Q, A, P) be a probability space, let (X;)i=o be a sequence of random
variables with values in a Polish space X, and let M; be a sequence of o-algebra of A.

Let d be a distance on X satisfying (2.1). For any s € X, the following inequalities hold

. Bk 1/p
Tapk(i) < 2(52%)/0 QZ(XJ@ (u)du) . foranyp € [1,00],
j

Panli) = 20(1) sup [|d(Xj, 5)loo
7>



Remark 2. Let A;(X* X, d) be the set of functions f from X to X such that, for any
z,yin X, d(f(z), f(y)) < dw(z,y). We can define the following weaker version of 7, (7):

- 1 . :
(3.14) Tax(i) = Eglézsup{ sup  Ta(Mp, f( Xy, X)), p+Hi <1< < jg}.
<< FEAL (XX d)

Define also the sequence of strong mixing coefficients (s (7));~0 by:

(3.15) Qoo(i) =supa(My,0(X;,5 > k+1i)).
k>0

In the case X = R and d(z,y) = |x — y|, we can obtain the bound

0
(3.16) F1o(i) < 2sup / Qi (w)du.
0

7>0
3.1 Example 1: causal functions of stationary sequences

Let (&;):ez be a stationary sequence of random variables with values in a measurable space
S. Assume that there exists a function H defined on a subset of SV, with values in a
Polish space X and such that H(&,£_1,£ o,...,) is defined almost surely. The stationary
sequence (X, )nez defined by X,, = H (&, &1,&—2,...) is called a causal function of

(&)iez-
Assume that there exists a stationary sequence (&));cz distributed as (&;);ez and in-
dependent of (&;)i<o. Define X! = H(E),,€,_1,&,_5,...). Clearly X} is independent of

My = 0(X;,i <0) and distributed as X,,. For any p > 1 (p may be infinite), let (0,(7))i>0

be a non increasing sequence such that
(3.17) [E(d(Xs, X7)|Mo)llp < 6,(2)

where d is a distance on & satisfying (2.1) (the space X need not be Polish with respect
to d). Let M; = o(Xj,j <1). From Lemma 1, we infer that the coefficients 7, ~ of the

sequence (X, )n>o satisfy

(3.18) Tapoo(t) < ,(1).

For instance, according to Theorem 4.4.7 in Berbee (1979), if Q is rich enough, there
exists (£));ez distributed as (;);ez and independent of (&;);<o such that

1

== P
2

(3.19) P(&; # & for some i > k|Fy) ||P

&lFo gk”” ’



where & = (&, Eprty - --), Fo = 0(&,4 < 0). In particular if the sequence (&;);ez is iid, it
suffices to take & = & for ¢ > 0 and & = &/’ for i < 0, where (£);cz is an independent
copy of (& )icz-

Application: causal linear processes in Banach spaces. Let (By, ||+ ||,) and (B, || -
|B,) be two Banach spaces. For any linear application A from By to B, let ||Al =
sup{||A(b)|ls,, |6, < 1}. Let (A;)i>0 be a sequence of linear operators from B; to B,
such that > .., ||4i]] < oo, and let (&;);ez be a stationary sequence of B;-valued random
variables. Define the random variables X, = > is0Aj(n—j) with values in B,. For any
p > 1, observe that

(X = X lea| Mo)lly < D A NEIE—5 — &1l [Mo)ll,
320

and consequently

i1
(X — X lma Moy < 1 l1€0 = &l o D 1A+ D NAGNIECIE-5 = & llm [Mo)ll, -
=0

Jj=i J
Taking (&;)icz as in (3.19) and arguing as in Lemma 2, we obtain the following inequalities:
for p € [1,00[ and and G; = o (&, k > ),

IE(IX: — X {s [ Mo)ll
. -1 (Bp(F0,Gi—))? 1/p
< 1o = &l o 3 1450+ 3 sl (22 fote () " du,
jzi =0 0
and

1—1
IE([X: — X7 B Mo)lloo < [ [€0 — 56”131||oo<2 141+ ’|Aj\|¢(7:0>gi—j)> -

j>i =0

Hence we can take d,(7) such that

) , -1 (Bp(Fo,Gi—j))? » 1/p
50 2 10— &l o 140+ S 14l (2 [ o )
=0

J=i J
i1
and 0(i) = |18 = &hllesloe (D 1450+ 3 I4sl16(F, Giy))
Jj=i Jj=0
If the sequence (§;)iez is iid, we can take 6,(i) = || |§o — &llB, [lp 25, | 45| If further-
more, By is of type 2, then we can take d(i) = (CE[|§o — &llE, D, |A;]|%)Y/? where C
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is the type constant. For instance, if By = By, = R, A; = 271 and & ~ B(1/2), then we
can take d5(7) = 277/v/6 and (i) = 27°. Since X is uniformly distributed over [0, 1],
we have g (i) < 27" for d(x — y) = ||# — y|s,- Recall that this sequence is not strongly

mixing.

3.2 Example 2 : iterated random functions

Let (X,)n>0 be a X-valued stationary Markov chain, such that X, = F(X,_1,&,) for
some measurable function F' and some iid sequence (&;);~o independent of X,. Let X
be a random variable distributed as X, and independent of (Xo, (&;)i>0). Define X} =
F(X}_1,&) . The sequence (X),>o is distributed as (X,,),>0 and independent of Xj. Let
M; = 0(X;,0 < 7 <i). As in Example 1, let (§,(7));~0 be a non increasing sequence
satisfying (3.17). The coefficients 74, ~ of the sequence (X,,),>0 satisfy the bound (3.18)
of Example 1.
Let p be the distribution of Xy and let (X7),>0 be the chain starting from X7 = .
With these notations, we can take 0,(¢) such that

5,00 = 1406 X)), = ([ [ 10 X0 ntaon(an) "

For instance, if there exists a non increasing sequence (a,(7));>o of positive numbers such
that
(X, Xl < ap(i)d(z, y)

then we can take 9,(i) = a,(7)|| d(Xo, X{)||,- For example, in the usual case where

1d(F (x, &0), F(y, &o))llp < wd(z,y)

for some k < 1, we can take a,(i) = £ and 8,() = £*|| d(Xo, X§)|l, -
An important example is X,, = f(X,_1) + &, for some function f which is k-lipschitz
with respect to d. If Xy belongs to LP(X,d), then we can take d,(:) = || d(Xo, X3)|l, -

3.3 Example 3 : multidimensional expanding maps

Let X be a Polish space and let d be a distance on X satisfying (2.1). Let 7" be a map
from X to X and define X; = T". If u is invariant by 7', the sequence (X;);>o of random
variables from (X, ) to X is strictly stationary.



Notations. For any finite measure v on X, let ' () be the space of all functions f from
X to R, such that: ||flliw) = [, |f(@)|v(dz) < oo and let BY(v) = {f : | fllLio) < 1}
Let L*°(v) be the space of all functions f from X to R, such that:

| fllLeew) = Ai4n>fo{u(|f| > M) =0} <o0o.

We also use the notations v(h) = [, h(z)v(dz). If h is a Lipshitz function with respect
to d, we note

o hi) — A
L p(h) (9c,y)€p/\’2 d(l’, y) '

Covariance inequalities. In many interesting cases, one can prove that, for any Lipshitz
function h and any f in L'(u),

(3.20) |Cov (f(Xn), h(Xo))| < anl| fllLru Lip(h) ,

for some non increasing sequence a,, tending to zero as n tends to infinity.

Since

041(0(Xp), Xo) = sup  sup [Cov(f(Xa),h(Xo))I,
heA1(X,d) fFEB (1)

we derive that if (3.20) holds then

@d,l(a(Xn)a XO) S Ap .

If X =10,1] and d(z,y) = |z — y|, then the inequality (3.20) is satisfied with a,, = Cp",
where p €]0, 1], for the class of uniformly expanding maps given in Collet et al. (2002).

We now give an example where the inequality (3.20) holds for X a compact of R* and
d the Euclidean distance on R¥. Let T be a map from X to X satisfying the assumptions
(PE1-PE5) in Saussol (2000). Let |h|, be defined as in page 232 in Saussol and ||k, =
|ho + A(|R]) where X is the Lebesgue measure on X. Let P be the Perron-Frobenius of T
defined on LL!(y), that is for any bounded function f and any h € L'(u),

/X (foT™)hdp = /X FP(h)dp.

By Theorem 5.1 in Saussol (2000), we know that there exists a finite number of invariant
probabilities by 7" which are absolutely continuous with respect to A\. Let p be such a

probability, and assume furthermore that p is mixing in the ergodic-theoric sense. Denote
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by h. = dp/dX. By Theorem 6.2 in Saussol (2000), there exist a positive constant C' and
p €]0, 1] such that for any « €]0, 1] and any h such that ||A|, < oo,

(3.21) I(P™(h) = ()l < ClhlJap™ -

Following the proof of Theorem 6.1 in Saussol, we have that

Covf (X X = | [ (B0 =
< ol ) = ) e
< TP 8) = s

Then using Inequality (6) of Proposition 3.4 in Saussol, we infer that there exists a positive
constant K such that

CovF0X,) B0 < K | (P (8) = )

Hence using (3.21), we obtain that

1l

(3.22) |Cov(f(Xn), h(X0))| < K(JHh T

IIhlla

Now notice that for any s € X,

|Cov(f(Xn), h(Xo))| = |Cov(f(Xn), h(Xo) — h(s))|-

From Inequality (3.22) applied with a = 1 and the fact that |h|; < Lip(h), we then derive
that

CortFCE) BN < KCTEELL (-4 2 = b))
KC(1+X&X)) , .
S il PN Flles o Lap(h) -

Hence (3.20) follows with a, = p" KC(1 + A(X))/| hu|lL>(x) and consequently

KCO(1+ A(X))
[ AellLoe ()

(3.23) wa1(0(X,), Xo) < Ap" with A =

11



Remark 3. Arguing as in Dedecker and Prieur (2005) page 230, there exists a stationary
Markov chain (Y;);=o with transition kernel P such that for all n > 0, (Yj,...,Y,) has the
same distribution as (X, ..., Xy). Hence, for the Markov chain (Y;);>o and the o-algebras
M, = o(Y;,j < i) we obtain from (3.23) that ¢4(i) < Ap". From Saussol’s paper, it
seems difficult to prove that ¢g (i) decreases exponentially fast. However for X = [0, 1]
and a map T satisfying the assumptions of the paper of Collet et al. (2002), we can prove
that for the Markov chain (Y;)i>0: ¢a.00(i1) < Bp' (see Dedecker and Prieur (2005) page
230 for more details).

Remark 4. In Buzzi and Maume-Deschamps (2002), others examples of multidimensional
expanding maps for which (3.23) holds are given. They also give sufficient conditions to

obtain an arithmetic decay of the coefficients (see their main theorem in Section 0.2).

4 A Fuk-Nagaev Inequality

. From now, we shall only consider separable Banach spaces (B, || - ||g). When d(z,y) =
|z — y|ls, we shall write 7(M, X) instead of 74(M, X) and 7, () instead of 7,44(%).

Definition 4. Following Pisier (1975), we say that a Banach space (B, || - ||) is 2-smooth

if there exists an equivalent norm || - || such that
1
o {3 sup{lle -+t + 1o — ] = 2 el = Iyl = 13} < oo.

i From Assouad (1975), we know that if B is 2-smooth and separable, then there exists a

constant D such that, for any sequence of B-valued martingale differences (X;);>1,

(4.24) E(| X1+ + Xallf) < DY E(IX:]3) -

i=1
i From (4.24), we see that 2-smooth Banach spaces play the same role for martingales as
space of type 2 do for sums of independent variables. When the constant D needs to be
specify, we shall say that B is (2, D)-smooth. Note that, for any measure space (T, A, v),
LP(T, A,v) is (2,/p — 1)-smooth for any p > 2, and that any separable Hilbert space is
(2, 1)-smooth.

Definition 5. Given a separable Banach space (B, | - ||g), let (X;)i>o be a sequence of
B-valued random variables. Following Woyczinsky (1981), we write (X;) < X if there

exists a nonnegative random variable X such that Qx > supy>; Q| x|z
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Theorem 1. Let (B, || - ||g) be a (2, D)-smooth separable Banach space. Let (Xi)k=o be
a sequence of centered random variables with values in B. Let S, = X1+ ---+ X,, and
M; = o(Xy, 1 < k <i). Let 7. (u) = Y00 Tucro). Let X be a nonnegative random
variable such that (X;) < X. Let Rx = (TO_Ol_O Gy An)Qx and Sx = Ry'. Then, for any
x>0 andr > 1 and every quantity s such that

[n/d]

2 > max ZEHSW (i— 1)q||I%Ba

T 1<q<n 4

one has that

2 —-r/8 Sx (z/r)
9 X
” ) + 2 Qx(u)du.

> <
(4.25) IP’(@{% [Sklls = 433) < 4 (1 "D

T Jo

Remark 5. In the proof of Theorem 1, note that the inequality (4.41) can be weakened
in 7(F—2,U;) < q7,(q + 1), where 7,(7) is defined from (3.14). Consequently, Inequality

(4.25) remains valid with the sequence 7o = (Too(7))i>0 replacing 7o, = (Too())i>0-

Corollary 1. Let (B, || -||g) be a (2, D)-smooth separable Banach space. Let (Xy)k>o be a
sequence of centered random variables with values in B. Let X be a nonnegative random
variable such that (X;) < X. Then with the notations of Theorem 1, for any p > 2,

1<k<n

1
(4.26) E( max |5:]5) < st + byn / RN (w)Qx (u)du

where
= p47 2D (p + 1P and b, = 9—L— 47 (4p + 1)
p JE—

By the definition of Rx, it follows that
n—1 Too (%) 1
(21)  E( max [Si) < apsg+(p—1)bpn2(¢+1)p—2/ Q% o G (u)du.
== i=0 0

Proof of Corollary 1 Inequality (4.26) follows from the fact that for p > 1, E(|Z]?) =
p4? [[CaP7'P(|Z| > 4x)dx, and the application of Inequality (4.25) with r = 4p + 1.
Inequality (4.27) comes from (4.26) by making the change of variables v = H(u) and by
using the fact that (i + 1)P~' — "' < ¢,(i + 1)P"2 where ¢, = 1V (p — 1).

Remark 6. In the case where B = H is a separable Hilbert space the constants involved

in the right-hand side of Inequality (4.25) can be sharpened. First we can take D = 1.
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In addition, with the notations of the proof of Theorem 1, E||U;||2 < E||U!||% < E||U; |3
Consequently, we can apply Lemma 6 of the appendix with y, = s and ¢ = 4¢M to
obtain a better inequality than (4.38). The upper bound (4.25) becomes

4 2\ —T1/8 9 Sx (z/r)
(4.28) P <max 1Skl > 41;) <4 (1 + 7%) Il Qx (u)du,

1<k<n 2 z Jo

and we can take

n n

(4.29) o= Y |E<X;, X; >y

i=1 j=1
The constant a, involved in Inequalities (4.26) and (4.27) becomes in this case a, =

p 2P (4p + 1)P/2 (the constant b, is unchanged).

Proof of Theorem 1. For the sake of brevity, write ), R, S and G for Qx, Rx, Sx and
G x respectively. Let ¢ be a positive integer and M > 0. Define the random variables
U; = Sig — Sig—q for 1 <i <[n/q]. Let

(4.30) Ui = Uy, s<2qm and Uf' = Uillju, 552901 -

With these notations, it is clear that U; = U + U/’. Define pp(z) = (x| — M)4. We first
show that

: <
(4.31) Jnax [Sklle < e

J
>u
1

1=

, e+ 2 " on ([ Xells) -
=1

To prove (4.31), it suffices to note that, if the maximum of ||Si||p is obtained in ko, then
for jo = [ko/dql,

Jjo Jo ko
(432) mas [Sills < || S UL+ Y107+ S0 1%l
=E= i=1 i=1 k=qjo+1
Now, by definition of ¢/,
k() k()
(4.33) Z | Xklls < (ko — qjo) M + Z on (|| XellB) -
k=gjo+1 h=qjo+l

On the other hand, since |z|I(|z| > 2A4) < 2(|z| — A)4, we have ||U/||g < 2@, (||UillB)-

By convexity of the function ¢4, we derive that

qjo

Jo
(4.34) DOIUE <2 em(|Xklle) -
=1 k=1

14



Starting from (4.32) and using (4.33) and (4.34), we obtain (4.31). Now, since the random
variables are centered, we have that E(U/) = —E(U/) and hence

] (/4]
max U’ <  max Ui — E(U; H + D BT |5
1<j<[n/q] Z T 1<j<[n/q] Zl< E(U;)) B ; 1U; s

Using (4.34), it follows that

max H E
1<g< [n/q]

To control the quantity: max<j<p/q || S0, (Ul — E(U}))||z, we proceed as follows. Let

< x| i(U; ~EW)|, +2iE<wM<||Xk||B>>.

1<5<n/q]

(0i)1<i<[n/q De a sequence of independent random variables with uniform distribution over
[0, 1], independent of (U;)1<i<jn/q- Let Uy = U and U; = Uj, and apply Lemma 1. For any
3 <1 < [n/q], there exists a measurable function F; such that U = F;(Uy,--- ,U}_,, U/, 0;)
satisfies the conditions of Lemma 1 with M = o(Uy, ¢ < i—2). The sequence (Ui J1<i<in/q
has the following properties:

1. for any 1 < i < [n/q], the random variable U has the same distribution as U].

2. The random variables (Us;)2<2i<[n/q are independent as well as the random variables

(Usi-1)1<2i-1<[n/q)-
3. for any 3 <i < [n/q], E[|U! — U;|lg = 7(c(Us, £ < i —2),U}).
Substituting the variables U} to U/, we obtain the inequality

J

436)  max U — E(U H < max O |
(436) 2y, ;( T EOD =, 08 Z ’
[n/q]
Uy Ul - U
1<2]In1a§[n/q] Z 2i—1 +ZH HB’

where U; = U — E(U7) for any 1 < i < [n/q]. Combining (4.31), (4.35) and (4.36), we
obtain the following upper bound

J
(4.37) nax ISkl < ¢M + max HZ: UgiHB max HZ Usi— 1H

2<25<[n/q] 1<25-1<[n/q]

[n/q]
2= Uil + 22 (ar(1Xllz) + ECore (11 Xil12)) ) -

15



Since |U!|lz < 2¢M almost surely, it follows that ||U;||z < 4¢M almost surely. Since
E||U;]|3 < 4E||U!||3 < 4E|U;||3, we obtain from Lemma 6 of the appendix, with g, = 4s2

and ¢ = 4qM,
T xqM
E UQZ >CL’> §26Xp <—8qM1Il <1+DTS72I>) .

Obviously, the same bound holds for maxy<g;_1<[n/q || 25:1 U21_1||B.

(4.38) ( max

2<2j<[n/q]

Now from Markov’s inequality, we get that

[n/q]+1
@39) B('S 10~ Ul + 23" (arl1Xulle) + Bl (1 Xel2))) = 2)
=3 k=1
1 [n/q]+1 n
< (X EIU - Uflls + 4 Elou(IXul)) -
=3 k=1

Let Py y,;m be a conditional distribution of (U!,U;) given M, and define the o-algebras
Fi=0(U;,1 <j<i). Forany 3 <i < [n/q], we have for d(x,y) = ||z — y||s,

(4.40) U} = U7 ey = |

sup | [[ 1@Bus dn.dy) = [[ auuindy

A1(B,d)

and consequently [|U] — Ui < Ay + Ay, where

A = SW’/meh@ [ rora|],
feEAN1(B,d

4, = swyﬂ D)oy, dy) — Py ()| ||
fEAl B,d

Clearly Ay < 2E||U; — U;|lg = 2E||U/ ||g, and A; = 7(F;_2, U;). By definition of 7,(k), we
have, for any 3 <7 < [n/q|,

(4.41) T(Fio, Ui) < qrla + 1)

Hence, it follows from (4.34) that

[n/d] n
(4.42) D EINU = Urlle < (g +1) + 4> Elpu (| Xellg) -

=3 k=1

16



Applying (4.42), we infer from (4.39) that

[n/q]+1 n
(143) P( 3 107 = Uil +2 3 (a1 Xielle) + Eloar (1Xils))) = )
< (nmyla+ 1)+ 83 Blou(IXili) )

k=1

Consequently, from (4.37), (4.38) and (4.43),

x xqM
' > 4z) < -
(4.44) P(lrélkasxn [Sklle > 4x) < dexp ( BgM In (1 + S%D2>)

2 (nmla+ 1) + 83 Eon(1Xels)))

k=1

Choose v = S(x/r), ¢ = (1" o G71(v)) An and M = Q(v). We have that

gM = R(v) = R(S(z/r)) <z/r <=z.

Note that Qu,, (1xcs) = (Qxxls — M)+. Consequently

S Elpu (X)) = 3 / (@ (1) — Qx(v))pdu < m / (Qu) — Qo))

In addition the choice of ¢ implies that 7,(¢ + 1) < 7(q) < [y Q(u)du, and Theorem 1

follows easily from (4.44). B

5 Application to the complete convergence

In this section, we are interested in the complete convergence (or the convergence rate

of the strong law of large numbers) for a 7-dependent sequence with values in a Hilbert

space.

Let (Xk)r>0 be a sequence of random variables with values in a separable Hilbert space
(H, || ||m) and let My = o(X;,i < k). Let S, = > (X; —E(X;)). Here we are interested
by conditions under which (1.1) holds for 1/2 < a < 1 and 1/a < p < co. Note that

Property (1.1) with ap = 1 is equivalent to

(5.1) i[@( max_ || Sk > gzN/P) <00.

1<k<2N
N=1 -

17



Using the monotonicity of the sequence max; <<y, || Sk ||z, we infer from (5.1) that n='/2,
tends to 0 almost surely.
In addition Property (1.1) describes speed of convergence in the strong law. Indeed

by Lemma 4 in Lai (1977), it implies in case ap > 1 that
o
(5.2) Zno‘p’2lP’(sup k|| Sklls > 8) < 00.
n=1 k=2n
Since the probabilities in (5.2) are non-increasing in n, it follows that

o 1
Pk Isils 2 <) = o ()

Definition 6. Let (2, A, P) be a probability space. Let X be a random variable with
values in H and let M be a g-algebra of A. For any X in L!(H), define

(5.3) TM, X) = E([[E(X|M) — E(X)]|u) ,
The coefficients v(i) of the sequence (Xj)x~o are then defined by

Y(i) = sup v (M, Xii) -

k>0

In the special case where p €]1,2[, Dedecker and Merlevede (2004, Theorem 3.3)
sharpened Theorem 1 in Shao (1993), and proved that (1.1) holds as soon as (X;) < X
(see Definition 5) and

(5.4) DM (p,~,X) : Z(z +1)P2 /V( ) Q%' o Gx(u)du < 0o
i>0 0

They also proved that if E(X In" (X)) < co and 3,5, 7(i)/i < 400 then Property (1.1)
holds true with a = p = 1. The key of the proof of Theoremn 4 in Dedecker and Merlevede
is a new maximal inequality in which the dependence coefficients involved are expressed
in terms of conditional expectations. However the maximal inequality stated in this paper
does not allow to obtain sharp results in the case where 1 < 1/a < 2 < p < oo, which is
also considered by Shao (1993). Here we shall see that an application of Inequality (4.28)

can cover the case where 1 < 1/a <2 <p < c0.

Theorem 2. Let 1/2 < a < 1 and p such that p > 1 and 1/a < p < 0o. Let (Xi)k>0
be a sequence of random variables with values in a separable Hilbert space (H, || - ||lu) and
let My = 0(X;,i < k). Let S, = 1 (X; —E(X;)) and let X be a nonnegative random
variable such that (X;) < X.
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1. If p €]1,2[ and DM (p, 71, X) holds then (1.1) is satisfied.
2. If p>2 and DM (p, T, X) holds then (1.1) is satisfied.

Remark 7. Since the proof of Theorem 2 comes from an application of Theorem 1,
it follows from Remark 5 that Item 2 of Theorem 2 remains valid under the condition
DM (p, Too, X).

;From Lemma 2 in Dedecker and Doukhan (2003), we obtain sufficient conditions for
DM (p, 1, X) to hold.

Corollary 2. Let p > 1. Any of the following conditions implies DM (p, T, X).
1. P(X >x) < (c¢/x)" for somer >p, and Y, (i + 1)P=2 (1 (4)) P/ =D < o0,
2. | X||» < oo for somer >p, and y -, iPr=2r+)/r=P)py () < o0,
3. E(XP(In(1 + X))P™') < 0o and 14(i) = O(a’) for some a < 1.
Using Lemma 4, we obtain the following corollary for S-mixing sequences.

Corollary 3. The following condition implies DM (p, T, X ):

B (3)
(5.5) D (i+1)72 Q% (u)du < oo .

i>0 0

Hence if sup,>; || Xn|lg < C almost surely, then (1.1) holds under the condition
> isoli + 1)P7?B (i) < oo, which was first obtained by Berbee (1987) for real valued

random variables.

Remark 8. In the case H = R and d(z,y) = |x — y|, by taking into account Remark 7
and Inequality (3.16), we can derive the following result: Let 1/2 < o < 1 and p such
that p > 1 and 1/a < p < co. Define the coefficients (aeo(7))io by ( 3.15). If

0roo (1)
(5.6) Z(Z + 1)p_2/0 Q% (u)du < oo,

120

then (1.1) holds. The condition (5.6) was first used by Rio (1995a) to prove (1.1), but

only in the case where ap = 1 and p €]1,2[. Let us compare this result with Theorem
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1 in Shao (1993): Shao proved that, if E(X,) = 0 and there exists r > p such that
Suanl ”Xn“?" < 00, and if

_r(p=1)

(5.7) aoo(n) =0 (n TP (logn)_’8> with 8 > rp/(r —p),

then (1.1) holds. However, in his concluding remarks, Shao (1993) made the conjecture
that the condition on # may be weakened in § > r/(r — p). He also gives an example
showing that we cannot take 8 < r/(r — p). As quoted in Rio (1995a), page 923, if
sup,,>; || Xnl|lr < 0o, then there exists X such that (X,) < X with P(X > z) = O(z™"),
so that (1.1) holds as soon as

D i+ 12l (6) < oo

1>0

Clearly, this proves Shao’s conjecture. Now if the condition sup,,»; || X[/, < oo is strength-
ened in: there exists X such that (X,,) < X and E(X") < oo, then according to Relation
(C.8) in Rio (2000), (1.1) holds as soon as

Z(Z + 1)(p7"—27“+p)/(7”_p)aoo(i) < 00,

i>0
which is true by only assuming 5 > 1 in (5.7).
Proof of Theorem 2. Item 1 follows from (5.4) and Item 1 of the following lemma.
Lemma 5. The following upper bounds hold:

1. 4(M, X) < 7(M, X).
a(M,o(X))
2. ’}/(M,X) < 18/ Q”X”H(u)du.
0
Proof of Lemma 5. For Item 1, notice that
M) = B(| [ B - s

= E( sup / <y, x>u (Pxjm — IP’X)(dx)> .

yEH, IIyHHgl

Since * —< y,x >y belongs to Ay(H, || - ||lm), the result follows from the definition of
T(M, X). The item 2 is proved in Dedecker and Merlevede (2003), page 250. B
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We now turn to the proof of Item 2 of Theorem 2. Note first that, if s2 is defined as in
(4.29), we infer from Inequality (3.33) in Dedecker and Merlevede (2003) that s? < nK
for some positive constant K depending on the distribution of X. For the sake of brevity,
write @, R, S and G for Qx, Ry, Sx and Gx respectively. Applying Inequality (4.28) with
x =z, = (en®)/4, we obtain that, for any » > 1 and € > 0,

naﬂp( max [|Sulla > €n°‘> < I(n) + L(n),

1<k<n

where

2, 2a—1\ —7/8 alp—1)—1  pS(zn/r)
36n™\»
Ii(n) = Apor—2 (1 + £ ) and Iy(n) = n—/ Q(u)du .
0

drK €
Choose r > max(1,8(ap —1)/(2 — 1)), so that > -, [1(n) < co. Now since R is right-

continuous and non-increasing,

(5.8) u < S(z,/r) <= R(u) > (en)/4r <= n <

3

(47‘R(u))1/a .

Applying Fubini, it follows that there exists a finite constant C' depending only on «, p
and e, such that

Y I(n) < C/ R (u)Q(u)du < C/O (T 0 G ()" Q" (u)du..

n>1 0

Setting v = H(u), the right hand side is finite as soon as

/0 (2 ()P QP o Glu)du < o,

which is equivalent to DM (p, 7o, X) (see for instance Rio (2000), Appendix C). This

completes the proof.

6 Application to strong invariances principles

Let us first recall a bounded law of the iterated logarithm for H-valued stationary and
ergodic martingale difference sequences (d;);cz, which can be deduced from Theorem 1 in
Morrow and Philipp (1982) (see also the remarks page 112 in Dehling et al. (1986)). If
E(||do||%) < oo for some & > 0, then

lim sup M = sup Var(<y,dy >g) almost surely.

noso V2nlnlnn lylla<i
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Starting from this result, we can derive a bounded law of the iterated logarithm for
stationary and ergodic sequences (X;);ez of H-valued random variables, under a projective
criterion in the style of Gordin (1969). Let My = o(X;,i < k). If

(6.9) Z]E(Xk]./\/lo) converges in L&,
k=1

then S, = Zy — Z,41+ Y., d; where (Z;);ez is a stationary sequence in ILIQHIJFE, and (d;);ez
is a stationary and ergodic martingale difference sequence in L. Hence, if (6.9) holds

for some € > 0, then

Sh,
lim sup [l _ sup Var(< y,dy >g) almost surely .

nso V2nlnlnn lylla<1

A sufficient condition for (6.9) in terms of the coefficients (i) of Definition 6, is

) - (%) -
>0
By using Item 2 of Lemma 5, it follows easily that (6.10) is satisfied for some ¢ > 0 as
soon as
(6.11) E(|| Xo|2) < 400 and  aw(n) = O(n~@r90+2/9))

for some 6 > 0 and € > 0. However, from Theorem 1 in Dehling and Philipp (1982), we
know that the condition (6.11) can be improved to

(6.12) ]E(HXOH%M) < 400 and ax(n) = O(n*(1+6)(1+2/5)) 7

at least in the case where 0 < § < 1.
In fact we shall see in the next theorem that, if we consider the stronger coefficients

Too () instead of (i), the condition (6.10) can be improved to

Too (%)
DM(27TOO7 HXOHH) : Z/O Q”XO”H °© GHXOHH(u)du < 00.
i>0
As in Theorem 1 in Dehling and Philipp (1982), this condition implies also an almost
sure invariance principle. In the real case, this result was proved by Dedecker and Prieur
(2004, Theorem 3), and is known to be essentially optimal according to Proposition 3 in
Doukhan et al. (1994).
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Notice that according to Corollary 3, DM (2, T, || Xo||m) holds as soon as

Boo (2)
(6.13) Z/ QﬁXOHH(u)du < 00,
>0 70
which is true under (6.12) with (. (n) replacing a.(n) and no restriction on 0 (except
d > 0). If H =R, Rio (1995b) proved that the strong invariance principle holds under
the condition (6.13) with a(n) replacing S (n). It is an open question to know if Rio’s

result can be extended to separable Hilbert spaces.

Definition 7. A nonnegative self adjoint operator A on a separable Hilbert space H
will be called an S(H)-operator if it has finite trace, i.e. for some (and therefore every)

orthonormal basis (e;);>1 of H, > ;o < Aej, e >u< 00.

Theorem 3. Let (X,)nez be a strictly stationary sequence of random variables with values
in a separable Hilbert space (H, || - ||m), such that E||X,||4 is finite and E(Xo) = 0. Let

1. If the sequence is ergodic and DM (2,7, || Xo|lw) holds, then n='/2S, converges in
distribution to N'(0,A), where the operator A € S(H) is defined by

Az, y) =E(< Xo,z >< Xo,y >)

+ ZE(< Xo,x >< Xp,y >) + ZE(< Xo,y >< X,z >).
k=1 k=1

2. If DM(2, 7w, || Xo|lm) holds, then there exists a sequence (Yy)nen of independent
N(0, A)-distributed random variables (possibly degenerate) such that

[>e-w

- =0 <\/m) a.s.

Remark 9. Using Remark 5, the conclusion of Theorem 3.2 remains valid under the
condition DM (2, T, || Xo|lm), which was first obtained by Dedecker and Prieur (2004) in
the real case.

Proof of Theorem 3. Item 1 follows from Corollary 2(3) in Dedecker and Merlevede
(2003) and Lemma 5. We now turn to the proof of Item 2.
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Definition 8. If Lx = max(1,Inx), define the set

= {1/):N—>N, 1) increasing, @ —— +o00, ¥(n) :o(nvLLn)}.

n—-+00

If 4 is some function of W, let M; = 0 and M, = 37— (¢(k) + k) for n > 2. For n > 1,

define the random variables

Mp+p(n) My 41 My41
E Xz7 Vn = § Xi7 and Zn = E HXlHH
i=Mnp+1 i=Mp41+1—n i=Mn+1

Define the truncated random variables U,, = Un Ly, 1<n/vETn-

Item 2 of Theorem 3 is a consequence of the following Proposition

Proposition 1. Let (X,)nez be a strictly stationary sequence of random variables with
values in a separable Hilbert space (H, || - [|m), such that E|| Xl is finite and E(X,) = 0.
Assume that DM (2, Too, || Xo|lm) holds. There exist a function ¥ € V¥ and a sequence
(Wi )nen of independent N (0,1 (n)A)-distributed random variables (possibly degenerate)
such that

N = 0( MnLLn) a.s.
H

(c) Zn:0<n LLn) a.s.

Proof of Proposition 1. 1t is adapted from the proof of Proposition 2 in Rio (1995b).
Proof of (b). Note first that E||U,, — Uyl < 2E(|Un ||z — n/2v/LLn),, so that

“+o0o
(6.14) E||U, — Tl < 2/ P(|U, [ > £)dt.

Wiln
In the following we write @) instead of Q) x,|,. Since U, is distributed as Sy ), we obtain
from (4.28) with s2 as in (4.29),

t2 _r 36 n S(t/4r)
(6.15) P(|Up||m > t) < 4(1 to ) o+ @i( ) /0 Q(u)du.
P(n)
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We finish the proof as for the proof of (5.6) in Dedecker and Prieur (2004).
Proof of (c). Let T,, = Zf\i’}\zﬂ (| X:il|lm — E|| X;||m) - We easily see that

(6.16) Zn = (¥(n) +n) B[ X1 [l + T

By definition of ¥, we have ¥(n) = o (n V LLn). Here note that

n n
(6.17) T, < + (Tn — ) .
vV LLn VLLn/

Since || - ||g is 1-lipschitz, the coefficients 7(7) of the sequence (|| X;|lm — E||X;||m)i>0 are
smaller than those of the sequence (X;);~o. Hence, using similar arguments as for the
proof of (b), we obtain that

E (T — 2 ) (T S — )
n VLLn ) | n VLLn ) |
g < 400, so that g

et n+vLLn w1 n+vLLn

< 400 a.s.

Consequently (T}, —n(LLn)~*/2?), = o(nv/LLn) almost surely, and the result follows from
(6.16) and (6.17).

Proof of (a). In the following, (6,)n>1 and (1, ),>1 denote independent sequences of inde-
pendent random variables with uniform distribution over [0, 1], independent of (X,)n>1.
Using Lemma 1 and arguing as in the proof of Theorem 1, we get the existence of a
sequence (U, ),>1 of independent random variables with the same distribution as the

random variables U, such that U:L is a measurable function of (Ul, 5l)l “n and
E|U, — U, ||la=7(cU,i<n—1),U,).
Arguing as in (4.40) of the proof of Theorem 1, we obtain that

E|U, -U.lla < 7(c(Us,i <n—1),U,) +2E|U, — Uy|lu

(6.18) Y(n)7(n) + 2E||U, — U, || -

IA

Since DM (2, Too, || Xo||m) holds, we obtain from (6.18) and (b) that

B|T, - U, I~ Tl
2l = Yplle that Wa Z YUnllH o | o as
; M. LLn o0 SO A ; VM. LLn oo as
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Applying Kronecker’s lemma, we obtain that

(6.19) i 1T, — Tl = o (\/Mn LLn) a.s.
=1

;From Corollary 2(3) in Dedecker and Merlevede (2003), we know that ¢ (n) 1| U,||% is
uniformly integrable and that 1(n)~'/2U, converges in distribution to a centered Gaussian
mesure P, with covariance operator A belonging to S(H). Using the uniform integrability
of 1(n)"|U,||4 and the fact that U, has the same distribution as U,, it follows that
Y(n)~Y2U, converges in distribution to A/(0, A). Consequently, if p(P, Q) is the Prohorov
distance between P and (), we have that p(Pw(n)_l 127" 5 Py) tends to 0 as n tends to infinity.
From Theorem 2 in Dudley (1968), it follows that there exists a sequence p,, of probability
on (H x H, B(H) @ B(H)) with marginals P, 125 and Py, such that u,(||z — y[lu > €)
converges to 0 for any positive e. By Skorohod’s lemma (1976), one can construct some

sequence (W,),>1 of J(U:, 1, )-measurable random variables with respective distribution

N (0,%(n)A) such that, for any € > 0,

Tim P ([T, = Walls > ey/5(n)) =0.
Using the uniform integrability of ¢(n) ([T ||% and of 1 (n)~||W,]||Z, it follows that
(6.20) E (HU; - Wnug) = o(¥(n)) asn — +oo.

+oo
E|W,, — Wyl < 2E(||Wy|lg — n/2V LLn), = / P(||Wh|lm > t)dt.
n/2vLLn
Now according to Remark 4 in Pinelis and Sakhanenko (1985), if G is a centered Gaussian
random variable with values in H then
t2

. < - .
(6.21) (Gl > 1) < 2050 (~ )

It follows that

n2

SCLENWLE)

— E||W,||2
E|W,, — W|la < 8M\/LLn exp ( —
n

Then there exist constants C; and C5 depending on ¢ and A such that

__ —CQTL
(622) EHWn - Wn”H < Cl(LLn) €xp <<LLn)3/2> ’
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so that > _ E||[W,, — W, || is finite. By Kronecker’s lemma, it follows that

(6.23) ZHW Wil = o(x/M,LLn) a.s.

In view of (6.19) and (6.23), it only remains to prove that
H Z(Wz =o(\/M,LLn) as.
i=1

Since U, is distributed as U; and since the random variables are centered, E(U, ) = E(U; —
U;). Consequently, Proposition 1(b) yields >>7 | |E(U;)|lz = o(v/M,LLn). In the same
way, E(W;) = E(W; — W;). Then according to (6.22), >_i", |[E(W,)|la = o(v/M,LLn).
Hence, it remains to prove that

(6.24) H ZW —E(W,) - T, +E®T))

Proof of (6.24). Notice first that

E[[W, —EW,)-U, +ET)IE < E[W,-T,l&

Since (n)~t||W,||% is uniformly integrable, E||W, — W, ||4 = o(3(n)), which combined
with (6.20) implies that

E|W, —E(W,) — U, +E(U,)|k < extb(n)

for some sequence ¢, of positive reals decreasing to 0 as n tends to infinity. Since the
random variables (W; — E(W;) — U, + E(U,))1<i<n are independent and almost surely
bounded by 4n/v/LLn, we obtain from the last inequality of Lemma 6 that for all z > 0,

P| sup
1<j<n

(.- 5 - T +2TD) >

—a? —32vLIn
< 2exp [ e ) V2exp | v
=P (422;1@-1/1(@')) eXp( 16n )
Taking

n T\ 1/2
T, = max <32n\/L—Ln/3, (SLLn ; €i¢(l)> ) )
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we obtain that

Z %IP’ ( sup

n>0 1<j<n

ij (W —EW) - T, +E@)) |, = xn> <00,

which implies (6.24), since x,, = o(~/M,,LLn).

Proof of Theorem 3. By Skohorod’s lemma (1976), there exists a sequence (Y;);>1 of
independent N (0, A)-distributed random variables satisfying W,, = Ziﬂi’}\}rﬂwﬂ) Y; for all
positive n. Define the random variable V! = Zf\i’}\}iﬂ 1 Yi

Define n(k) = sup{n > 0 : M, < k}, and note that by definition of M, we have

n(k) = o(vk). Applying Proposition 1(c) we see that

(6.25) Hi Xi — Z(Uz + Vi)

Using the same arguments as in the proof of (a) and (b) of Proposition 1, one can prove

i < Zyw =0 (\/W) a.s.

that there exists a sequence (W)),~ of independent N (0, nA)-distributed random vari-

ables such that .
[ > wi-wy
i=1

Since || Y1, W/|la = O(nv' LLn) almost surely, by the bounded law of the iterated loga-

rithm for Gaussian random variables with values in H, we infer that

n(k)
(6.26) H SV
=1

Gathering (6.25), (6.26) and Proposition 1(a) and (b), we obtain that

= o(v/M,LLn) as.

H

=0 (M) a.s. and also H gw

a0 <m> a.s.

k n(k)
(6.27) > x-Y i)
=1 1

1=

- =0 (m) a.s.

Clearly % | V; = S2") (W, + V) is normally distributed with covariance (M, )41 — k)A.
Since n(k) = o(Vk) we have that M, )1 —k < ¥(n(k))+n(k) = o(vVkLLk) by definition
of ¥. Applying again Inequality (6.21), we infer that there exists a positive constant C
depending on A and 1 such that, for any € > 0,

k n(k)
(DR EDIUERS
=1 =1

> e\/kLLk) < 2exp(—CeVELLE).
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Applying Borel-Cantelli, we infer that

(6.28) H iy _

Theorem 3 follows from (6.27) and (6.28).

> Wi+ V)
1

i=

=0 (m) a.s.

H

7 Cramér-von Mises statistics

Let (X;)1<i<n be a strictly stationary sequence of real-valued random variables with com-
mon distribution function F. Let F), be the empirical distribution function F,(t) =

n !>  Ix,< . Let u be a o-finite measure on R. Suppose that F satisfies

(7.1) / (F(t))*u(dt) —1—/ (1—F()*u(dt) < <.
_ Ry
Under this assumption, the process {t — F,(t) — F(t),t € R} may be viewed as a random
variable with values in the space L*(p). Let |.|12(,) be the L?-norm with respect to p,
and define

Dati) = ([ 1Fatt) = FOPutdn)) " = 15, = Fliagy.

When p = dF, D?(u) is known as the Cramér-von Mises statistics, and is commonly
used for testing goodness of fit. It is interesting to write D, (u) as the supremum of the

empirical process over a particular class of functions. Indeed,

LS (%) — E(F(X0))

n <
=1

Dp(p) = sup
FeWw (1)

Y

where Wy (p) is the set of functions

{170 =70+ (] F@ndo)leo=(] F@nu) o 1 <1}

[0, [t,0

Notice that if A is the Lebesgue measure on the real line, Wi (\) contains the unit ball of
the Sobolev space of order 1 with respect to L?(\).

We now define the dependence coefficients which naturally appear in this context.
Define first the function F), by

(7.2) F(z) = p([0,2]) if > 0 and F,(z) = —p([z,0]) if 2 < 0.
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Let now d,, be the distance defined by: for all z and y in R

(7.3)

Au(w,9) = 1/ |Fule) = Fuly)]

For the sequence (X;);cz and the o-algebras M; = o(Xj, k < i), we define the sequence

(Td,,00(4))i>0 as in Definition 3.

With the help of this coefficient, we can describe the asymptotic behavior of D,,(u).

Proposition 2. Assume that the distribution function F of Xy satisfies (7.1). Define the
function F,, by (7.2). Define also 'Y, = /|F,(Xo)|.

1.

If the sequence is ergodic and Y, is integrable, then D, (n) converges to 0 almost

surely.

If DM (p, 74, 1,Yy) holds for some p €]1,2[, then for a such that 1/2 < o < 1 and
a > 1/p, we have

1<k<n

(7.4) f:no‘p_2IP’< max kDy(p) > 5na> < 00.
n=1

In particular, n®’=Y/P D, (1) converges to 0 almost surely.

If DM(p, 74, 00, Yu) holds for some p > 2, then for o such that 1/2 < o <1 and
a > 1/p, the condition (7.4) is satisfied.

If the sequence is ergodic and DM (2,74, 1,Y,) holds, then \/nDy(u) converges in

distribution to 1/ [ G*(x)u(dx), where G is a gaussian process in L?(u) with covari-

ance function defined by

Jor (f.g) in L2(s) x L2),  A(f.g) = / / £(8)g()C (s, () ds),
where C(s,t) = F(t Ns) = F(t)F(s) + 23 5, (P(Yo <t, Y, <5) = F(2)F(s)).

If DM(2,74, 0, Y,) holds then

_ [ n
(7.5) hgl_)solip 2LLnDn('u) = +/p(A) almost surely.

where p(A) is the spectral radius of A, that is p(A) = supy, . <1 < ¥, A(y) >u.
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We now give two sufficient conditions for DM (p, 74, 1, Y,,) to hold.

Corollary 4. The condition DM (p, 7a, x, Y,) holds if one of the two following conditions
does:

B (4)
1. Zz’pz/o Qy, (u)du < oo.
i>1

2. F, is a-Hélder, that is |F,,(z) — F,(y)| < Clx —y|* for a €]0,1] and C > 0, and

(T ()72 )
Zz’pQ/ @y, © Gy, (u)du < oo,
0

i>1
where 1,(i) = T4 (7) with d(x,y) = |x — y|.

Proof of Proposition 2. Define the variable Z; = {t — 1Ix,<; — F(t),t € R} which

belongs to H = L?(x) as soon as (7.1) holds. Clearly D,(u) =n"|| Y7, Zi|lu and

76) 12l < (f  (auian + [ 0= txzgin(an)

700[

1/2
F(t)*u(d 1—F(t)*u(d :
+( /]_m’of (1)) + /[ (1= F@ruan)
so that || Zi||m < /| F.(Xo)|+E(y/|F.(X;)]) and E(|| Zi||m) < 2E(Y),). Hence Item 1 follows

from Mourier’s ergodic theorem (1953). Now let (77 (7)) be the sequence of coefficients
associated to the Hilbert valued random sequence (Z;) and to the distance || - ||g. Let
(z1,...,2) and (yi,...,y¢) be two elements of R’ and define the functions f; and g; of
L2(1) by

fi(t) = 1;,<, — F(t) and ¢;(t) = 1,,<; — F(t).
Since for any f in Ay (H*, || - ||lge),

L
F(Frre o8 = Flareo 90l < 3\ IFul) = Bulw

we clearly get that 77(i) < 74, (7). On the other hand, we infer from (7.6) that

(7.7) Qzils < Qv,4E(v,) < Qy, +E(Y,).

Since E||Y), ||u < f01 Qy, (u)du and since Qy, is non-increasing, we get for all = € [0, 1],

(7.8) /O " Qi (w)du < /0 " Qv (u)du + /0 Oy (u)du < 2 /0 " Q. (u)du.
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Now for two increasing continuous functions f and g, we have that f < ¢ if and only if
f71 > g7 In addition [2¢(x)]™' = ¢7'(z/2) and consequently G|z, (u) > Gy, (u/2).
From (7.7) and the last inequality, we infer that

T2 (i) - . Tdy k(1) Ty k(1) .
/0 Qf zoj1s © Glzols (Wdu < 2771 /0 Qy,, © Gz, (w)du + /0 (E(Y,.))"™ du)
Tdy,k(8)/2 .
(7.9) < o / Q. 0 Gy, (Wdu + 21y () (E(Y,))"
0

It follows that DM (p,77,||Z|lm) holds as soon as DM (p, 74, x, Y,) does. Items 2 and
3 follow by applying Theorem 2 to the sequence {Z;};cz. Item 4 follows from Item 1 of
Theorem 3. Now by applying Item 2 of Theorem 3 to the sequence {Z; };cz, we deduce that
> w1 Zy, satisfies the Strassen form of the law of the iterated logarithm with covariance
structure A, as described in Section 8.2 in Ledoux and Talagrand (1991). Hence Item 5
follows from the limit (8.22) in Ledoux and Talagrand.

Proof of Corollary 4. Note first that

Tdyy k(1) Ty, k (1)/2
(7.10) / Q4 o Gy, (u)du < 2 / Q4" o Gy, (u)du.
0 0
Applying Lemma 4, we get that
Br () Br(4)
Ta, 6(1) < 2 Qd,. (x0,0)(u)du = 2 Qy, (r)dz
0 0

Hence Gy, (74,%(i)/2) < Bx(i). Using the change-of-variables v = Gy, (u) in (7.10), Item
1 follows. To prove Item 2, notice first that for all (X7 ,..., X7 ) independent of My and

distributed as (Xj,,...,X},), we have that

l
1 1
ZTdu(Mm( Jio ZZ::E\/lF jz X;;)’

Since F), is a-Holder, we get
L VC ¢ ‘o
—Td#(M0,< IIEREEE TZ X X | /2)
Applying Lemma 1, we can choose the (-tuple (X7 ,..., X} ) such that
¢
D E(XG = X)) = 7(Mo, (X1, X))
i=1
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Hence, using Jensen’s inequality, it follows that

1 1 a/2
ZTdu (M07 (Xju s ’Xje)) < @<ZT(MD> (Xjn s 7ij)> :

Consequently, 74, (i) < VC(7x(i))*/2, and the result follows.

8 Appendix

In this section, we recall a result given in Pinelis (1994, Theorem 3.4).

Lemma 6. Let (B, || - [|g) be a (2, D)-smooth separable Banach space. Let {d;, F;};>1 be

a sequence of B-valued martingale differences such that

Hdsllslloe < ¢ and || S BRI < -
j=1

Set M; = S7_, d;. Then for all x > 0,

ypD? (e
8.1 P Mills 2w ) = 2exp (=75 h
(8.1) (lggn M|z > x) S £€Xp ( 2 (ynD2>)

where h(u) = (1 + u)In(1 4+ u) — u. Consequently, we have the bounds

x xc
Pl sup [|[Millg>z) < 2exp(——1In(1+ , and
(1<j5n” iin 2 ) - p< 2c ( yD>)
—72
P Mg > < 2
(i 1ot =) < 200 (55 )

—x? —3z
S 2 max exXp m , eXp 4—C .
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